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Modeling and Analysis of Manufacturing Systems
With Parallel Lines

Jingshan Li

Abstract—This note is devoted to the study of manufacturing systems
with parallel production lines. By using overlapping decomposition
method, a convergent recursive procedure is presented to estimate system
production rate with high accuracy. The results obtained are illustrated
by a case study at an automotive assembly plant.

Index Terms—Aggregation, overlapping decomposition, parallel lines,
production rate.

I. INTRODUCTION

Parallel lines are often used to increase production capacity in
many manufacturing systems. A production line can be split into
several lines in parallel, each of them consisting of one or more
machines to process identical or different jobs. At the end, all
parallel lines are merged into one single line. To design, operate and
improve the performance of such systems, accurate performance
analysis is necessary and important.

Analytical methods to evaluate the production rate (PR, i.e., number
of parts produced by the last machine per unit of time) of parallel sys-
tems are limited. References [1]-[6] study the series-parallel type of
production lines where each stage consists of multiple parallel ma-
chines. The multiple machines are replaced by an equivalent single
machine and system performance is analyzed using the equivalent ma-
chine. A similar idea has been used in [7] for assembly/disassembly
systems. In all these studies, each parallel line only consists of one ma-
chine. However, it is common in most parallel systems that there are
multiple machines in each parallel line. Except for simulation study,
there are no analytical methods available in the current literature to an-
alyze the performance of such systems. Therefore, an effective method
to study the parallel systems with multiple machines in each line is
needed. In this note, we present a recursive method, which decomposes
the parallel system into overlapped serial lines, to approximate the per-
formance of such systems. We prove the convergence of the procedure
and uniqueness of the solution analytically and justify the accuracy nu-
merically.

The remainder of this note is structured as follows: Section II for-
mulates the problem. A recursive procedure to estimate parallel system
performance is presented in Section III. Section IV introduces a case
study at an automotive assembly plant. The conclusions are formulated
in Section V. Due to page limitation, all proofs are omitted and can be
found in [8].

II. PROBLEM FORMULATION

The parallel manufacturing system studied in this note is shown in
Fig. 1. The circles represent the machines and the rectangles are the
buffers. The following assumptions pertaining to machines, buffers,
and their interactions are introduced in this note.

i) The system consists of a main line (machines m1, m2, buffers

By, By) and k parallel lines (machines m; 1,...,m; ;. 1 =
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1,...,k, buffers B;1,..., B;i am,;—1). The main line splits into
k parallel lines at B , while the parallel lines merge into the main
line at Bs.

ii) All machines, m1,mo,andm; ;, ¢t =1,...,k, j =1,..., M;,
have two states: up and down. When up, machines m, ms,
and m; ; are capable of producing with the rate Sy, So or S; ;
parts per unit of time, respectively; when the machine is down,
no production takes place. For simplicity, it is assumed that all

machines in parallel line 7, ¢ = 1,..., k, have identical speed,
ie., Sij, = Sij., Vi1, j2 € {1,..., M;}.
iii) The up- and the downtime of each machine m;, j = 1, 2, or

m; ;i =1,...,k, j=1,..., M;, are random variables dis-
tributed exponentially with parameters p; and r;, or p; ; and
r;,;, respectively.

Remark 1: Assumption iii) implies that p; and r; (respectively, p;_;
and r; ;) are failure and repair rates, respectively. In other words, 1/p;
and 1/r; (respectively, 1/p; j and 1/r; ;) are average up- and down-
time of m; (respectively, m ;), respectively.

iv) Each buffer B;, j = 1,2, or B;;,¢ = 1,...,k, j =

1,...,M; — 1, has a finite capacity N;, 0 < N; < oo,
or N; ;,0 < N; j < oo, respectively.

V) A machine is starved at time ? if its upstream buffer is empty
at time £. Machine m is never starved.

vi) A machine is blocked at time ¢ if downstream buffer is full
at time t. Machine m» is never blocked.

vii)  The first machine in each parallel line, m; 1,7 = 1,....k,

has equal probability to take the last part (more rigorously, a
fraction of part in the continuous model) in buffer B, if it
is not blocked. Similarly, buffer B> receives the last fraction
of part (to make it full) from any unstarved machines 1 4s,,
i = 1,...,k, with equal probabilities.

The problem addressed in this note is as follows: Given the parallel
production system i)-vii), develop a method for evaluating the produc-
tion rate as a function of the system parameters.

A solution to the problem is given in Section III.

III. PERFORMANCE EVALUATION
A. Idea of Overlapping Decomposition Method

Due to the complexity of parallel systems, exact analysis is in-
tractable. Therefore, an approximation method is needed. The idea
of the approximation is to decompose the production system i)—vii)
into a set of serial lines, with the first or last machines in one serial
line overlapped with another line, and to modify the overlapping
machines appropriately to accommodate the effects of other lines.
More specifically, we decompose the system into & + 2 serial lines
(see Fig. 2), where parallel lines 1 to k are referred to as lines 1 to &,
respectively. Machine m; and the aggregation of all first machines,
m; 1, in each parallel line construct line & 4 1. Finally, line & + 2
consists of the aggregation of all last machines, m;,as,, and machine
m.. Since machines m; 1 and m; ar,, 4 = 1,...,k, have been used
for both line ¢, and lines & + 1 or k + 2, respectively, this method
involves overlapping and is referred to as overlapping decomposition
[9], [10]. In the following, the procedure for implementing the method
is outlined.

Consider parallel line 7, i = 1,...,k, consisting of machines
Mit,....m;in,, and buffers B;1,...,B; v»,—1. If we know the
production rate of each line 7, the PR of the whole system is readily
obtained. A convergent recursive procedure for evaluating PR of a
serial line has been developed in [9] and is outlined in Section III-C.

0018-9286/04$20.00 © 2004 IEEE
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Fig. 1. Parallel production lines.
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Fig. 2. Overlapping decomposition.

In order to use this procedure, 1,1 and mm; as; should not be starved
or blocked, respectively. Therefore, we introduce fictitious machines
m;y and mj y, defined by parameters p; ;, 7; 1, and p; as,,
i =1,...,k, respectively, where

")
Ti,My»

7“271 =r; 1Prob{m; ; is not starved}

! !
Pi1 =DPia+Tin — i
! .
7iar, = Ti,m; Prob{m; a, is not blocked}

7 / e . !
Dim,; =Pi,M; + T — T,

Remark 2: Here, r; 4 is adjusted by considering the starving
time of machine m;; as its downtime (from the point of view

: Line 2
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of the machines downstream of n;1). Therefore, fictitious ma-
chine m;,’s average downtime 1/r;, can be approximated
by 1/(r;1Prob{m;: is not starved}). Based on conserva-
tion of flow, pi, is selected such that r},/(pi, + 7i1) =
(ri1/(pin + 7i1))Prob{m;  is not starved}. Analogously, the
blocking time of m; as, can also be considered as m;,as,’s downtime
from the point of view of the machines upstream of m; p7,. Similar
modifications are used for all the overlapping machines m; ; and
ming, ¢ =1,... k.

If Prob{m; i is not starved} and Prob{m,; s, is not blocked} were
known, we could calculate the production rate of parallel line ¢. Since
these probabilities are unknown, we introduce an iterative procedure
described as follows.
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Step 1)  Assume  Prob{m;: is not starved} and
Prob{m; s, is not blocked} are known. Modify
machines m, 1 and m;a; to mj, and m} .,
1,...,k, respectively, and calculate r; ,, p;
and 7} ps., Piag,. Using the serial line evaluation
procedure, we calculate Prob{m;; is blocked}
and Prob{m; us, is starved}, ¢ = 1,...,k. These
calculations are denoted as operators ®; and P,
respectively, and are described in Section III-C.

Using these probabilities, introduce again fictitious ma-
chines m{,,i = 1,...,k, where

P—

Step 2)

i’y =i, 1Prob{m, i is not blocked}

1" 1
Pin =piatrin—rig.

Now aggregate the parallel machines m;;, i =
1,...,k, into an equivalent single machine m, (where
s denotes split). The aggregation formula is provided in
Section III-B. Next, consider a two-machine line with
machines m1, m, and buffer B;. We can calculate the
probability that buffer By is empty (i.e., m, is starved).
Due to assumption vii), it is equivalent to the probability
that machine m; 1,7 = 1,..., k, is starved.

Similarly, introduce again fictitious machines m} 7.,
i =1,...,k, where

Step 3)

1" .
i, = rin; Prob{m; s, is not starved}

, 1" . . "/I
Pim; =DPim; + v — T

Aggregate machines m; 5, i = 1,...,k, into an-
other equivalent single machine m,, (wWhere m denotes
merge), and construct another two-machine line of ma-
chines 1m.,,,, m2 and buffer B>. Calculate the probability
that ., is blocked (i.e., probability that any m; s,
i =1,...,k,is blocked).

Using now these probabilities for the second iteration
in analysis, modify machines ;1 and m; as; again to
m; 1 and m} .., respectively, and repeat the process
[back to Step 1)] until it is convergent. As shown below,
the iterations are convergent and result in the estimate of
system production rate.

Step 4)

B. Aggregation of Multiple Parallel Machines

To adopt the method previously described, an aggregation of mul-
tiple parallel machines into one single machine with the same produc-
tion rate is needed. Existing aggregation approaches are either devel-
oped for special cases, or based on heuristics only. In this section, a
new aggregation formula which preserves the system PR is derived an-

alytically.
Consider the following multiple machine system with machines
mi,...,my in parallel (Fig. 3), where machine m;, j = 1,...,k,

is described by exponential uptime, downtime and speed parameters
pj, rj, and S;, respectively. To approximate them into an aggregate
machine m,, the following assumptions of m, are introduced.

a) The uptime and the downtime of the aggregated machine m.,
are random variables distributed exponentially with parame-
ters pq and r,, respectively.

b)  When machine m, is up, it is capable of producing with rate
S. parts per unit of time, where S, = Z;‘f:] S;.

) When machines m;,...,m;, {i1,....,i} = I C

{1,...,k}, are down, other machines m;, j €& I,

j € {1,...,k}, are up during the time period T, the

multi-machine system produces with rate Zle sl S;
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Fig. 3. Aggregation of parallel machines into one single machine.

parts per unit of time. However, it is assumed that the ag-
gregate machine m, always produces with rate S,, but
with shorter uptime, i.e., m, is only up during the interval
(Zf:wg[ S;/ Sk 5,)T, and m, is down during the rest
of the time (i.e., (Y°_, o7 S;/ Y _, Su)T) in interval T.
With the aforementioned assumptions, the aggregated parameters p,
and r, can be derived.
Lemma 1: Under assumptions a)—c), the aggregated machine .,
can be described by

Sa iy (p”'i Hf:l,j;sz(m + "‘j))
Pa = N
k 25:1 [Siri Hi":l,j;éi(pf + Tj)]

Sa Zf:l (Pi"'i Hf:l,j;éz(l)j + "'j))
rq =
k Zf:l |:Si]7i Hi":l,j;ﬁi(pj + Tj)]

where S, = 25:1 S; and, moreover, the system throughput is pre-
served, i.e.,

Suru _Z Si?’,‘
Pa + Ta 1Pi+7“i.

i=

@

Proof: See [8].
Using this aggregation, the recursive procedure is introduced in Sec-
tion III-D.

C. Operators ®1 and -

Consider a serial line with machines m1,...,mas, and buffers
By,...,By—1. Introduce operators ®; and ®» to calculate the
probabilities that the first machine is blocked and the last machine is
starved in a serial line, respectively.

e Case 1: M = 2-machine line

_ PR(p1,71,51,p2,72, 52, N1)
Sirs ?

ritpi

P, =1

=12, ()

where PR(p1,71, 51, P2, 12, S2, N1) is defined by the following
(see [11] for details)
—_ Case 1.1: 51 < S»

N o N NS
SQCQACM'NI -|—S1(31BCI"27\1 + Sie1Ce k2N
= AeF1NT  BeF2N1 4 Cle—F2M1

PR , @

where

A=r,D*4+r D [S1(r1+ro+p2)—Sa(ri+ro+p1)]
B = ’I'zplsz [(Sl —Sz)("l _7’2) - (52])1‘1’511)2) _D]
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02(32(52—51@1 JA+Sie1(1—e2)B
Siei(ea—1)
D= ([51(7‘1 +7ro+p2)—Sa(ri+7rs +1)1)]2
+ 45, 52p1]72)%
1
:25152(1'1 +72)(S1— S2)
X [7“15%(7“1-1-7‘24-272)—5152
X [(ri4r2)® 4+ (r1+7r2)(p1+p2)+(rip2 + r2p1)]
+r25§(7‘1 +p1+r2)]
_ (Sir1+4S2r2)D
_25152(1'1+’I'2)(52—51)

:p:T_, i=1,2. ®)

ko

Fo

e

— Case 1.2: 51 > S2 (by reversibility)

PR:PR(PZ,Tz-,52517157“1-,51,Nl)- (6)

— Case 1.3: 51 = 53 = 5, see Case 2.
e Case 2: M > 2-machine line (S; = S, Vi)

P =1-

I
Dy =1—- - )]

where p}, }, p!, and r/, are defined through the following pro-
cedure (see [9] for details).

Procedure 1:

4+ 1) =r = 1Q (sl 1+ Dl (14 1),
0l 0.3)
P+ =pi+ri—r20+1), i=1,....M—-1
rf(1+1)=r —1:Q (P;'ffl(l + 1,701+ 1)
P+, 4 1), Ny )

p;f(l—l—l) =p;+r; —7“;f(l—|—1), i=2,....M (8)
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with boundary conditions

rl=p r{m=n
pfjw(l):pﬂl r?\/l(l) =TM, 1=0,1,2,...
and initial conditions
pl0)=p; +fO)=r;, i=2,...,M-1

Here, function Q(-) (see [12]) is defined by (9), as shown at the
bottom of page.

Procedure 1 is similar to the procedure developed in [12], but with
different aggregation equations (here, we emphasize on modification of
machine downtimes and the detailed modification follows the similar
idea introduced in Section III-A). It consists of backward and forward
aggregations (denoted by superscripts b and f, respectively), which
are similar to [11]-[13]. In the backward aggregation, the last two ma-
chines are aggregated in a single machine m b 1. Then, mb,_, is ag-
gregated with mas—o to result in mb;_,, and so on until all machines
are aggregated in rn}. In the forward aggregation, m, is aggregated
with m} to produce mg . Then, mg is aggregated with m? to result
in mg{ , and so on until all machines are aggregated in mj{f. Then, the
process is repeated again. It is shown in [9] that procedure 1 is conver-
gent and has a unique solution. Therefore, steady-state estimates exist,
ie.,

llilgopfv(l):pf Ilijlolop?(l)Zp?
lhjr; rif(l)zr;f lhjr; rib(l):'r?, i=1,2,....,M. (10)
The system production rate (of serial line with machines m, ..., mar)
is estimated as
PR =PR(p1,71,S, ..., 70, S, N1y ooy Nag—1)
. Srh . 57'1@ (a1

At pl el

Using operators ¢; and ®,, the recursive procedure is introduced
next.

D. Recursive Procedure

Letb; 1, s;,1 and b; az;, 5;, 0, denote the probabilities that machines
m;,1 and m; s, are blocked and starved, respectively. Following Steps

(=en(=¢)

1—gpe—BN1

p1(p1tp2)(ritra)

Q1,71,p2,72, N1) =

(p1+r)(p1+p2)(ri+r2)+p2ri(pr+pa+rit+ra) N1l

if 2L = B2
Ty o
3= (r1+ 72+ p1+p2)(prre — par1)
(ri 4+ 72)(p1 + p2)
@ _ ] (1 - (32)
62(1 - 61)
e; L i=1,2. ©)

Tpir
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1)-4) in Section III-A, the recursive procedure to analyze parallel
system i)—vii) is as follows.
Procedure 2: Parallel linei,i = 1,...,k
7'271(714—1) =ri1[l—si1(n)]
Pia(nt1) =iy rig =y (n+1)
r;’M?. (n+1) =ri g, [1=bia,(n)]
P;,Mi (n+1) =ping, +7in, _7';,A/[1- (n+1)
bia(n+1) =y (pin(n+1),ri 1 (n+1),
Sty oapian (n41), 75, (n41),
Sinry Nijtsoo oy Niar,—1)
si(n+1) =0, (p;,l(n—l—l).,r;yl(n—i—l),
Sin s Nityoo.

W N n—1) - 12)

Split (13), as shown at the bottom of the page.
Merge (14), as shown at the bottom of the page, where

k k
Se=Sm=3 Sii=Y Siu
i=1 i=1

with initial conditions

.57,1(()) :@1 (])1,7'1, Sl,ps(()),T’s(U),SS,JVl)
b, (0) =0, i=1,...,k

and

SS Zi:l |:]71,,1 ri Hj:l,j;éi(p.]J + s )]
k Zf:] [Shl”l H]k:1 ,};‘;t;(ypj,l + 7'j‘1)]
S ijl [Pi,17‘i,1 H;?:l’]'ii(pj,l + I'J',l)]
k Zf:l [Si,lpiel Hf‘:l,;#i(pj,l +751 )]

ps(0) =

rs(0) =

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 49, NO. 10, OCTOBER 2004

E. Convergence and Accuracy

Theorem 1: Under assumptions i)—vii), recursive procedure 2 is
convergent and has a unique solution, i.e.,

lim ps(n) =ps lim rs(n)=r;

m pm(n) =pm  lm 7y, (n) = 7. (15)
n—00 T — 00

Proof: See [8].
Using the limits in (15), the system production rate can be evaluated
as

ﬁl\% = PR(pnm T, Snma pP2,T2, 527 ZVQ)

:PR(pl-,rlyslwpsyr&*ss.hzvl)- (16)

The accuracy of estimate (16) is investigated numerically. Dozens
of systems defined by assumptions i)—vii) with various machine and
buffer parameter settings are simulated. In all experiments, 20 replica-
tions are carried out, each with 5000 time units of warm up time and
50000 time units of simulation time. The 95% confidence intervals are
consistently around £0.001. Most differences between estimates (16)
and simulation results are less than 2% with the largest one over 3%.
In addition, all computations using procedure 2 and expression (16)
are completed within 1 s on a 500-MHZ PC, while simulation takes
at least 7 min. Due to page limitations, only four numerical examples
are shown in Table I, where PR denotes the production rate obtained
through simulation and PP R is the production rate calculated using (16).
More examples can be found in [8].

Remark 3: In stead of using procedure 1, other serial line analysis
methods can also be applied (to obtain operators ¢, and - ). However,
the convergence of the algorithm and the uniqueness of the solution
depend on the convergence of the serial line analysis method and the
uniqueness of its solution. Moreover, the current method can also be
extended to study the parallel lines with unequal machine speeds. In
this case, a procedure to evaluate the PR of nonhomogeneous serial

rii(n+1) =71 [L—bii(n+1)], i
pialn+1)=pis+rii—rii(n+1),

peln+1) =

i=1,....k
Se>r, [1)::',1 (n+ ity (4 DTy o (050 (0 1) 475 (4 1))]

rs(n+1) =

k Zle [Siylrg"l(n +1) Hf‘:l,;‘#i (p'j"l(n +1)+ 'r;v”l('n + 1))]

Se by [P+ D+ DIT g (a0 + D +7fa (4 1))

RS [Splh o+ DI, s 0 (04 D) 40 (4 1)

sii(n+1) =2 (p1,71, 51, ps(n+ 1), 7s(n+1),5:, N1), i=1,...,k (13)
l';I‘Mi(n +1) =i, []. — 8 M; (n+ 1)] y i=1,...,k
py‘Mi(n + 1) =psm, +7im, — ril‘Mi(n + 1), i=1,....k
i1y T [P, O D1, 4+ DTT e ($an, (4 D) 40, (04 D)
Pmin+1)= -
EYE [SiMi'r';’,Mq_(rz +1) H?:l.j#i (p;-"M] (n+1)+ i, (n+ 1))]
( 1 Sm Zf:1 []’;IJ\/H(” + 1)"“1{(%(” +1) Hf:l,j;éi (P;',.\/rj(n +1)+ T;’,.\/frj(n + 1))]
rm(n + ) = - -
k 25:1 [Sinipy,Mi (n+1) H§:1 i (p/jl,l\l] (n+1)+ 7';'/,Mj (n+ 1))]
big,(n+1) =1 (pm(n+1),rm(n+ 1), Sm,p2, 72,52, N2), i=1,....k (14)
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Fig. 4. Simplified layout of a parallel subsystem at an automotive assembly plant.

TABLE I
ACCURACY OF PR ESTIMA/T\ION IN PARALLEL SYSTEMS
(A = ((|PR — PR|)/PR) - 100%)

[ ) r | S | N_
mi 0.10 0.60 1.00 3
mo 0.10 0.60 1.00 3
Ex.1 [ m;; | 0.100.100.10 [ 0.60 0.60 0.60 | 0.50 [ 22
0.10 0.10 0.10 | 0.60 0.60 0.60 | 0.50 | 22
PR: 0.7459 PR: 0.7385 A: 0.99%
mi 0.15 0.69 1.00 5
mo 0.08 0.56 1.20 4
Ex2 [ m;; | 0.15 0.08 0.13 | 0.64 0.76 0.66 | 0.52 | 32
0.140.120.17 | 066 063 069 | 055 | 24
PR: 0.7823 PR: 0.7729 A: 1.20%
mi 0.09 0.57 1.10 S
ma 0.07 0.63 0.80 3
Ex.3 0.130.06 0.1T | 072054061 | 040 | 42
mi j 0.05 0.25 0.43 0.94 0.65 3
0.16 0.80 0.15
PR: 0.7197 PR: 0.7046 A:2.10%
mi 0.08 0.64 1.10 5
mo 0.05 0.73 1.20 5
0.04 0.06 0.07 | 077057069 | 0.15 ] 33
Ex.4 0.05 0.20 0.51 0.90 0.20 3
m; j 0.15 0.68 0.20
0.35 0.40 0.45 0.50 0.50 4
0.17 0.09 0.12 | 0.68 0.44 0.55 | 0.30 | 3 2
PR: 09100 PR: 0.8769 A: 3.64%
TABLE II
IDENTIFIED PARAMETERS
oP, OP; OP3 OPy OP;s OPg OP; OPg
Di 0.13 | 0.09 | 0.02 | 0.07 | 0.08 | 0.08 | 0.09 | 0.03
i 0.88 | 0.37 | 0.30 | 0.30 | 0.31 | 0.34 | 0.34 | 0.45
Si 1.26 | 0.52 | 0.52 | 0.52 | 0.56 | 0.56 | 0.56 | 1.04
N; 13 4 4 5 6 14

lines should be used (to replace procedure 1). Again, the convergence
of procedure 2 will be dependent on the convergence of PR evaluation

method for nonhomogeneous serial lines.

IV. APPLICATION: A CASE STUDY

The aforementioned method has been applied at an automotive

assembly plant where a parallel subsystem is analyzed. A simplified
system layout is shown in Fig. 4. Based on past system operations, the
machine and buffer parameters are identified and presented in Table II.
(Note that due to confidentiality reasons, the data illustrated in Table II
have been modified appropriately. They are used for demonstration
only.)
__Using procedure 2, the system production rate is calculated and
PR = 0.81 part per unit of time, while the actual system operates
at PR = 0.82 part per unit of time. The difference is only 1.66%.
Therefore, the model has acceptable accuracy in this case study.

V. CONCLUSION

This note presents an aggregation procedure using overlapping de-
composition method to analyze the performance of parallel systems.
The convergence of the procedure and the uniqueness of the solution
are proved analytically and the accuracy is justified numerically by
comparing with both simulation and actual operations. It is shown that
the method results in high accuracy. This method provides a foundation
for future work, such as optimal production line design and continuous
improvement of existing operations.
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