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Robust Adaptive Control of Nonlinear Systems then design a robust controller to guarantee the stability of the totally
Represented by Input—Output Models closed-loop system. However, such kinds of schemes will take longer
time in computation and sometimes are not suitable for real-time con-

Yusheng Liu and Xing-Yuan Li trol. Besides, to reduce conservatism, we have to estimate the parame-

ters accurately, which needs some additional requirements such as the

. . linear dependence condition, persistent excitation etc.
Abstract—A robust adaptive control scheme is proposed for a class of Inthi K high-0ai bust i troller in which
nonlinear systems represented by input—output models with unmodeled dy- n thiswork, we use a high-gain robust nonlinear controller in whic

namics. The scheme does not require the unknown parameters to satisfy the the high-gain parameter is adaptively chosen on line. Such learning
linear dependence condition and parameter estimation is not needed. With process on line reduces conservatism and prevents the gain from being
the proposed control scheme, all the variables in the closed-loop system unnecessarily large. Based on this idea, we present a robust adaptive

are bounded in the presence of unmodeled dynamics and bounded distur- .
bances. Moreover, the mean-square tracking eror can be made arbitrarily output feedback controller for a class of nonlinear systems represented

small by choosing some design parameters appropriately. by input—output models containing unmodeled dynamics and bounded
. . time-varying disturbances. The scheme does not require the unknown
Index Terms—Adaptive control, nonlinear systems, output feedback, ro- . . -
bustness, unmodeled dynamics. parameters to satisfy the linear dependence condition and parameter es-

timation is not needed. With the proposed control scheme, all the vari-
ables in the closed-loop system are bounded in the presence of unmod-
I. INTRODUCTION eled dynamics and bounded disturbances. Moreover, the mean-square

Various adaptive control schemes have been proposed for nonlingaf:k'ng error can b? made arbitrarily small by choosing some design
systems. In [1], an adaptive output feedback controller is presented PGrameters appropriately.
a class of nonlinear systems represented by input—output models The
adaptive controller in [1] has several advantages: it applies to a wide Il. PROBLEM STATEMENT
class of nonlinear systems; the models of the systems may depend noRye consider a single-input-single-output nonlinear system de-
linearly on control input:; and filtering or error augmentation is notgcriped by
required. However, the adaptive controller is not robust to unmodeled

dynamics. y(n) =f (y, Gy u(mil)) + G ul™

By adding a robustifying control component, the results of [1] ) (ne) ] (1)
are extended to the case with bounded disturbance in [2], but an +A(?/-/ Ypooesy y Uy Uyees 7, w) +d(?)
upper bound on the disturbance must be known. With significant (1)

progress made in the robust adaptive control of nonlinear systems ) ) o o

with parameter uncertainty and uncertain nonlinearities [3]-[5], robudfierey is the outputu is the control;y* is theith derivative ofy;
adaptive control for nonlinear systems with unmodeled dynamics Hg) iS the unknown bounded disturbanck-) represents the uncer-
received great attention [6]-[12]. However, few results are availagfdin nonlinearity and the unmodeled dynamics described laterfand
on the robust adaptive control of the nonlinear systems represented$3" Unknown constant parameter, but the sigh,a$ known. Without
input—output models with unmodeled dynamics. Using the approal@$s of generality, we assume tifat> 0. Itis assumed in (1) that is
of [8], the authors of [12] extended their previous work to the cadd! Unknown smooth nonlinear function satisfying

with unmodeled dynamics; however, as in [1], [2], the parameters ( . (n—1) . (m—l)))

. : i Yol oo ¥ s Uy Uy ey U
the system must satisfy the linear dependence condition. In [9], &n
adaptiveH = tracking control scheme is presented for nonlinear mul- <6f (y‘ gy s U(mfl))
tiple-input—multiple-output systems with unmodeled perturbations,
but the input-output models depend linearly on control inputand ~ where f(y, 3. .... ¥ ~", u, 4. ..., «/"~") is a known smooth
unmodeled dynamics from other systems is not considered. nonlinear functiong > 0 is an unknown constant.

On the other hand, in the robust control of nonlinear systems withRemark: The systems considered in [1], [2], [12], and [19] have a
uncertainties, a bounding function is often employed to ensure the stestriction of linear dependence on the unknown parameters. It can be
bility of the systems. To determine the bounding function, some knovgeen from (1) that the linear dependence condition has been removed
edge about the system is used to estimate the size of the uncertaingye.

Due to the nature of uncertainties, overestimation is inevitable, which| et

causes the robust control conservative in the sense that its gain is un- o (n=1)
necessarily large. One of the approaches to maintain robustness while TL=Y 2=y & es B =Y
reducing conservatism is to blend adaptive control scheme into robust ao=u, z =z =T,
control design by constructively using Lyapunov theory, as suggeste({Ne have

in [17], [18], and the references therein. There are at least two ways to

do this. In [19], we first employ an adaptive law with smoothed pro- d =g, 1<i<n-—1

jection as in [1], [2], and [12] to estimate the unknown parameters, = f2y 2) 4 Buv + Al 2, )+ d(D)

Zi = Zig1, 1<i<m—-1
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We assume thah andg are unknown nonlinear functions which are Ill. RoBUST ADAPTIVE CONTROL SCHEME

continuous and Lipschitz and satisfy In this section, we first assume that the statez) of system (2) is

|A(z, z, w)| <ectllz|| + c2||zl| + es]|w]| (4) available for feedback. Let; = 21 — yr, €2 = 22 — §ry e ooy € =

A(0, 2, 0) =0 5) @~ e=ler ear ..., en]". Using (2) and (3), we get

wheree,, ¢z, e3 > 0 are unknown constants. In (4) and throughou¢ = Ae +b [f(ff + T 2) 00—y + Ale+7,, 2, w) + d(?‘)]
this note, we use the Euclidean norm. Let

" ) t=Az+bv
Gi=z — ”;—:"”“ 1<i<m. ®) . =q(w.e+7,. 2) (12)
From (2), we have where
('}:Ciﬂ 1<i<m-1 0O 1 -+ 0 0
ém = — f(T7:)+A(I~Z"u)+d(t) (7) A= P . b=
u ;z:g‘r‘r(a:n,m*,q/(ﬂ“,) 00 - 1
Let 00 --- 0 1
C=1[¢y s Gu]" B=1[0,...,0 1" and 4, b have the same forms a$, b but with different sizes. Let
F(a, )17 A, = A — DK, wherel{ is chosen so that,, is Hurwitz. Then,
h(¢, ) = |:C2, R ';’ - ] . we have
We have é=Ane+b [Ix’e + fle+7,, 2) =y 4+ 6,0
E=hic, :E)+E<—A($,Z(;M) —d(t)). ® TUNCES w)—i—d(f)]. (13)

To characterize the effects of the ummodeled dynamics to the control

Thus, the nominal system of (2) consists of the firggquations in (2) system, we use a dynamic signal described by

and of (8) withA(xz, z, w) = 0, d(t) = 0.
We further assume that the reference signpdt) is bounded with F=—Cor +rme, J,), r(0)=7+">0 (14)
bounded derivatives up to theh order and/f,") (t) is piecewise con-

_ — N — 2 — 2
tinuous. Denote wherezy € (0, co), rm(e, ) = lle+7.lI" v (lle +7.11°) + do. It

has been shown in [8] that the signal has the following property:

0 (n—w]T
Vo(w(t)) <r(t)+ D(t) (15)

Y. = [u Yr o oees Yr
- 1) 1" . . . _

Yr = [yr-/ Yo T eees Y ] . for all ¢ > 0 where the solutions are defined, with(¢) defined for
t > 0 and there is a finitd"® such thatD(¢) = 0 forall t > 7° > 0.

- n 7 n+1 m A l B ) .
LetY C R",Yr C R ’,ZU ,C R ’,”“ C R be any given We propose the following robust adaptive controller:
compact sets. Then, the objective of this note is to design a robust

adaptive output feedback controller for (2) and (3) such that for any v=—gc' Pb { [fle+7,. :)]2 +lle+7.17 + 11211

2(0) €Y, z2(0) € Zo, w(0) € Wy andy, € Yr, the outputy(#) 2 L,

of the system tracks the reference signdlt) and all the variables of + a7 (2n)]" + (Ke)” + 1}

the closed-loop system are bounded in the presence of unmodeled dy- A _

namics and bounded disturbances. We need the following assumptions. =vle, 2, 7. 9, ) (16)
Assumption 1:In the nominal system, the subsystems= 2 (¢, )  wheren] " is the inverse function of ; and is again a function of class

has a unique steady-state solutiori2]. Without loss of generality, K..; P is a matrix satisfying

we assum& = 0. Moreover, the subsystem has a functiorit, ¢)

. AT p _ AT
satisfying PA,, +A,,P=-Q, Q=0Q >0. a7)
T |1l < wit, ¢) < mal|¢]? In (16), 7 is the adaptl_ve parameter of the controller. We present the
ow  Ow ] B N following adaptive law:
-+ () < —mliKfF x .
a1 T ¢ MG @) < = mslidl” 4 maliclll] S f(er 2 1) — To 18)
Ow .
- < s
H ac < ms|<]| (9) where
/ — T w3 — 3 —
wherer; > 0,i =1, ..., 5, are constants antds > mscs. Bumle, z, v, 7,) =T(e Po)*{[f(e +7,, )]> + lle +7,II”
Assumption 2: The unmodeled dynamics, i.e., the system of (3), is + 121 4 [o7 @) + (Ke)® 41}

exponentially input-to-state practically stable (exp-1SpS) [8]; that is,

i T o andl’ > 0, ¢ > 0 are design constants.
(3) has an exp-ISpS Lyapunov functidi (w) satisfying Theorem 1: Under Assumptions 1 and 2, with the proposed adaptive

ar(|Jw]]) < Vi(w) < az(||w]]) (10) state feedback controller, for any givet) € Y, z(0) € Zo, w(0) €
Wy andy, € Yz, all the variables of the closed-loop system are
q(w, 2, z) < — coVi(w) + ¥(||z|]) + do (11) bounded in the presence of unmodeled dynamics and bounded dis-
turbances. Furthermore, the mean-square tracking error can be made
arbitrarily small by choosing the design parameiers and@ appro-

griately.
a Proof: Consider the Lyapunov function candidate

IV (w)
dw
wherea;, as are functions of clasf’., andcy > 0, do > 0 are con-
stants. Without loss of generality, we assunie has the formy(s) =
s2v0(s%), wherevo is a nonnegative smooth function. Otherwise,
indicated in [8], it suffices to replacein (11) by||z||* o (||=[|*) + %o
with , > 0 being a sufficiently small real number. V=ePe+6,07 (8- 3% (19)
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where3* > 0 is a constant, which is the desired valuedpi.e., when Sincex, w, d(t) are bounded, ands > ws5c¢2, it can be seen from
3 = 8", the controlled system has a desired performance. Taking #27) that¢ is bounded; therefore, is bounded. We conclude that all

time derivative oft” along the solutions of (13) and (18) yields the variables of the closed-loop system are bounded.
. T T — _ Furthermore, it can be seen from (26) that chooghgnd the de-
Vs -eQet2e Pb’ ) fF(e+7, 2) sign constants, T’ appropriately will reduce the residual error bound
terlle 470+ call=]] + esllw]] + ‘y;'l)(t)’ T |d(t)|] p_lM_l, and make the tracking error arbitrarily small. d
To implement the robust adaptive controller presented above by
_ qu’g*(eprf {[7(6 +7,, ;)]2 +le+7.| output feedback, we need to design a state observer. Since the high-

) , , I gain observers have the properties of rejecting disturbances and
[a7'(2r)]" + (Ke)® + 1} —b0uof3” + 0,00 allowing for uncertainties in modeling the systems [13]-[16], we

—8.0(F - 57)? (20) adopt the following high-gain observer [1] to estimate
From (10) and (15), we get éi =81 + (0 /5 Ner—é), 1<i<n-l
2es c’TPb’-||w||SQC3 T PblaT (r+D(1)) én=(on /" )(er — &) (28)
wheres > 0 is a small constanty; > 0,i = 1,...,n are
< 2c3e’ Pblay!(2r)+2¢s(e 1'2D()). chosen so thatd,, = 4 — K,C is a Hurwitz matrix, where
(21) IX,T—[(T1 a2, ...,(Tn] [10,0]

To eliminate peaking in the implementation of the observer [1], we
Notice thatD(t) = 0, V¢ > T°, thus,2csa7 ' (2D(t)) = 0, YVt >  define

TO. Let qi
N _ by = ——, 1<i< 29
= sup{ g )(t)’ + ld(t)| + esar 1(21)@))}. (22) ‘T o Sren (29)
Using (21) and (22) gives Then, (28) becomes
. i It 1 2 1 £Gi =qiy1 +oi(er — q1), 1<i<n—-1
V< —e Qe—-25"6, <€ Pb‘|f&ﬁ|_ 25*0“) + 2376, (n :J,L(el—ql), (30)
. _ 9 2 To prevent the peaking from entering the control system, we saturate
30 L py =, . . . . .
—2070,( |e “fle+7,.2) - 2576, Pm, 3. andv outside their domains of interests. As in [1], we need
e ' 2 somea priori information about the system.
+ o560, 20370 < GTPZJ‘ lle + 7.1l — 93*9 ) Assumption 3:6 = [¢, 8,]7 € Q, d(t) € &, where2 and® are
a7 Vu ) known compact sets.
2 : .
n 9/63*1 25, < 6TPb‘ T ) Assumptlon‘4. For any
e 2 2 €(0) € Eo, 2(0) € Zo, w(0) € Wo, r(0) € Ry,
) ‘
+ ,);*9 - 2876, < chb‘ cart(2r) - 93":9 ) 7r(0) € Yr, 3(0) € R}
s “ , whereEy, Z,, Wy, Yr are defined as before, ait)f ¢ RT, R} C
n 5 23", < . Pb‘ > R are compact sets, using the proposed adaptive state feedback con-
23*0. Zd 0 troller, we have:(t) € E, z(t) € Z, w(t) € W,r(t) € Ro, §p(t) €
9 - p n m i l
c; 9 a2 e Yr f((t) € Ry YVt > 0, whereE C R",Z C R™, W C R',
+ 230, o0u 0" = ofu(B = F7)" + ofuf™. (23) R, c R*,Yx Cc R"*" andR, C R are known compact sets.
Thus Denote

) . _ Rs={e€eE}x{z€Z} x{weW}x{re€R}

V< —e'Qe—ab,(3 -5 4+ M (24) {7 € Yi} x {3 € R1}.
whereM = (1/28°0.) (¢ + 3+ 3 + 3+ 6%+ 1)+ 06,32. We Choose,, My and M, be such constants that are larger than
have or equal to the upper bounds ef.(e, ¥,), 3m(e, 2z, r, ¥,) and

v(e, z, 7, §,, 3) over Rg, respectively. Denote

V < —puV + M, (25) . rm(6,7,)
= 28, y,) =M, - sat [ L2l 1
777l(6, yr) sa [\IT (3 )

where . _ Bm(é,z,7,7,)

] (e, z, 7, 7,) =Mg - sat | ———=r2 (32)

1 = min 7)\'“]"1(62) oo (26) ’ * My

n= )\max (P) s TuOT ¢«

06y 2 Gos B) = M, - sat <w> (33)

wheresat(-) represents the saturation function defined in [1]. Thus,
the robust adaptive output controller can be obtained by replacing
fm(e Y,), Bmle, z, r, y,) andu(e, z, r, ¥,, ) in (12), (14), (16),

and (18) withr;,(é, ﬁ) Br(é, z, v, y,.) and v (é, z, v, §,., §),
respectlvely We have the following results.

Under Assumptions 1-4, with the proposed adaptive output
controller, for anye(0) € Eq, 2(0) € Zy, w(0) € Wa, 7(0) €
¢l RY, 3(0) € R, there existso > 0 such that for any € (0, <o), all

the variables of the closed-loop system are bounded in the presence

+es flwll + |d(f‘)|) - (27) of unmodeled dynamics and bounded disturbances. Furthermore, the

Therefore,V (e, 3) decreases monotonically unf#, 3) reaches the
compact seCs = {(e, 3) € R" x R: V(e, 3) < p~' My }. This
means thate, 3) are bounded. Since andy, are boundedy is
bounded. Thus, from (14}¢) is bounded. Then, the boundedness o
w is followed by using (15).

Differentiating the functionu (¢, ¢) in Assumption 1 along the so-
lution of (8) gives

. ) < = I + I ol + o
1
(entell 4 e+ e ol - |
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Fig. 1. Simulation results of the adaptive state feedback controller. (a) Tra
ing error. (b) Control input for the augmented system. (c) Signal. (d) Signal
B

%g. 2. Simulation results by the adaptive output feedback controller.
(a) Tracking errok; . (b) Control inputv* for the augmented system.

mean-square tracking error is of orde(fz) if the design parameters
I, o and@ are chosen appropriately.

The proof of the previous results, which is similar to that in [1], is 0.5
omitted here due to the limited space, but is available upon request.

IV. ILLUSTRATION EXAMPLE 0
Consider a nonlinear system 05
v = bo(uty—i) +2601 (yi+5° +yi) +oi+A+d()  (34) o5 o, 20
which is the same as [1, Ex. 3] except that we adandd(¢) in the (';)]e
system. In (34)d(t) = 0.5sint is the disturbance and is the un-
modeled dynamics given by 1
G=—w+yr+9°+05 A=20. (35)
It can be checked directly that (35) is exp-ISpS with 0.5
Vi(w) =w?, ar(|w]) = [0, a7l (s) = /s
A1zl =250, o = 1.2, do = 0.625. (36) 0
We assume that (35) is unknown, but(-), v(-), ¢o anddy are known.
We further assume that in (34)(y, v, 3, u) = Ho(u + -0-50 5 10 15 20

y — ) + 201(yy + §> + yi) is unknown but satisfying Time
[fy, g4, w)l < 6f(y, 9,4, w) with f(y, 4, 4§, u) =
[(w +9y — 2 + (i + 4% + vi)?}]'"/? known. It is also as- ®)
sumed tha¥ andé,, are unknown, but the sign @, is known. The Fig. 3. _Simulation results by c_hoosing the_ design parameters appropriately
objective is to design a robust adaptive controller such ghamacks (& = 10%. o = 10°7). (a) Tracking error, via state feedback. (b) Tracking
. errore; via output feedback.
y-(t) = 0.1sin(?).
TakeK =[2 4 3]andQ = I.SolvingPA,,+ALP =—I,we
obtainP. For the purpose of simulation, we takge= ¢, = 6, = 1. simplicity, here we use the aforementioned simulation results. Based
With the following choice of the initial conditions and design paramen Fig. 1(b)—(d), we také4, = 20, M, = 5, Mz = 40. Using

eters: (31)—(33), we get®, r;, andzj,, for the robust adaptive output feed-
e(0) = [1, 0, O]T . 2(0) = w(0) = 0, r(0) = 1, B(0) = 10, back c_or_1t_ro||er. C_h_oose: 0.01 and the re§t of design paramt_aters and
all the initial conditions to be the same as in (37), the simulation results
¢ =0.6, T =100, ¢ = 0.0001 37)

under the adaptive output feedback controller are shown in Fig. 2.

the simulation results under the adaptive state feedback controller ar€hoosingl’ = 10°, ¢ = 107" and the rest of initial conditions

given in Fig. 1. and design parameters to be the same as in (37), the simulation results
By analysis as in [1] or by simulations, we can estimate the uppare shown in Fig. 3, which demonstrates that the mean-square tracking

bounds orv, ..., 3, under the state feedback adaptive control. Farror can be made arbitrarily small under the state feedback adaptive



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 6, JUNE 2003

8
6
[4]
4
[5]
2
0
0 5 10 15 20 [6]
Time
(@) [71
30
(8l
20
[9]
10
[10]
0
0 5 10 15 [11]
Time
(b)
Fig. 4. Simulation results by the adaptive controller presented in [1].[12]
(a) Tracking errore; via state feedback. (b) Tracking errer via output
feedback. [13]
control and the mean-square tracking error is of order) under the [14]

output feedback adaptive control by choosing the design parameters
T, o appropriately.

Finally, to compare the adaptive scheme presented in this note witi5]
that in [1], we applied the adaptive scheme of [1] to (34). As in [1],
6o, 8. are assumed to be known, Kt is estimated by the projec-
tion law in [1] withé = 0.1, v = 10,Q = {#]0 < 6 < 2}
(using the same notations as in [1]). The initial conditionscdte =
[1,0,0]", 2(0) = w(0) = 0, 6,(0) = 1.2. The simulation results of [17]
the state feedback and the output feedback are shown in Fig. 4(a) and
(b), respectively, from which we can see that the tracking errors are Ung
bounded and the adaptive control scheme presented in [1] is not robust
to unmodeled dynamics. [19]

[16]

V. CONCLUSION

This work presents a robust adaptive control scheme for a class
of nonlinear systems represented by input—output models. It has
been shown that under certain assumptions, the proposed adaptive
controller guarantees that all the variables of the closed-loop system
are bounded in the presence of unmodeled dynamics and bounded
time-varying disturbances and the mean-square tracking error can
be made arbitrarily small by choosing the design parameters appro-
priately. The scheme does not require the unknown parameters to
satisfy the linear dependence condition and no parameter estimation
is needed. Simulation results show that the adaptive controller of this
note is very effective.
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