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Monte Carlo Simulations
] Probability + statistics = gambling?
] Named by N. Metropolis because random 

numbers used in simulations
] Definition 1: numerical integration method

3 Earliest recorded application: 1777 (Buffon’s needle)
3 Drop needle on grid - determine fraction of crossings
3 Alt: count points inside circle (M) for N random trials
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MC Integration for Stat. Mech.

] We want to evaluate equations such as

] One approach: numerical quadrature
3 Say, m equidistant points along each axis for 3N~100
3 Simpson’s rule: need m100 points = 10210 for m=5 (!)
3 Monte Carlo method, with efficient sampling (later) 

allows much faster evaluation of multivariate integrals
3 Randomly explore phase space or better yet,
3 Use importance sampling to maximize use of time
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Why Importance Sampling?
] Should integrate over all states (energies)
] Certain states dominate Maxwell-Boltzmann

distribution at a given temperature
] Even for one

particle in a
3D box, don’t
want to
sample over
all states
uniformly 
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Importance Sampling
] Consider evaluating
] Can divide [a,b] into L randomly placed x values

] As L® ¥ integral correct but may waste time 
where f(x) very small (especially for exponential)

] Say a=0,b=1, and sample w/ prob. density w(x)

] Assume that u exists so that du=w(x)dx.
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What have we gained?
] Now sampling uniformly over
] Calculate variance s I

2

] Since i and j are independent

] Can now choose w to reduce variance!
] Brute force (w=constant) gives large error
] Boltzmann distribution large for limited range
] If f/w = constant for all x, s I=0 � let w = f?
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Can we define w?
] Want w to be proportional to Boltzmann factor

] Don’t know how to evaluate Q analytically
] Q difficult to determine by direct MC simulation
] We are interested in ratios - easier to sample

] Do not need absolute probabilities - just sample 
important points by relative probabilities 
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Importance-Weighted Random Walk
] Definition 2 - MC Simulations are random walk
] Example - measuring average depth of river

3 Quadrature & Direct MC - many points outside
3 Importance-weighted random walk - start anywhere, 

move randomly, but move towards the river
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MC Markov Chain
] Randomly moving from one state to another

] Probability p(o® n) of moving from config. o to n

] Want p to move towards & preserve equil.
] Detailed balance: rate (o® n) = rate (n® o)

] p = prob. of attempting move * acceptance prob.
= a(o® n) x acc(o® n) 

] Assume for now a(o® n)= a(n® o) 
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Metropolis Method
] Many ways to satisfy acceptance requirements
] Widely used: Metropolis Method

] In other words, we calculate the change in 
potential energy, DU for attempted move and 
accept it with a probability given by:

] Drives the system towards low U w/ fluctuations
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How does MC really work?
START

Initialize and randomly place particles

Select any particle at random

Calculate U(rN)

Displace particle randomly by r’=r+DDDD

Calculate U(r’N)
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Random Numbers
] Always use “pseudo-random” generators
] Must consider period of method and minimize 

correlations between numbers
] Based on                          with shuffling
] Many aren’t good - the one included with your 

compiler may not be!
] W.H. Press et al. in Numerical Recipes

recommend “ran2”; period=2.3x1018

] For 104 particles, could perform ~5.8x1013

individual moves

)(mod1 maII jj =+
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What about time?
] For equilibrium, we don’t usually care!
] Can define time scale or accelerate simulations

] MC Definition 3: Master Equation solver

] Metropolis scheme - steady state, replace R w/ 
p and P with Boltzmann expectation

] MC steps (MCS) ~ t as long as steps small

] With enough knowledge of rates, can perform 
MC simulation with meaningful times
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Continuous Time MC
] For slow process, may not change state often
] Probability of remaining in state i after t steps: 

] Average time elapsed:

] So, calculate all P(i® j), then change definitely 
occurs at each step

] State change chosen randomly based on P(i® j)
] Alternatively, just same analysis based on rates!
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Truncation of Potentials
] Periodic boundaries avoid surface effects

3 e.g. 1000 atoms means 49% of atoms at surface

] Avoid correlations - count only nearest images

] Cut off potential at L/2?
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Truncation Error
] Can express potential for one particle

] Tail correction is infinite unless u ~ r-i where i� 3
] Cannot truncate coulombic / dipolar interactions

] Must correct even for short-range interactions
] Average potential energy:

] If truncated average error is:
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Does Truncation Affect Results?
] Yes, especially near critical points 
] 2D Lennard Jones fluid

B. Smit, J. Chem. Phys. 1992 96:8639.
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Simple Truncation

] Combine square well + 
continuous (LJ) potential

] Potential energy no longer 
correct - correction for tail

] For r s3=1, utail=-0.535e
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Simple Truncation - Pressure?
] If truncated LJ represents real potential energy, 

must correct P for impulse introduced by 
discontinuous change in u at rc

(use if truncation is “real”)

] To correct for truncation (approximating 
continuous LJ potential), use utail to get:
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Truncated and Shifted Potential
] Truncation problematic for 

Molecular Dynamics

] Avoid discontinuity

] Tail corrections
3 Same for pressure
3 For potential energy, add
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Minimum Image Convention
] Truncated + shifted: watch anisotropic potential

3 Do not truncate at points of constant distance
3 Truncate at points of constant potential (E cons?)

] Final method: Minimum Image Convention

] Take nearest image of all particles
] Not spherical cutoff, or

constant geometry

] Potential not constant
] Never used for Molecular

Dynamics
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Initialization
] Initial configuration should not be important
] Can accelerate if initial close to final 

configuration (e.g., for crystalline solid)
] Need to avoid metastable states (crystals?)

] Final liquid state at higher T or lower r better
] Use equilibrated structure from earlier 

simulation at nearby conditions?

] If results depend on initial conditions
3 Nonergodicity
3 Sampling is inadequate



9/11/08 23

Nondimensionalizing
] Convenient to express in non-dimensional form
] Based on potential function

] For Lennard-Jones, convenient to scale with
3 s for length
3 e for energy
3 m for mass

] All else scaled by these parameters (                )

] If u*=u/e and r*=r/s,

] Like corresponding states
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Translational Trial Moves
] All MC simulations require movement of atoms
] Split into translation and orientational moves

] Default translation moves: Along each axis, 
xi’=xi+D(R-0.5) where R = random Î [0,1)

] Probability of attempting forward = reverse

] How many particles should be moved at once?

] If                 then
] Most efficient (largest     per CPU time) N=1
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Translational Moves - How Big?
] D small: high acceptance, but need many moves
] D high: low acceptance, but need few moves
] The balance depends on problem
] Rule of thumb: optimal acceptance rate 20-50%

] Another consideration: ergodicity
] Ergodicity assured if sum of variances of particle 

energies approaches zero as t ® ¥

] Minimize CPU time/move ´ t E ; opt. acc. ~ 20%
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Orientational Moves
] For molecules, must consider internal DOF
] Symmetric orientation sampling needed

] Rigid Linear Molecules (CO2?)

3 Generate    randomly and choose g ; 

3 g is analogous to D for translation
3 (Larger = more random and less prob. accept. )
3 Either translation + orientation simultaneously or 

separately (selection of type must be random)
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Orientation
] Rigid, nonlinear molecules

3 Euler angles (right) orient
3 Alternative: 4D quaternion

3 Choose 4D vector randomly
3 Rotation tensor then given by
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Orientation
] Nonrigid Molecules (vibration, internal rotation)

3 No constraints: move atoms individually (MC OK)
3 If some bonds stiff, introduce rigid constraints
3 Molecular Dynamics easier w/ constraints

• Enter into equations of motion
• For MC, Lagrangian-level changes

3 With generalized coordinates qN (e.g. bond lengths)
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Case Study 1: VLE by Canonical MC
] Have concepts for Lennard-Jones system
] Truncated potential with U and P corrections

] No instantaneous measure of pressure?

] Use virial for pressure
] Virial thm:

] Separating out wall effects
] Gives intermolecular contribution
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T*=2.0
Points: MC
Line: EOS

T*=0.9
Points: MC
Line: EOS

2F

(Case Study 1)
] MC simulations, 1 phase, NVT ensemble OK
] Compare to equation of state of Johnson et al.

] Below critical temperature, two phases
] NVT not best because interface effects large

] Gibbs ensemble (later): 2 phases w/o interface
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] Detailed balance (rate forward = rate reverse) is 
sufficient but not necessary for correct method

] Must be careful if not satisfied

] With multiple types of moves, choose randomly

Case Study 2: Detailed Balance
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Case Study 3: Averaging
] In Metropolis scheme, move rejected with 

probability

] If move rejected, should contributions from old 
configuration be recounted?
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] Unrealistic dynamics can be an advantage of 
MC - for equilibrium, path unimportant

] For mixtures, can switch identities of particles 
and still preserve total numbers (NVT)

] Greatly accelerates dense, hard sphere systems

] For Molecular Dynamics, would have to wait for 
relaxation time                   where l =wavelength

Another Move: Identity Switching

2
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Ising Model
] Extreme of identity swapping is Ising model
] Model of magnetization - spins on a lattice

] Simplest: 2 states
attempt to flip at each step

] DE for each step simple (nearest neighbors)

������ ��
Field.Mag.Ext

i
i

nInteractio

j,i
ji sBssJH �� --=

Fluctuations large near critical point
First order transitions require

special techniques

Figures from M. Newman & G. Barkema, Monte Carlo Methods in Statistical Physics, Oxford: 1999.
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Ising Model for Phase Transitions
] Conserved order parameter: # spins specified
] Analogous to binary mixture on lattice (Ni,V,T)

] Ordinary Metropolis
dynamics unrealistic, 
reach equilibrium fast

] Example: 50/50 mix,
T=¥ ® T=2J, t=1, 10, 
100, 1000 sweeps

Figures from M. Newman & G. Barkema, Monte Carlo Methods in Statistical Physics, Oxford: 1999.



9/11/08 36

Realistic Dynamics
] Kawasaki dynamics: attempt only local moves
] In general, more realistic dynamics obtained 

with small, local moves
] Example: 50/50 mix,

T=¥ ® T=2J, t=10, 100, 
1000, 10000 sweeps

] Reaches equilibrium
slowly!

] Replicates spinodal
decomposition

Figures from M. Newman & G. Barkema, Monte Carlo Methods in Statistical Physics, Oxford: 1999.


