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Robust Adaptive Control of Nonlinear Systems
Represented by Input–Output Models

Yusheng Liu and Xing-Yuan Li

Abstract—A robust adaptive control scheme is proposed for a class of
nonlinear systems represented by input–output models with unmodeled dy-
namics. The scheme does not require the unknown parameters to satisfy the
linear dependence condition and parameter estimation is not needed. With
the proposed control scheme, all the variables in the closed-loop system
are bounded in the presence of unmodeled dynamics and bounded distur-
bances. Moreover, the mean-square tracking error can be made arbitrarily
small by choosing some design parameters appropriately.

Index Terms—Adaptive control, nonlinear systems, output feedback, ro-
bustness, unmodeled dynamics.

I. INTRODUCTION

Various adaptive control schemes have been proposed for nonlinear
systems. In [1], an adaptive output feedback controller is presented for
a class of nonlinear systems represented by input–output models The
adaptive controller in [1] has several advantages: it applies to a wide
class of nonlinear systems; the models of the systems may depend non-
linearly on control inputu; and filtering or error augmentation is not
required. However, the adaptive controller is not robust to unmodeled
dynamics.

By adding a robustifying control component, the results of [1]
are extended to the case with bounded disturbance in [2], but an
upper bound on the disturbance must be known. With significant
progress made in the robust adaptive control of nonlinear systems
with parameter uncertainty and uncertain nonlinearities [3]–[5], robust
adaptive control for nonlinear systems with unmodeled dynamics has
received great attention [6]–[12]. However, few results are available
on the robust adaptive control of the nonlinear systems represented by
input–output models with unmodeled dynamics. Using the approach
of [8], the authors of [12] extended their previous work to the case
with unmodeled dynamics; however, as in [1], [2], the parameters of
the system must satisfy the linear dependence condition. In [9], an
adaptiveH1 tracking control scheme is presented for nonlinear mul-
tiple-input–multiple-output systems with unmodeled perturbations,
but the input–output models depend linearly on control inputsui and
unmodeled dynamics from other systems is not considered.

On the other hand, in the robust control of nonlinear systems with
uncertainties, a bounding function is often employed to ensure the sta-
bility of the systems. To determine the bounding function, some knowl-
edge about the system is used to estimate the size of the uncertainty.
Due to the nature of uncertainties, overestimation is inevitable, which
causes the robust control conservative in the sense that its gain is un-
necessarily large. One of the approaches to maintain robustness while
reducing conservatism is to blend adaptive control scheme into robust
control design by constructively using Lyapunov theory, as suggested
in [17], [18], and the references therein. There are at least two ways to
do this. In [19], we first employ an adaptive law with smoothed pro-
jection as in [1], [2], and [12] to estimate the unknown parameters,
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then design a robust controller to guarantee the stability of the totally
closed-loop system. However, such kinds of schemes will take longer
time in computation and sometimes are not suitable for real-time con-
trol. Besides, to reduce conservatism, we have to estimate the parame-
ters accurately, which needs some additional requirements such as the
linear dependence condition, persistent excitation etc.

In this work, we use a high-gain robust nonlinear controller in which
the high-gain parameter is adaptively chosen on line. Such learning
process on line reduces conservatism and prevents the gain from being
unnecessarily large. Based on this idea, we present a robust adaptive
output feedback controller for a class of nonlinear systems represented
by input–output models containing unmodeled dynamics and bounded
time-varying disturbances. The scheme does not require the unknown
parameters to satisfy the linear dependence condition and parameter es-
timation is not needed. With the proposed control scheme, all the vari-
ables in the closed-loop system are bounded in the presence of unmod-
eled dynamics and bounded disturbances. Moreover, the mean-square
tracking error can be made arbitrarily small by choosing some design
parameters appropriately.

II. PROBLEM STATEMENT

We consider a single-input–single-output nonlinear system de-
scribed by

y
(n) = f y; _y; . . . ; y(n�1); u; _u; . . . ; u(m�1) + �uu

(m)

+� y; _y; . . . ; y(n�1); u; _u; . . . ; u(m�1); ! + d(t)

(1)

wherey is the output;u is the control;y(i) is theith derivative ofy;
d(t) is the unknown bounded disturbance;�(�) represents the uncer-
tain nonlinearity and the unmodeled dynamics described later; and�u

is an unknown constant parameter, but the sign of�u is known. Without
loss of generality, we assume that�u > 0. It is assumed in (1) thatf is
an unknown smooth nonlinear function satisfying

f y; _y; . . . ; y(n�1); u; _u; . . . ; u(m�1)

� �f y; _y; . . . ; y(n�1); u; _u; . . . ; u(m�1)

wheref(y; _y; . . . ; y(n�1); u; _u; . . . ; u(m�1)) is a known smooth
nonlinear function,� > 0 is an unknown constant.

Remark: The systems considered in [1], [2], [12], and [19] have a
restriction of linear dependence on the unknown parameters. It can be
seen from (1) that the linear dependence condition has been removed
here.

Let

x1 = y; x2 = y
(1)
; . . . ; xn = y

(n�1)

z1 =u; z2 = u
(1)
; . . . ; zm = u

(m�1)
:

We have

_xi = xi+1; 1 � i � n� 1

_xn = f(x; z) + �uv +�(x; z; !) + d(t)

_zi = zi+1; 1 � i � m� 1

_zm = v (2)

wherev = u(m) is the control input for the augmented system (2), and
x = [x1; . . . ; xn]

T
; z = [z1; . . . ; zm]T . The! 2 Rl in �(x; z; !)

is the unmodeled dynamics described by

_! = q(!; x; z): (3)
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We assume that� andq are unknown nonlinear functions which are
continuous and Lipschitz and satisfy

j�(x; z; !)j � c1kxk+ c2kzk+ c3k!k (4)

�(0; z; 0) =0 (5)

wherec1; c2; c3 � 0 are unknown constants. In (4) and throughout
this note, we use the Euclidean norm. Let

�i = zi �
xn�m+i

�u
; 1 � i � m: (6)

From (2), we have

_�i = �i+1 1 � i � m� 1

_�m =�
f(x; z) + �(x; z; !) + d(t)

�u z =� +(x =� )

: (7)

Let

� = [�1; . . . ; �m]T b = [0; . . . ; 0; 1]T

h (�; x) = �2; . . . ; �m�1; �
f(x; z)

�u

T

:

We have

_� = h (�; x) + b
��(x; z; !)� d(t)

�u
: (8)

Thus, the nominal system of (2) consists of the firstn equations in (2)
and of (8) with�(x; z; !) = 0; d(t) = 0.

We further assume that the reference signalyr(t) is bounded with
bounded derivatives up to thenth order andy(n)r (t) is piecewise con-
tinuous. Denote

yr = yr; y
(1)
r ; . . . ; y(n�1)r

T

yR = yr; y
(1)
r ; . . . ; y(n)r

T

:

Let Y � Rn; YR � Rn+1; Z0 � Rm; W0 � Rl be any given
compact sets. Then, the objective of this note is to design a robust
adaptive output feedback controller for (2) and (3) such that for any
x(0) 2 Y; z(0) 2 Z0; !(0) 2 W0 andyR 2 YR, the outputy(t)
of the system tracks the reference signalyr(t) and all the variables of
the closed-loop system are bounded in the presence of unmodeled dy-
namics and bounded disturbances. We need the following assumptions.

Assumption 1: In the nominal system, the subsystem_� = h (�; x)
has a unique steady-state solution� [2]. Without loss of generality,
we assume� = 0. Moreover, the subsystem has a functionw (t; �)
satisfying

�1k�k
2 �w(t; �) � �2k�k

2

@w

@t
+
@w

@�
h(�; x) � � �3k�k

2 + �4k�kkxk

@w

@�
��5k�k (9)

where�i > 0; i = 1; . . . ; 5, are constants and�3 > �5c2.
Assumption 2:The unmodeled dynamics, i.e., the system of (3), is

exponentially input-to-state practically stable (exp-ISpS) [8]; that is,
(3) has an exp-ISpS Lyapunov functionV!(!) satisfying

�1(k!k) �V!(!) � �2(k!k) (10)

@V!(!)

@!
q(!; x; z) � � c0V!(!) + 
(kxk) + d0 (11)

where�1; �2 are functions of classK1 andc0 > 0; d0 � 0 are con-
stants. Without loss of generality, we assume
(�) has the form
(s) =
s2
0(s

2), where
0 is a nonnegative smooth function. Otherwise, as
indicated in [8], it suffices to replace
 in (11) bykxk2 
0(kxk

2)+ "0
with "0 > 0 being a sufficiently small real number.

III. ROBUST ADAPTIVE CONTROL SCHEME

In this section, we first assume that the state(x; z) of system (2) is
available for feedback. Lete1 = x1 � yr , e2 = x2 � _yr, . . . ; en =
xn � y

(n�1)
r , e = [e1; e2; . . . ; en]

T. Using (2) and (3), we get

_e =Ae+ b f(e+ yr; z) + �uv � y
(n)
r +�(e+ yr; z; !) + d(t)

_z =Az + bv

_! = q(!; e+ yr; z) (12)

where

A =

0 1 � � � 0
...

...
...

0 0 � � � 1

0 0 � � � 0

b =

0
...
0

1

andA; b have the same forms asA; b but with different sizes. Let
Am = A � bK, whereK is chosen so thatAm is Hurwitz. Then,
we have

_e = Ame+ b Ke+ f(e+ yr; z)� y
(n)
r + �uv

+�(e+ yr; z; !) + d(t) : (13)

To characterize the effects of the ummodeled dynamics to the control
system, we use a dynamic signal described by

_r = �c0r + rm(e; yr); r(0) = r
0
> 0 (14)

wherec0 2 (0; c0), rm(e; yr) = ke+ yrk
2

0(ke+ yrk

2) + d0. It
has been shown in [8] that the signal has the following property:

V!(!(t)) � r(t) +D(t) (15)

for all t � 0 where the solutions are defined, withD(t) defined for
t � 0 and there is a finiteT 0 such thatD(t) = 0 for all t � T 0 � 0.

We propose the following robust adaptive controller:

v =��eTPb f(e+ yr; z)
2
+ ke+ yrk

2 + kzk2

+ �
�1
1 (2r)

2
+ (Ke)2 + 1

�
=v(e; z; r; yr; �) (16)

where��11 is the inverse function of�1 and is again a function of class
K1; P is a matrix satisfying

PAm +A
T
mP = �Q; Q = Q

T
> 0: (17)

In (16), � is the adaptive parameter of the controller. We present the
following adaptive law:

_�=�m(e; z; r; yr)� ��� (18)

where

�m(e; z; r; yr) = �(eTPb)2f[f(e+ yr; z)]
2 + ke+ yrk

2

+ kzk2 + [��11 (2r)]2 + (Ke)2 + 1g

and� > 0; � > 0 are design constants.
Theorem 1: Under Assumptions 1 and 2, with the proposed adaptive

state feedback controller, for any givenx(0) 2 Y; z(0) 2 Z0; !(0) 2
W0 and yR 2 YR, all the variables of the closed-loop system are
bounded in the presence of unmodeled dynamics and bounded dis-
turbances. Furthermore, the mean-square tracking error can be made
arbitrarily small by choosing the design parameters�; � andQ appro-
priately.

Proof: Consider the Lyapunov function candidate

V = e
T
Pe+ �u�

�1(� � �
�)2 (19)
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where�� > 0 is a constant, which is the desired value of�, i.e., when
� = ��, the controlled system has a desired performance. Taking the
time derivative ofV along the solutions of (13) and (18) yields

_V � � eTQe+ 2 eTPb � jKej+ 2 eTPb � �f (e+ yr; z)

+c1 ke+ yrk+ c2kzk+ c3k!k+ y(n)r (t) + jd(t)j

� 2�u�
�(eTPb)2 f (e+ yr; z)

2
+ ke+ yrk

2

+ kzk2 + ��11 (2r)
2
+ (Ke)2 + 1 � �u��

2 + �u��
�2

� �u�(� � ��)2: (20)

From (10) and (15), we get

2c3 eTPb �k!k�2c3 e
TPb ��11 (r+D(t))

� 2c3 e
TPb ��11 (2r)+2c3 e

TPb ��11 (2D(t)):

(21)

Notice thatD(t) = 0; 8 t � T 0, thus,2c3��11 (2D(t)) = 0; 8 t �
T 0. Let

c4 = sup y(n)r (t) + jd(t)j+ c3�
�1
1 (2D(t)) : (22)

Using (21) and (22) gives

_V � � eTQe� 2���u eTPb � jKej �
1

2���u

2

+
1

2���u

� 2���u eTPb � f(e+ yr; z)�
�

2���u

2

+
�2

2���u
� 2���u eTPb � ke+ yrk �

c1
2���u

2

+
c21

2���u
� 2���u eTPb � kzk �

c2
2���u

2

+
c22

2���u
� 2���u eTPb � ��11 (2r)�

c3
2���u

2

+
c23

2���u
� 2���u eTPb �

c4
2���u

2

+
c24

2���u
� ��u�

2 � ��u(� � ��)2 + ��u�
�2: (23)

Thus

_V � �eTQe� ��u(� � ��)2 +M1 (24)

whereM1 = (1=2���u)(c
2
1 + c22 + c23 + c24 + �2 +1)+ ��u�

�2. We
have

_V � ��V +M1 (25)

where

� = min
�min(Q)

�max(P )
; �u�� : (26)

Therefore,V (e; �) decreases monotonically until(e; �) reaches the
compact setCs = (e; �) 2 Rn �R: V (e; �) � ��1M1 . This
means that(e; �) are bounded. Sincee and yr are bounded,x is
bounded. Thus, from (14),r(t) is bounded. Then, the boundedness of
! is followed by using (15).

Differentiating the functionw(t; �) in Assumption 1 along the so-
lution of (8) gives

_w(t; �) � ��3 k�k
2 + �4 k�k kxk+ �5 k�k

� c1 kxk+ c2 k�k+ c2 kxk �
1

�u
+ c3 k!k+ jd(t)j : (27)

Sincex; !; d(t) are bounded, and�3 > �5c2, it can be seen from
(27) that� is bounded; therefore,z is bounded. We conclude that all
the variables of the closed-loop system are bounded.

Furthermore, it can be seen from (26) that choosingQ and the de-
sign constants�, � appropriately will reduce the residual error bound
��1M1, and make the tracking error arbitrarily small.

To implement the robust adaptive controller presented above by
output feedback, we need to design a state observer. Since the high-
gain observers have the properties of rejecting disturbances and
allowing for uncertainties in modeling the systems [13]–[16], we
adopt the following high-gain observer [1] to estimatee:

_̂ei = êi+1 + (�i "i )(e1 � ê1); 1 � i � n� 1

_̂en =(�n /"
n )(e1 � ê1) (28)

where " > 0 is a small constant;�i > 0; i = 1; . . . ; n are
chosen so thatAn = A � K�C is a Hurwitz matrix, where
K� = [�1; �2; . . . ; �n]

T ; C = [1; 0; . . . ; 0].
To eliminate peaking in the implementation of the observer [1], we

define

êi =
qi
"i�1

; 1 � i � n: (29)

Then, (28) becomes

" _qi = qi+1 + �i(e1 � q1); 1 � i � n� 1

" _qn =�n(e1 � q1): (30)

To prevent the peaking from entering the control system, we saturate
rm; �m andv outside their domains of interests. As in [1], we need
somea priori information about the system.

Assumption 3:� = [�; �u]
T 2 
; d(t) 2 �, where
 and� are

known compact sets.
Assumption 4:For any

e(0) 2 E0; z(0) 2 Z0; !(0) 2W0; r(0) 2 R+
0 ;

yR(0) 2 YR; � (0) 2 R0
1

whereE0; Z0; W0; YR are defined as before, andR+
0 � R+; R0

1 �
R are compact sets, using the proposed adaptive state feedback con-
troller, we havee(t) 2 E; z(t) 2 Z; !(t) 2W , r(t) 2 R0; yR(t) 2
YR �(t) 2 R1 8 t � 0, whereE � Rn; Z � Rm; W � Rl,
R0 � R+, YR � Rn+1 andR1 � R are known compact sets.

Denote

RS = fe 2 Eg � fz 2 Zg � f! 2Wg � fr 2 R0g

�fyR 2 YRg � f� 2 R1g:

ChooseMr; M� and Mv be such constants that are larger than
or equal to the upper bounds ofrm(e; yr); �m(e; z; r; yr) and
v(e; z; r; yr; �) overRS , respectively. Denote

rsm(ê; yr) =Mr � sat
rm(ê; yr)

Mr

(31)

�sm(ê; z; r; yr) =M� � sat
�m(ê; z; r; yr)

M�

(32)

vs(ê; z; r; yr; �) =Mv � sat
v(ê; z; r; yr; �)

Mv

(33)

wheresat(�) represents the saturation function defined in [1]. Thus,
the robust adaptive output controller can be obtained by replacing
rm(e; yr); �m(e; z; r; yr) andv(e; z; r; yr; �) in (12), (14), (16),
and (18) with rsm(ê; yr), �

s
m(ê; z; r; yr) and vs(ê; z; r; yr; �),

respectively. We have the following results.
Under Assumptions 1–4, with the proposed adaptive output

controller, for anye(0) 2 E0; z(0) 2 Z0; !(0) 2 W0; r(0) 2
R+
0 ; �(0) 2 R0

1, there exists"0 > 0 such that for any" 2 (0; "0), all
the variables of the closed-loop system are bounded in the presence
of unmodeled dynamics and bounded disturbances. Furthermore, the



1044 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 48, NO. 6, JUNE 2003

(a) (b)

(c) (d)

Fig. 1. Simulation results of the adaptive state feedback controller. (a) Track-
ing error. (b) Control inputv for the augmented system. (c) Signalr . (d) Signal
� .

mean-square tracking error is of orderO(") if the design parameters
�; � andQ are chosen appropriately.

The proof of the previous results, which is similar to that in [1], is
omitted here due to the limited space, but is available upon request.

IV. I LLUSTRATION EXAMPLE

Consider a nonlinear system

y
(3) = �0(u+y� �y)+2�1(y _y+ _y2+y�y)+�u _u+�+d(t) (34)

which is the same as [1, Ex. 3] except that we add� andd(t) in the
system. In (34),d(t) = 0:5 sin t is the disturbance and� is the un-
modeled dynamics given by

_! = �! + y
2 + _y2 + 0:5 � = 2!: (35)

It can be checked directly that (35) is exp-ISpS with

V!(!) =!
2
; �1(j!j) = j!j2 ; ��1

1 (s) =
p
s


(kxk) = 2:5kxk4; c0 = 1:2; d0 = 0:625: (36)

We assume that (35) is unknown, but�1(�); 
(�); c0 andd0 are known.
We further assume that in (34),f(y; _y; �y; u) = �0(u +

y � �y) + 2�1(y _y + _y2 + y�y) is unknown but satisfying
jf(y; _y; �y; u)j � �f(y; _y; �y; u) with f(y; _y; �y; u) =
[(u + y � �y)2 + (y _y + _y2 + y�y)2]1=2 known. It is also as-
sumed that� and�u are unknown, but the sign of�u is known. The
objective is to design a robust adaptive controller such thaty tracks
yr(t) = 0:1 sin(t).

TakeK = [ 2 4 3 ] andQ = I . SolvingPAm+AT
mP = �I , we

obtainP . For the purpose of simulation, we take�0 = �1 = �u = 1.
With the following choice of the initial conditions and design param-

eters:

e(0) = [1; 0; 0]T ; z(0) = !(0) = 0; r(0) = 1; �(0) = 10;

c0 =0:6; � = 100; � = 0:0001 (37)

the simulation results under the adaptive state feedback controller are
given in Fig. 1.

By analysis as in [1] or by simulations, we can estimate the upper
bounds onv; rm; �m under the state feedback adaptive control. For

(a)

(b)

Fig. 2. Simulation results by the adaptive output feedback controller.
(a) Tracking errore . (b) Control inputv for the augmented system.

(a)

(b)

Fig. 3. Simulation results by choosing the design parameters appropriately
(� = 10 ; � = 10 ). (a) Tracking errore via state feedback. (b) Tracking
errore via output feedback.

simplicity, here we use the aforementioned simulation results. Based
on Fig. 1(b)–(d), we takeMv = 20; Mr = 5; M� = 40. Using
(31)–(33), we getvs; rsm and�sm for the robust adaptive output feed-
back controller. Choose" = 0:01 and the rest of design parameters and
all the initial conditions to be the same as in (37), the simulation results
under the adaptive output feedback controller are shown in Fig. 2.

Choosing� = 105; � = 10�7 and the rest of initial conditions
and design parameters to be the same as in (37), the simulation results
are shown in Fig. 3, which demonstrates that the mean-square tracking
error can be made arbitrarily small under the state feedback adaptive
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(a)

(b)

Fig. 4. Simulation results by the adaptive controller presented in [1].
(a) Tracking errore via state feedback. (b) Tracking errore via output
feedback.

control and the mean-square tracking error is of orderO(") under the
output feedback adaptive control by choosing the design parameters
�; � appropriately.

Finally, to compare the adaptive scheme presented in this note with
that in [1], we applied the adaptive scheme of [1] to (34). As in [1],
�0; �u are assumed to be known, but�1 is estimated by the projec-
tion law in [1] with � = 0:1; 
 = 10, 
 = f�1j0 � �1 � 2g

(using the same notations as in [1]). The initial conditions aree(0) =

[1; 0; 0]T ; z(0) = !(0) = 0; �̂1(0) = 1:2. The simulation results of
the state feedback and the output feedback are shown in Fig. 4(a) and
(b), respectively, from which we can see that the tracking errors are un-
bounded and the adaptive control scheme presented in [1] is not robust
to unmodeled dynamics.

V. CONCLUSION

This work presents a robust adaptive control scheme for a class
of nonlinear systems represented by input–output models. It has
been shown that under certain assumptions, the proposed adaptive
controller guarantees that all the variables of the closed-loop system
are bounded in the presence of unmodeled dynamics and bounded
time-varying disturbances and the mean-square tracking error can
be made arbitrarily small by choosing the design parameters appro-
priately. The scheme does not require the unknown parameters to
satisfy the linear dependence condition and no parameter estimation
is needed. Simulation results show that the adaptive controller of this
note is very effective.
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