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Quantum Mechanics

] Fundamental equation: time-independent 
Schrödinger equation

where H is the Hamiltonian operator, ψ is the 
wave function, and E is the energy

] This is an eigen- (value/vector) equation

] If ψn & En are the complete set of solutions to 
the eigen-eqn., any linear combination of ψn is 
also a solution

] Recall that |ψ2|dxdydz = probability density
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Properties of Wave Function

] The expectation value of any property defined 
by an operator     for a wave function is given by

] ψ must be quadratically integrable to be able to 
normalize the probability density

] ψ must be single-valued, continuous, and the 
gradient of ψ must be continuous

] The set of wave functions solving Schrodinger
equation should be orthogonal �
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Free Particle

] Hamiltonian is an operator of general form:

where    = potential operator

] For a free particle,   = 0 and Sch. Eqn. is:

] In 1-D, this becomes:

] The general solution is:

(E is not quantized for a free particle)
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Particle in a 1D Box

] Confine particle to 1D box of length L

3 Inside box, V = constant �

3 New boundary conditions introduced – potential 
energy is infinite outside of the box, so, 
ψ(x) = 0 for x≤0 and x≥L

• To have ψ=0 @ x=0, A = 0 �

• ψ(L) = 0 � kL = nπ where n is an integer �
energy is quantized

] B is found by normalizing
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Particle in a 3D Box

] Generalizing to a 3D box with lengths Lx, Ly, and 
Lz in 3 directions leads to:

] For a cube of length L on each side, this 
reduces to:
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One-electron Atom

] Electrostatic attraction between electron (charge 
-1) and nucleus of charge Z leads to:

] Separation of variables: ψ = ψNψe

] Ignore nucleus equation (� particle in box)

] Solve electron eqn. in spherical coord � orbitals
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Atomic Orbitals

] Energies depend on principal quantum no.

] l and k determine orbital type (s, p, d, etc.)

] |ψe
2| = prob. density – isodensity surfaces below

Table from http://www.orbitals.com/orb/

,...2,1
8 222

0

4

=−= n
nh

e
En

ε

µ



9

Spin and Electron Antisymmetry

] Electrons possess spin -- a 2-state coordinate

] Probability density of finding two particles at 
spatial + spin coordinates τ1 and τ2 is given by:

] Because particles indistinguishable, though…

] This can be satisfied in two ways:

3 Symmetric wavefunctions (bosons such as photons)

3 Antisymmetric wavefunctions (fermions such as e-)
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Helium Atom

] Consider helium, with 2 electrons + 1 nucleus

] Schrödinger equation (spin-free) is:

] In many-electron systems, orbital approximation 
� wave function constructed from single-
electron spin orbitals, Sµ(i) = φµ(ri)ω(σµ,i)

] Slater determinant is convenient way to 
combine – antisymmetric and uses all wave fcns
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Helium Atom (2)

] Spatial part of ground state orbital = “1s” and 
spin parts are α and β � S1 = 1s α & S2 = 1s β

] Slater determinant �

] Energy found from wave function…
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Helium Atom (3)

] Bearing in mind that each “core” Hamiltonian 
depends only on one set of coordinates,

] And because spin wavefcns are orthogonal,

] For excited state with S1 = 1s α and S2 = 2s α, 
an additional “exchange” integral appears

[ ] [ ]{ }∫∫ −−+= )1()2()2()1()1()2()2()1(
2

1
2 21212121211 SSSSSSSSddE s Jττε

[ ] [ ]{ }∫∫+= )2(1)1(1)2(1)1(12
211 ssssddE s Jττε

Electron-electron repulsion energy

[ ] [ ]
4444444 34444444 21

ssK

ij

ssss ss
r

ssddJE

2,1

)2(1)1(2
1

)2(2)1(1212,121 ∫∫












−++= ττεε



13

Born-Oppenheimer Approximation

] Interested in system of M nuclei and N electrons

] “Should” solve Sch. Eq. for whole system, but 
mN >> me � can simplify equations

] Separation of variables assumed: ψ = ψNψe

] Nuclear positions are treated as fixed and the 
Schrödinger equation solved for electrons

] Wave functions and energies depend on R

] “Forces” between nuclei due to E(R)
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Ab-initio Methods (1)

] Methods based on direct determination of 
electron wave fcns. are ab initio methods

] Solving Sch. Eqn. for all electrons is still difficult!

] Problem: H depends on all N electrons

] Hartree-Fock approach: use trial solution to 
approximate “field” of other electrons and iterate 
until “self-consistent” solution found (a.k.a. SCF)
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Ab-initio Methods (2)

] HF method: solve Fock operator eigen-equation

where ρi = molecular orbital (1 e- in field of others), 
εi = orbital energy, J = e- repulsion operator, and K is 
exchange operator for exchange of two electrons

] Generalization of linear combination of atomic 
orbitals (LCAO) is used:

] χi are basis functions similar to atomic orbitals
� MO state defined by vector ci

] Entire set of MOs � density matrix
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Ab-initio Methods (3)

] HF method goal: find {c} to minimize E �

] The total energy is then given by:

] Note: estimated E ≥ true E, so minimum is best!

] Within HF method, there are many types of 
basis functions w/ time/accuracy tradeoff.

] Slater-type orbitals – based on exact H orbitals

] Gaussian-type orbitals – most common
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Ab initio Basis Sets

] How to pick basis 
functions:

3 Read!  See what 
others have 
shown to work for 
systems like yours

3 Try several – see 
how much E 
changes with 
increasing 
complexity

Table from C. A. Tsipis, Comments 
Inorg. Chem. 2004, 25: 19. 18

Improving Upon HF Method

] Problem with HF: correlations between 
electrons neglected with SCF method

Ecorrelation = Eexact – EHF < 0

] Methods to refine E (beware of cost!):

3 Variational: Include excited MOs in addition to 
“ground state” MOs of HF method; use linear 
combination and minimize E by changing {ci}.
Quality detd. by # of excited electrons included

3 Perturbational: Perturb Hamiltonian by replacing HF 
operator with F0 + λ[H(λ)- F0]; E = E0 + λE1 + λ2E2

etc.  Møller-Plesset methods most common: MP2 2nd

order, MP3 3rd order.
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Density Functional Theory

] Alternative approach: treat energy as functional

of electron density ρ(r) � density func. Theory

] DFT energy similar to HF, but exchange and 
correlation treated as empirical functionals

] DFT uses different (Kohn-Sham, KS) way of 
developing orbitals; expense comparable to HF

] Improved functionals use gradients –
generalized gradient approx. (GGA) uses ∇ρ(r) 
and meta-GGA uses ∇2ρ(r) 
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Faster! – Semi-empirical MO

] Majority of time in HF method is spent 
evaluating integrals in Fock matrix

] Semi-empirical MO lump “core” electrons into 
nucleus and performed detailed calculation with 
Slater orbitals on valence electrons only

] Also, overlap integrals simplified: S = I � HF 
equation simplified to: FC=CE

] Various models available, differing in:

3 Level of overlap included in the Hamiltonian

3 Empirical terms found by parameterization w/ data

] Semi-empirical MO faster but less accurate
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http://helix.nih.gov/apps/structbio/ampac/ampacmanual/methods.html
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Quantum Chemistry Applications

] Quantum chemical methods best for isolated 
molecules or a few molecules with bonding

] Many properties can be calculated

] Geometry optimization

3 Nuclear coordinates (RM) are variables changed to 
minimize total energy

3 Method (ab initio vs. semi-empirical) determines E

3 Many algorithms available (NR, simplex, etc)

3 Optimizing in 3M-dimensional space

3 Usually only local minima found � search for global 
minimum and watch for saddle points
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QC Applications (2)

] Single-Point Energy Calculation

3 E or energy of formation with nuclei fixed

3 Ab initio or DFT methods best

] Predicting barrier / reaction path

3 E vs. RM � potential energy surface

3 Saddle point between two states � barrier

3 Locate saddle point by moving from stable state to 
higher energy / negative
eigenvalue of H

3 Hij = d2V/dRidRj

Reaction
Coordinates 24

QC Applications (3)

] Observing electron density

3 Isodensity plots of ϕ*ϕ (elec. probability density)

3 Highest occupied (HOMO) and lowest unoccupied 
(LUMO) help to understand reactivity

] Atomic charges

3 Mulliken � overlaps between orbitals used to assign 
partial charge from orbital to nuclei

3 Better methods available for large basis sets
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QC Applications (4)

] Dipole moments from nuc. coord. + e- density

] Electrostatic potential

] Vibrational frequencies

3 From numerical Hessian matrix, Hij = d2V/dRidRj

3 Mass-weighted H � Ηm
ij=Hij/(mi*mj)

1/2

3 Eigenvalues of H are εi values � νi = εi
1/2/(2πc)

] NMR � gauge-induced atomic orbitals (GIAO) 
method best approach � shielding � δ
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Molecular Mechanics

] To accelerate even more than MO method, 
measure E(Rnuc) and approximate with function

] Functions must be parameterized with ab initio
calculations or with experimental data

] E depends on interatomic separation, bond 
stretch, bond bend, torsion, etc.

] Potentials (or “forcefields”) can be transferred 
between “similar” molecules

] Geometry optimization is fast and classical 
functions � molecular dynamics / Monte Carlo

27

MM Makes Limited Predictions

] In addition to accuracy of energy / configuration, 
MM limited in predicting properties

] Electron density not explicitly represented

Table from AMPAC Manual: http://www.semichem.com/ampacmanual/intro.html
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Implementations of QC Methods
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Quantum Chemistry Summary

] First principles atomic/molecular properties 
predicted by QM � Schrödinger equation

] QM needed to accurately predict properties 
dependent on electrons – charge, reactions, etc.

] Hartree-Fock and DFT based methods directly 
attempt to approximate wave functions

] Semi-empirical MO methods increase speed at 
expense of accuracy and predictive ability

] Molecular mechanics captures dependence of 
energy on configuration and is very fast, but 
dispenses with electron densities


