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Abstract: Many physical systems such as welding processes are typically non-linear and
uncertain. To control such systems effectively the control scheme requires to be robust with
respect to varying operating conditions. On the basis of robust control Lyapunov function
method and adaptive non-linear damping approach, this paper presents a robust adaptive
control scheme for uncertain non-linear systems with non-linear parameterisation. With the
proposed method, estimation of the unknown parameters of the system and generation of an
additional signal are not required. There is only one adaptive parameter no matter how high
the order of the system is and how many unknown parameters there are. It is shown that the
proposed robust adaptive control scheme guarantees the stability of the closed-loop system in
the presence of unknown parameters, disturbances, non-linear uncertainties and unmodelled
dynamics. Simulation results illustrate the effectiveness of the proposed robust adaptive
controller.
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1 Introduction

As many physical systems such as manufacturing systems,
power systems and biochemical processes are inherently
non-linear systems with uncertainties, research on robust
adaptive control of non-linear systems has received great
attention (Jiang and Praly, 1998; Krstic et al., 1996;
Liu and Li, 2002, 2003, 2004; Lin and Pongvuthithum,
2003; Lin and Qian, 2002a,b; Zhang and Ioannou, 1999).
Based on the ideas of adding a power integrator, a few
important results have been presented in Lin and
Qian (2002a,b) and Lin and Pongvuthithum (2003) for
non-linear systems with non-linear parameterisation.
However, the adaptive control schemes presented by Lin
and Qian (2002a,b) cannot be used in systems with
unmodelled dynamics. Although the control scheme given
by Lin and Pongvuthithum (2003) can be used in the case
with unmodelled dynamics, the adaptive law is of switch
type, which may cause undesirable behaviour such as
chattering. In Liu et al. (2005), a robust adaptive control
scheme is proposed for non-linearly parameterised systems
with unmodelled dynamics, but it needs to generate an
additional signal to dominate the effects of unmodelled
dynamics.
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On the other hand, significant efforts have been made
to control welding processes with an emphasis to
overcome their uncertainties and non-linearities. To deal
with the parametric uncertainty owing to the varying
welding conditions such as the thickness of the material,
an interval model is used to describe the welding process
and a predictive control algorithm is proposed in
Zhang and Kovacevic (1997). In the control of pulsed gas
metal arc welding (Zhang et al., 2002), the operational
parameters are considered as unfixed and their ranges are
used to quantify the resultant uncertainty in the dynamic
model. Then, a single control algorithm is employed at
different operational parameters. Experiments show that
the control scheme is robust with respect to the variations
in wire speed and contact tube-to-work distance. In Zhang
and Liu (2003), an adaptive control algorithm is developed
for quasi-keyhole arc welding process to achieve the
desired peak current duration. On the basis of the analysis
of the quasi-keyhole arc welding process, non-linear
interval models are obtained by Lu et al. (2004) to control
the process. Experiments verified that the non-linear
model-based interval model control has advantages
over the linear model-based interval model control and
the linear model-based adaptive predictive control.
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In Thomsen (2005), a non-linear controller based on the
feedback linearisation is proposed for arc length control.
With the non-linear controller, no operation points need to
be selected; therefore, only one controller needs to be
tuned for all possible arc lengths and current (or electrode
speed) settings. In summary, various advanced control
schemes have been presented to overcome uncertainties
and non-linearities in welding processes. However, to the
best knowledge of the author, no control scheme has been
proposed to deal with the unmodelled dynamics in the
welding processes.

On the basis of the robust control Lyapunov function
method, this paper presents a robust adaptive control
scheme for non-linearly parameterised systems with
uncertainties. Adaptive non-linear damping is used to
restrain the effects of unmodelled dynamics, non-linear
uncertainties and disturbances. The backstepping
procedure is employed to overcome the complexity in the
design of the controller. Estimation of the unknown
parameters of the system and generation of an additional
signal are not required with the proposed method.
No matter how high the order of the system is and
how many unknown parameters there are, there is only
one adaptive parameter. It is proved theoretically that the
proposed robust adaptive control scheme guarantees the
stability of the closed-loop system. Simulation results
illustrate the effectiveness of the proposed robust adaptive
controller.

2 Problem statement

Consider a non-linearly parameterised system

i, = x, +6,(r.0,0.d(1))
xnfl = xn + ¢nfl ('x’ 0’ w, d(t))
xn =u+ Q’(.X, g,a)’d(t))

ey

where u€ R is the control, xe€ R"is the state #& R" is
the unknown parameter, d(f) € R’ is the unknown bounded
disturbance, @(x,6 wd(r)) represents the uncertain
nonlinearity and the uncertainty related to the unmodelled
dynamics and disturbance. w € R is the unmodelled
dynamics described by

a')=q(a),x1) )

where ¢g(wx,) is an unknown Lipschitz continuous
function.

Without the loss of the generality, it is assumed that the
equilibrium of system (1) is 0, and @,(0,6,w,d(t)) =0,
i=1 ..., n

The objective of this paper is to design a robust
adaptive controller for system (1) such that the closed-loop
system is stable in the presence of unknown parameters,
disturbances, non-linear uncertainties and unmodelled
dynamics. To this end, the following assumptions are
needed.

Assumption 1: ¢,(x,0,w,d(t)),i =1, 2,..., n, are unknown

Lipschitz continuous functions satisfying

|¢i(x, 0, a),d(t))| <ec,, (xl,...,xl.) +c,0 (||a)||) +c, (3)

c,>0 are unknown  constants.

where Cips Cips €3 2

il1?
vi(x,..., x;), i=1...,n are smooth functions and

Bllw),i=1,...,n are k.. functions.

Assumption 2: The unmodelled dynamics described in (2)
is Input-to-State Stable (ISS); that is, system (2) has an ISS
Lyapunov function V(@) satisfying

o (Jol) < V.t < (o) @
oV
2O, 1) <[] e ®

where o, o, aand W are functions of class k_ .

On the basis of the idea of changing supply functions
(Sontag and Teel, 1995), one can assume

Vo (@)

Vo(@)=[ " nis)ds (©6)

0

where 7(-)>1 is a monotone non-decreasing function.

From Assumption 2, it can be shown that for any given
function @) > 0, a function #7(-)>1 can be found

such that

AV, () 1 .
WCI(W’)Q)S —En(Vw(a)))W(”a)”)+x120!(|x1 |) 7
1
L (w0 w(lol)2 51 ®

where A>1 is a constant; &(|x, [)=0 is a known

function.

3 Design of robust adaptive controller

In this section, the backstepping design procedure in
Kanellakopoulos et al. (1991) is employed to obtain the
robust adaptive controllers.

Step I: Define ©=0"—0O(), where O(f) is the
adaptive parameter of the controller; ©° >0 1is an

unknown constant representing the desired value of o,

that is, when (:)=G)*, system (1) has the desired
performance. Choose the Lyapunov function candidate as

1 1 1 =~
v, =zvo(w)+§§f+§r '9? 9)

where &= x,, I' >0 is a constant. Then,

. 1 [
V<=5 (V@)W (|ef)+ = &a(é)

+6x, ¢y |§1|7/1 (x1)+clz |‘§1|ﬁ1 (”a)") (10)
e[S

Let &, =1/2¢},, ¢3 =M+c,,.

_I'66
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As a result,

V<—ﬂ77v(w) (||w||)+ sra(é)+éx

c : 2

( |71 Xl 2®J [fl )

&Y & @ &2
( I- lgj APTSAPTRbTS (1)
{87 (n)+ &1+ -00-10) 0" -0)
+O(&777 (%) + & +&7)+ 0 (0" -6)
1
+= B ()

Choose virtual control

1 3

)C; (xl’yr’é)z_zfld(fl)_gfl (12)
—0& [ (x,)+& +1]
Then,
i, <=Ln(v,@)w (o))
Leie(n-x)
. (13)
+(z//, (x,,yr,®,s)—r*1@(t))((:)(t)+¢1)
A1
+N, + o®®+5,6’12 (||a)||)
where
— cll 5122 5123 _
a0 a0 a0 AT
v (xl’é)= 127/12 (x1)+§14+§12_o'é (14)

0> 0 is adesign constant.

Step k (2 <k <n — 1): Assume a series of virtual
controllers had been developed before step k

X, =X, (x],®),..., Xpy =X, (x,,...,xk,G)
Define

¢ =x

S=N =X (15)

§k+1 = xk+1 _xk+l

In step k, the Lyapunov function candidate is
v, =1V(w)+§k:1§?+lr-'©2 (16)
o =)

It is also assumed that in step k, similar to step 1,

by choosing an appropriate virtual controller
x,,,(x,..., x,,0), one can obtain
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Vk—-—;Ln V@)W (Jaf)- (& ++&)
__é:k +§k( K+l k+1)
3 Bk 18 o) an
+(1//k( ,,,,,,, G)) I 9)(@+%)
+N, +000
where

ké;, . ke, . (k+1)é;

N, =N, p : .
40" 40 40
k=2,3,...,
NO — 0’ Nl — CIZI + 6122 + 5123

40" 40" 40
Cry» Cras G320, are unknown constants and ¢, =c,.

In the following, the author proves that in step k+1, by
choosing virtual controller x,,,(x,,..., xk+1,(:)), (17) also
holds. To this end, define

1
Veu =V, +5§Z+1 (18)

Then,

, 1
V., <-——n
k+1 ﬂ

(& et )28 E (5 - x)
+(wk(xl,...,xk,@)_rlé)(@wk)
X () 19

+§k+1 (xk+2 + 9., (x.0, w’d(t)))

kooxt
_§k+l [z%( Xl +¢ ()) agl GJ

Jj=1 j

(Vo (@)W (Jef)

+N, +0 00

k. oyt
¢k+,(-)—2% 9,0
i

(}/M—I
xk+1

8 | 0x,
+ck+1,2 |§k+1 |[ﬂk+l ("(0”)+ jZ_l: ax

k
sl 15
2

where

§k+l

<ck+ll

§k+l

/

(20)

az)

#
a‘xk+l

0x

J

Crsrg = maX{Cl.l"' "Ck+1,l}

Crr1p = max{cl,z" "’ck+1,2}



and

.
‘fk (xk+1 T Xt )

The following can be obtained:

1 1
< Esz +E§k2+l

Vi ——7n (V@)W (|ef) = (& +--+&)
+§§k2+l +(Wk (xl ..... xk,(:))—F"C:))(@+(ok)
A5 w08 (ol + £,

k. ox; 0x,,, A A
. {z a;fo“ + aéi)l ®J+Nk +0 006

az

+5k+l,l |§k+l| J/k+1

xk+l

§k+1

FChii

+Ek+l,3 |§k+1| 1+Z .

Denote

k a ?
l//k+1 l//k()+§l\+l[ Z %J J

2
« (oxt
+§M[n+l<> Z( a"“ Y; ()J ]

xk+l

o
G =@t F§k+l 96

Choose virtual controller

k *
X, =-2& +z—ax"”x +Fa By
k+2 T k j k
+ +1 = axj Jj+l a@ +1

-6¢4,., [HZ( . j ]
k(oxt :
_éfkﬂ {y/fﬂ(') + Z(% Y ()J J

Then, from (21) one can obtain

Voo S (@)W (Jol) (4 +-+8)
_%gkzﬂ +§k+1 (xk+2 —XZ+2)
(l//kﬂ (X] .... xk” @ S) F_lg)(®+¢k+l)

+%kz+i(k+1—i+1)ﬁf (l])+ N, + 066
i=1

2y

(22)

(23)

24

(25)

where

G, D (208,
40 40 40

Hence, it has been proved that in step K+1, by choosing

virtual controller x,,(x,,..., X ,@)) as in (24), (17)

also holds.
Step n: It can be seen from (1) that

Equations (22)—(24) also hold in step n provided that x,,
is replaced by u. Take

V,= Z:,%ff +%F"@2 +%Vo(w) (26)
and

uzu*(x1 ..... xn,é))zx: (xl ..... xn,@)) (27)
One can get

V, <= (V@)W (Jol)- (& -+ )

1, «
_Eé:" +§”(u—u )

_ (28)
+(1//" (-)—r*‘é))((:)wn)
+%i(n—i+l)ﬂiz (l])+ N, +066
i=1
Let S(w) = %Z(n —i+ 1)’ (|e]). From (8),
i=1
V, == (V@)W (|of)~(& +-+ &)
—55,12 +¢, (“—”*)
+(y/,,(-)—r*1é)(é+¢n)
+N, +0 00
Choosing the adaptive law
O=Ty,(x.....5,.0).  6(0)>0 (29)
gives
, - 1
V(&0 nn80) < - ) W (o) 0
~(&++&)+N,+066
where
v - Z ke, . ké?, NG e,
"H49T 407 407
Note that the x (x....x,0) in (27) and
W (X....x,.0) in (29) satisfy (24) and (22),
respectively.
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As 77()=1 and ®=0" -0, from (30) the following

can be obtained:
) 1 1 -
V”S—EW("a)")—(gﬁz+---+§f)—§o®2+N 31
where

P =2 P
C S, S | G (32)

k=1 46* 4@* 4®*

N = 1 o0+
2
Thus, the closed-loop system is stable and all the variables
of the closed-loop system are bounded.
4 Anillustration example

Consider a non-linearly parameterised system

% =x,+0,x) +6,sin(x,)w+6,x,d,(t)

0. x>
X, =u+0x +——2 33
: i 1+96x12 33)
+6, (1-cos(x,)) @+ 6,x,d, ()
where 6,i =0, 1, ..., 8, are unknown parameters, @ is
the unmodelled dynamics described by
O=-w+x; (34)
Obviously,
Vo=, a(&)=16&

According to the proposed control scheme,
/4 (x1)=x12’ 16 (xl’x2)=x12 +x§
v, (xl,(:)) =&+ &+ E 06
The virtual controller

x; (xl’(:)):_§§l3 _%;_éé [x?+§|2+1:|
(o)) Ll < )
v, :l//l(‘)"‘f;Ll"'[gTz} J+£L}/§()+[37271()} J

The adaptive law for the controller parameter is

O =Ty,()
The robust adaptive controller is
u=u =x;, =-2& +ix2
ox

1

ox, A ax' Y
-2y, -0 1+ —%
g v 5{ +(ax1]]
o ox’ ?
_®§2 (]/2 ()+[i71()J J
ox,
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In the simulation,
d,(t) =sin(t), d,(t) = cos(t)
6=2,0,=2,6,=05,6,=5,
0,=6,6=2,0,=1,6,=05
x0)=1, x,0)=1, w(0) =1, (:)(0) =1

The design constants are
A=10,T=1, 0=0.001

It can be seen from the simulation results shown in
Figure 1 that the state of the system approaches the
equilibrium and all variables of the closed-loop system are
bounded in the presence of unmodelled dynamics and
bounded disturbances.

Figure 1 Simulation results
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5 Conclusion

A robust adaptive control scheme is presented for
non-linearly parameterised systems with unknown
parameters, uncertain non-linearities, disturbances and
unmodelled dynamics. The scheme does not need to
estimate the unknown parameters nor to add a dynamical
signal. No matter how high the order of the system is and
how many unknown parameters the system has, there is
only one adaptive parameter. It is proved theoretically that
the proposed robust adaptive control scheme guarantees
the stability of the closed-loop system. Simulation results
illustrated the effectiveness of the robust adaptive
controller. Further work will be to use the proposed control
scheme in some practical uncertain non-linear systems
such as the welding processes.
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