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To satisfy a rapidly changing market and various requirements of customer
demand, many automotive assembly systems are designed to increase flexibility.
One way to achieve this is to have a system making multiple products through
split and merge. This paper presents an iterative approach to model such a kind of
flexible manufacturing system with common lines and dedicated branches to
process different products. The mathematical procedures, associated with the
justification of convergence and accuracy, are provided. A case study is presented
to illustrate the applicability of the method.
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1. Introduction

Flexibility allows a company to adjust its capacity and resources to make different
products in order to satisfy rapid market changes and various customer demand.
This has challenged the automotive industry due to many practical constraints that
limit flexibility. For example, a high-volume body shop normally is not designed to
produce vehicles that differ significantly in size and style. A system that can produce
any vehicle at any volume requires very high investment on flexible tooling and
fixtures and also very high maintenance costs. As an alternative, automotive com-
panies apply limited flexibility to their body shops to produce several distinguished,
yet closely related, models in one system. One approach to achieve this is to use split
and merge systems shown in figure 1, where two different products, A and C, are
produced. In figure 1, the circles represent the machines and rectangles are the
buffers. Dedicated production lines A and C are designed for specific processing of
the respective products, while the common processes before the split and after the
merge are shared for both products. At stations Start to Split, and stations Merge to
Finish, part types A and C have identical operations. At Split station, A and C type
parts will be specifically routed to its own line, for product-specific processing,
respectively, i.e., type A parts have to go through operations in Line A, and type C
parts follow operations in Line C. At Merge station, both A and C type parts will be
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loaded sequentially for remaining processes (which are identical to both A and C
types) until the end of the line.

Such system layouts are used in body shops of different automotive companies.
Moreover, in some automotive paint shops, in order to maintain high paint quality,
similar system structures are applied where cars or trucks are regrouped by colours
and processed at specific painting booths and ovens. Such systems have obvious
advantages, for instance, straightforward design, easy floor control, less expense,
etc. However, one of the disadvantages is that it is difficult to analyse effectively
system performance due to a lack of analytical methods and tools.

Performance analysis of single-product manufacturing systems has attracted
tremendous attention (see reviews by Dallery and Gershwin 1992; monographs by
Buzacott and Shanthikumar 1993; Gershwin 1994; and representative papers by
Dallery et al. 1988, 1989, Di Mascolo et al. 1991, Jacobs and Meerkov 1995,
Chiang et al. 2000a, b, 2001, Li 2003, 2004a–c, respectively). However, the study
of multiple-product manufacturing systems is quite limited. Nemec (1999) presents
a decomposition method to analyse a synchronous transfer line which processes
multiple products through dedicated buffers. A similar problem is addressed by
Colledani et al. (2003) with a different scheduling rule. Diamantidis and
Papadopoulos (2003) discuss a discrete unreliable merge system with a finite
intermediate buffer, which can be extended to process multiple products. Another
decomposition method for a deterministic multiple-part-type multiple-failure-mode
line is described by Syrowicz (1999), still dedicated buffers are assigned for different
products. In addition, Dallery (1999) studies a split and merge system by transform-
ing it into a disassembly/assembly system under the assumption that failures
and repairs of different machines have to occur exactly at the same instant in both
models. To our best knowledge, no effective analytical methods are available in the
current literature to analyse the performance of the multiple-product manufacturing
system illustrated in figure 1.

In order to design an effective and productive multiple-product manufacturing
system, quick and accurate analysis of the performance of such systems is necessary
and important. The main contribution of this paper is the development of a system-
theoretic approach for modelling and analysis of such systems. In this paper,
convergence and accuracy of the mathematical models or procedures are studied,
and it is shown that the system performance can be effectively analysed with satis-
factory accuracy. Moreover, a case study at an automotive body shop is introduced
to illustrate the applicability of the method.

The paper is structured as follows. Section 2 formulates the problem.
The recursive procedure of performance evaluation is introduced in section 3.
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Figure 1. Multiple product split and merge system.
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Section 4 outlines a case study at an automotive body assembly system. The con-
clusions are formulated in section 5. All proofs are given in the Appendix.

2. Problem formulation

Consider a two-product manufacturing system shown in figure 2. The system con-
sists of one common main line (machines m1 to mk, mkþ1 to mM, buffers B1 to Bk�1,
Bkþ1 to BM�1), and two dedicated lines (machines mi, 1 to mi,Mi

, i ¼ a, c, buffers Bi,1

to Bi,Miþ1) for part types A and C, respectively. At machines m1 to mk, mkþ1 to mM,
part types A and C have identical operations. However, type A parts have to go
through machines ma, 1 to ma,Ma

, and type C parts follow mc, 1 to mc,Mc
. The follow-

ing assumptions pertaining to the machines, buffers and their interactions are
introduced:

(i) Each machine, m1, . . . ,mM, mj, 1, . . . ,mj,Mj
, j ¼ a, c, has two states: up and

down. When up, machine mi, i ¼ 1, . . . ,M, or mj, n, j ¼ a, c, n ¼ 1, . . . ,Mj, is
capable of producing with the rate Si or Sj, n parts per unit of time (cycle),
respectively. When the machine is down, no production takes place.

(ii) The uptime and the downtime of each machine, mi, i ¼ 1, . . . ,M, or mj, n,
j ¼ a, c, n ¼ 1, . . . ,Mj , are random variables distributed exponentially with
parameters pi and ri, or pj, n and rj, n, respectively.

Remark 1: Assumption (ii) implies that pi and ri (respectively, pj, n and rj, n) are the
failure and repair rates of machine mi (respectively, machine mj, n), respectively.
In other words, mi’s (respectively, mj, n’s) average up- and downtime are 1=pi and
1=ri (respectively, 1=pj, n and 1=rj, n), respectively. The exponential assumption is used
to simplify the analysis. An investigation of the validation of the exponential
assumption in production systems research is presented by Inman (1999). œ

(iii) Each buffer, Bi, i ¼ 1, . . . , k� 1, kþ 1, . . . ,M � 1, or Bj, n, j ¼ a, c, n ¼

1, . . . ,Mj þ 1, is characterized by its capacity Ni, or Nj,n, respectively.
In addition, 0 < Ni < 1 or 0 < Nj, n < 1.

(iv) Part type A consists of � � 100% of all products, 0 < � < 1, the rest are
type C. At machine mk, type A parts must be routed to line A through Ba,1

if it is not full. Type C parts are sent to line C through Bc,1 if it has available
spaces. There is no sequencing requirement for the system.

(v) Machine m1 has probability � to load part type A and 1� � loading part
type C each cycle.

Figure 2. Structure of a two-product manufacturing system.
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(vi) Machine mi is blocked at time t if downstream buffer is full at time t.
Machine mM is never blocked. Machine mk is blocked by line A if it produces
part type A and Ba,1 is full, while machine mk is blocked by line C if it
produces part type C and Bc,1 is full.

(vii) Machine mkþ1 takes parts from Ba,Maþ1 or Bc,Mcþ1 alternatively if they are
not empty (in other words, mkþ1 loads one part from line A, then another
part from line C if both are available). When either buffer is empty, mkþ1

keeps loading from the other one.

Remark 2: Assumption (vii) implies that if both buffers are not empty, part types A
and C will have equal probability to be loaded by machine mkþ1. If one of the buffers
is empty, the other one has 100% probability being loaded. Such policy is also
referred to as circulating in some simulation packages. œ

(viii) Machine mi is starved at time t if upstream buffer is empty at time t. Machine
mkþ1 is starved if both Ba,Maþ1 and Bc,Mcþ1 are empty. Machine m1 is never
starved.

The problem addressed is as follows:

Problem: Given production system (i–viii), develop a method for evaluating the through-
put as a function of the system parameters.

The solution to the problem described above is given in section 3.

3. Performance evaluation

3.1 Approach outline

A system-theoretic method, referred to as overlapping decomposition, is presented by
Li (2003, 2004a–c) to analyse the performance of complex production systems, for
instance, systems with rework loops, parallel lines, assembly/disassembly, feed-
forward lines, etc. The main idea of the method is to decompose the complex
system into a set of overlapped serial production lines, adjust the overlapping
machines to accommodate the effects of machines and buffers in other lines, and
introduce a recursive procedure to approximate the system performance. Finally, the
system throughput can be calculated when the procedure converges. In this paper,
we apply this idea in analysing system (i–viii). Detailed analysis introduced below
are designed specifically for this problem. To this end, we decompose the system
into four serial lines (figure 3), where machines mk and mkþ1 are the overlapping
machines:

Line 1: m1, . . . ,mk, B1, . . . ,Bk�1;
Line 2: mkþ1, . . . ,mM , Bkþ1, . . . ,BM�1;
Line 3: mk,ma, 1, . . . ,ma,Ma

,mkþ1, Ba, 1, . . . ,Ba,Maþ1;
Line 4: mk,mc, 1, . . . ,mc,Mc

,mkþ1, Bc, 1, . . . ,Bc,Mcþ1:

If we know the throughput of each serial line, the system throughput (which
equals to that of line 2) is obtained. To calculate the throughput of each serial
line, the first machine’s blockage probability and the last machine’s starvation prob-
ability have to be known. Therefore we introduce virtual machines by taking into
account these probabilities to replace the first and last machines, respectively, and
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to calculate the line throughput and the probabilities of blockage and starvation of
the first and last machine in each serial line, respectively. Since these probabilities are
unknown, we introduce iterations.

First, we consider serial lines 1 and 2. Introduce virtual machine m1
k and m2

kþ1

(where the superscripts denote the line numbers), which can be ‘viewed’ as machines
that are never blocked and starved, respectively. In other words, we consider the
blockage time of mk and starvation time of mkþ1 as m1

k’s and m2
kþ1’s downtime,

respectively. More specifically, we define:

r1k ¼ rk½1� �Probfmk is blocked by Ba, 1g � ð1� �ÞProbfmk is blocked by Bc, 1g�,

r2kþ1 ¼ rkþ1ð1� Probfmkþ1 is starved by Ba,Maþ1gProbfmkþ1 is starved by Bc,Mcþ1gÞ:

Then we select p1k and p2kþ1 to satisfy the conservation of flow and obtain:

p1k ¼ pk þ rk � r1k,

p2kþ1 ¼ pkþ1 þ rkþ1 � r2kþ1:

Now using a serial line analysis method (which is described in detail in subsection
3.3), we can calculate the throughputs of lines 1 and 2, and the probabilities that mk

is starved and mkþ1 is blocked, respectively.
Next consider lines 3 and 4, introduce virtual machines mj

k and mj
kþ1, j¼ 3, 4,

we have:

r3k ¼ rk�Probfmk is not starvedg,

r3kþ1 ¼ rkþ1Probfmkþ1 is not blockedgðProbfmkþ1 is starved by Bc,Mcþ1g

þ 0:5Probfmkþ1 is not starved by Bc,Mcþ1gÞ

¼ 0:5rkþ1Probfmkþ1 is not blockedgðProbfmkþ1 is starved by Bc,Mcþ1g þ 1Þ,

r4k ¼ rkð1� �ÞProbfmk is not starvedg,

r4kþ1 ¼ rkþ1Probfmkþ1 is not blockedgðProbfmkþ1 is starved by Ba,Maþ1g

þ 0:5Probfmkþ1 is not starved by Ba,Maþ1gÞ

¼ 0:5rkþ1Probfmkþ1 is not blockedgðProbfmkþ1 is starved by Ba,Maþ1g þ 1Þ,

p j
i ¼ pi þ ri � r ji , i ¼ k, kþ 1, j ¼ a, c:

Note that for line 3, mkþ1 has 100% probability to load from Ba,Maþ1 if it is
starved by Bc,Mcþ1 and only 50% probability when it is not starved by Bc,Mcþ1.

Figure 3. Overlapping decomposition of systems (i–viii).
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Similarly, for line 4, mkþ1 has 100% and 50% probabilities to load from Bc,Mcþ1

if Ba,Maþ1 is empty and not empty, respectively. Therefore, Probfmk is blocked by
Ba, 1g, Probfmkþ1 is starved by Ba,Maþ1g, and Probfmk is blocked by Bc, 1g, Probfmkþ1

is starved by Bc,Mcþ1g can be calculated. Now use these probabilities, and repeat this
process by alternating among lines 1–4 until it is convergent. Finally we obtain the
throughput estimation of the system. The recursive procedures implementing this
method are introduced next.

3.2 Recursive procedures

Introduce the following notation:

bk, j ¼ Probfmachine mk is blocked by Bj, 1g, j ¼ a, c,

skþ1, j ¼ Probfmachine mkþ1 is starved by Bj,Mjþ1g, j ¼ a, c,

bkþ1 ¼ Probfmachine mkþ1 is blockedg,

sk ¼ Probfmachine mk is starvedg:

Let TPð � Þ denote the procedure to calculate the throughput of a serial line, and �i
be the throughput of line i. Introduce operators �1 and �2 represent the calculations
of the blocking and starving probabilities of the first and last machines in a serial
line, respectively. Formally, the recursive procedure is as follows.

Procedure 1:

Line 2

r2kþ1ðnþ 1Þ ¼ rkþ1½1� skþ1, aðnÞskþ1, cðnÞ�,

p2kþ1ðnþ 1Þ ¼ pkþ1 þ rkþ1 � r2kþ1ðnþ 1Þ,

b��2ðnþ 1Þ ¼ TP
�
p2kþ1ðnþ 1Þ, r2kþ1ðnþ 1Þ,Skþ1, . . . , pM , rM ,SM ,Nkþ1, . . . ,NM�1

�
,

bkþ1ðnþ 1Þ ¼ �1

�
p2kþ1ðnþ 1Þ, r2kþ1ðnþ 1Þ,Skþ1, . . . , pM , rM ,SM ,Nkþ1, . . . ,NM�1

�
,

ð1Þ

Line 1

r1kðnþ 1Þ ¼ rk½1� �bk, aðnÞ � ð1� �Þbk, cðnÞ�,

p1kðnþ 1Þ ¼ pk þ rk � r1kðnþ 1Þ,

b��1ðnþ 1Þ ¼ TP
�
p1, r1,S1, . . . , p

1
kðnþ 1Þ, r1kðnþ 1Þ,Sk,N1, . . . ,Nk�1

�
,

skðnþ 1Þ ¼ �2

�
p1, r1,S1, . . . , p

1
kðnþ 1Þ, r1kðnþ 1Þ,Sk,N1, . . . ,Nk�1

�
, ð2Þ

Line 3

r3kðnþ 1Þ ¼ rkð1� �Þ½1� skðnþ 1Þ�,

p3kðnþ 1Þ ¼ pk þ rk � r3kðnþ 1Þ,

r3kþ1ðnþ 1Þ ¼ 0:5rkþ1½1þ skþ1, cðnÞ�½1� bkþ1ðnþ 1Þ�,

p3kþ1ðnþ 1Þ ¼ pkþ1 þ rkþ1 � r3kþ1ðnþ 1Þ, ð3Þ
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b��3ðnþ 1Þ ¼ TP
�
p3kðnþ 1Þ, r3kðnþ 1Þ,Sk, pa, 1, ra, 1,Sa, 1, . . . , pa,Ma

, ra,Ma
,Sa,Ma

,

p3kþ1ðnþ 1Þ, r3kþ1ðnþ 1Þ,Skþ1,Na, 1, . . . ,Na,Maþ1

�
,

bk, aðnþ 1Þ ¼ �1

�
p3kðnþ 1Þ, r3kðnþ 1Þ,Sk, pa, 1, ra, 1,Sa, 1, . . . , pa,Ma

, ra,Ma
,Sa,Ma

,

p3kþ1ðnþ 1Þ, r3kþ1ðnþ 1Þ,Skþ1,Na, 1, . . . ,Na,Maþ1

�
,

skþ1, aðnþ 1Þ ¼ �2

�
p3kðnþ 1Þ, r3kðnþ 1Þ,Sk, pa, 1, ra, 1,Sa, 1, . . . , pa,Ma

, r1,Ma
,Sa,Ma

,

p3kþ1ðnþ 1Þ, r3kþ1ðnþ 1Þ,Skþ1,Na, 1, . . . ,Na,M1þ1

�
,

Line 4

r4kðnþ 1Þ ¼ rk�½1� skðnþ 1Þ�,

p4kðnþ 1Þ ¼ pk þ rk � r4kðnþ 1Þ,

r4kþ1ðnþ 1Þ ¼ 0:5rkþ1½1þ skþ1, aðnþ 1Þ�½1� bkþ1ðnþ 1Þ�,

p4kþ1ðnþ 1Þ ¼ pkþ1 þ rkþ1 � r4kþ1ðnþ 1Þ, ð4Þ

b��4ðnþ 1Þ ¼ TP
�
p4kðnþ 1Þ, r4kðnþ 1Þ,Sk, pc, 1, rc, 1,Sc, 1, . . . , pc,Mc

, rc,Mc
,Sc,Mc

,

p4kþ1ðnþ 1Þ, r4kþ1ðnþ 1Þ,Skþ1,Nc, 1, . . . ,Nc,Mcþ1

�
,

bk, cðnþ 1Þ ¼ �1

�
p4kðnþ 1Þ, r4kðnþ 1Þ,Sk, pc, 1, rc, 1,Sc, 1, . . . , pc,Mc

, rc,Mc
,Sc,Mc

,

p4kþ1ðnþ 1Þ, r4kþ1ðnþ 1Þ,Skþ1,Nc, 1, . . . ,Nc,Mcþ1

�
,

skþ1, cðnþ 1Þ ¼ �2

�
p4kðnþ 1Þ, r4kðnþ 1Þ,Sk, pc, 1, rc, 1,Sc, 1, . . . , pc,Mc

, rc,Mc
,Sc,Mc

,

p4kþ1ðnþ 1Þ, r4kþ1ðnþ 1Þ,Skþ1,Nc, 1, . . . ,Nc,Mcþ1

�
,

n ¼ 0, 1, 2, . . . ,

with initial conditions

skþ1, jð0Þ ¼ 0, bk, jð0Þ ¼ 1, j ¼ a, c:

Here TPð�Þ, �1ð�Þ and �2ð�Þ are calculated through the aggregation procedure devel-
oped by Jacobs (1993). A detailed description is presented next.

3.3 Operators

Consider a serial production line consisting of M machines with parameters p1, r1,
S1, . . . , pM, rM, SM, and M� 1 in-process buffers with capacities N1, . . . ,NM�1.
According to Jacobs (1993), its performance can be analysed using the recursive
procedure introduced below.

Basically, the procedure consists of two aggregations: forward aggregation and
backward aggregation. In the backward aggregation, the last two machines, mM and
mM�1, are aggregated into a single machine, mb

M�1. Next mb
M�1 is aggregated with

mM�2 to result in mb
M�2, and so on until all M machines are aggregated into a single

one mb
1. Then, in the forward aggregation, the first machine, m1, is aggregated with

mb
2 to generate m

f
2 and so on until all machines are again aggregated into a single
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machine m
f
M . Then the procedure is repeated again. In addition, parameters � f

i , �
b
i ,

� f
i and �bi are introduced to characterize the mean and variance of the throughput of
the forward and backward aggregated machine, respectively, and bbi and s

f
i are

blockage and starvation parameters, respectively. Formally, this process can be
represented as follows:

Procedure 2:

Backward aggregation i ¼ M � 1, . . . , 1,

bbi ðl þ 1Þ ¼ 1�
TP2ðp

f
i ðlÞ, r

f
i ðlÞ,S

f
i ðlÞ, p

b
iþ1ðl þ 1Þ, rbiþ1ðl þ 1Þ,Sb

iþ1ðl þ 1Þ,NiÞ

� f
i ðlÞ

,

�bi ðl þ 1Þ ¼ �i½1� bbi ðl þ 1Þ�,

�bi ðl þ 1Þ ¼ �i½1� bbi ðl þ 1Þ� þ vbiþ1ðl þ 1Þbbi ðl þ 1Þ,

Sb
i ðl þ 1Þ ¼

Si, if Sb
iþ1ðl þ 1Þ � Si,

Si½1� bbi ðl þ 1Þei� þ Sb
iþ1ðl þ 1Þbbi ðl þ 1Þei, if Sb

iþ1ðl þ 1Þ < Si,

(

rbi ðl þ 1Þ ¼
2½�bi ðl þ 1Þ�2½Sb

i ðl þ 1Þ � �bi ðl þ 1Þ�

Sb
i ðl þ 1Þ�bi ðl þ 1Þ

,

pbi ðl þ 1Þ ¼
2�bi ðl þ 1Þ½Sb

i ðl þ 1Þ � �bi ðl þ 1Þ�2

Sb
i ðl þ 1Þ�bi ðl þ 1Þ

, ð5Þ

forward aggregation i ¼ 1, . . . ,M � 1,

s
f
iþ1ðlþ 1Þ ¼ 1�

TP2ðp
f
i ðlþ 1Þ, r

f
i ðlþ 1Þ,S

f
i ðlþ 1Þ,pbiþ1ðlþ 1Þ, rbiþ1ðlþ 1Þ,Sb

iþ1ðlþ 1Þ,NiÞ

�biþ1ðlþ 1Þ
,

� f
iþ1ðlþ 1Þ ¼ �iþ1½1� s

f
iþ1ðlþ 1Þ�,

� f
iþ1ðlþ 1Þ ¼ �iþ1½1� s

f
iþ1ðlþ 1Þ� þ v

f
i ðlþ 1Þs

f
iþ1ðlþ 1Þ,

S
f
iþ1ðlþ 1Þ ¼

Siþ1, if S
f
i ðlþ 1Þ � Siþ1,

Siþ1½1� s
f
iþ1ðlþ 1Þeiþ1� þS

f
i ðlþ 1Þs

f
iþ1ðlþ 1Þeiþ1, if S

f
i ðlþ 1Þ< Siþ1,

(

r
f
iþ1ðlþ 1Þ ¼

2½� f
iþ1ðlþ 1Þ�2½S

f
iþ1ðlþ 1Þ � � f

iþ1ðlþ 1Þ�

S
f
iþ1ðlþ 1Þ� f

iþ1ðlþ 1Þ
,

p
f
iþ1ðlþ 1Þ ¼

2� f
iþ1ðlþ 1Þ½S

f
iþ1ðlþ 1Þ � � f

iþ1ðlþ 1Þ�2

S
f
iþ1ðlþ 1Þ� f

iþ1ðlþ 1Þ
, ð6Þ

where

ei ¼
ri

pi þ ri
, �i ¼ Siei, �i ¼

2S2
i ripi

ðri þ piÞ
3
, i ¼ 1, . . . ,M, ð7Þ

with boundary conditions

p
f
1 ðlÞ ¼ p1, r

f
1 ðlÞ ¼ r1, S

f
1ðlÞ ¼ S1, � f

1 ðlÞ ¼ S1e1, � f
1 ðlÞ ¼ �1,

pbMðlÞ ¼ pM , rbMðlÞ ¼ rM , S
f
MðlÞ ¼ SM , �bMðlÞ ¼ SMeM , �bMðlÞ ¼ �M ,
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and initial conditions

p
f
i ð0Þ ¼ pi, r

f
i ð0Þ ¼ ri, S

f
i ð0Þ ¼ Si, � f

i ð0Þ ¼ Siei, � f
i ð0Þ ¼ �i,

pbi ð0Þ ¼ pi, rbi ð0Þ ¼ ri, S
f
i ð0Þ ¼ Si, �bi ð0Þ ¼ Siei, �bi ð0Þ ¼ �i, i ¼ 1, . . . ,M,

and TP2ðp1, r1,S1, p2, r2,S2,NÞ is defined by (Jacobs 1993, Chiang et al. 2000a,
2001).

. Case 1: S1 ¼ S2 ¼ S

� ¼

r1r2S½p1ðp2 þ r2Þ � p2ðp1 þ r1Þe
��N

�

ðp1 þ r1Þðp1 þ r2Þðp1r2 � p2r1e
��NÞ

, if
p1
r1

6¼
p2
r2

,

Sr22ðr1 þ r2Þ þNr1r2ðp2 þ r2Þ
2

ðp2 þ r2Þ½Sðr1 þ r2Þ þNr1ðp2 þ r2Þ�
S, if

p1
r1

¼
p2
r2

,

8>>>><>>>>: ð8Þ

where

� ¼
ðr1 þ r2 þ p1 þ p2Þðp1r2 � p2r1Þ

ðr1 þ r2Þðp1 þ p2ÞS
:

. Case 2: S1<S2

� ¼
S2e2Ae

�1N þ S1e1Be
�2N þ S1e1Ce

��2N

Ae�1N þ Be�2N þ Ce��2N
, ð9Þ

where

A ¼ r1Q
2
þ r1Q½S1ðr1 þ r2 þ p2Þ � S2ðr1 þ r2 þ p1Þ�,

B ¼ r2p1S2½ðS1 � S2Þðr1 � r2Þ � ðS2p1 þ S1p2Þ �Q�,

C ¼
e22ðS2 � S1e1ÞAþ S1e1ð1� S2ÞB

S1e1ðe2 � 1Þ
,

�1 ¼
1

2S1S2ðr1 þ r2ÞðS1 � S2Þ

h
r1S

2
1ðr1 þ r2 þ p2Þ þ r2S

2
2ðr1 þ p1 þ r2Þ

�S1S2½ðr1 þ r2Þ
2
þ ðr1 þ r2Þðp1 þ p2Þ þ ðr1p2 þ r2p1Þ�

i
,

�2 ¼
ðS1r1 þ S2r2ÞQ

2S1S2ðr1 þ r2ÞðS2 � S1Þ
, ð10Þ

Q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½S1ðr1 þ r2 þ p2Þ � S2ðr1 þ r2 þ p1Þ�

2
þ 4S1S2p1p2

q
:

. Case 3: S1 > S2, by reversibility (Muth 1979, Jacobs 1993)

� ¼ TP2ðp2, r2,S2, p1, r1,S1,NÞ: ð11Þ

In terms of the steady state of the procedure, the throughput of the serial line, b��,
is defined through � f

M .

b�� ¼ lim
l!1

� f
Mðl Þ ¼ � f

M : ð12Þ

Remark 3: Numerical experiments conducted by Jacobs (1993) and Li
(2004a) using procedure 2 have all resulted in convergent sequences, suggesting
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that operator �1 is monotonic. In view of this, we introduce the following
hypothesis:

Hypothesis 1: Procedure 2 converges and Operator �1ðp1, r1, . . . , pM, rM,N1, . . . ,
NM�1Þ decreases monotonically with respect to p1, and increases monotonically with
respect to r1.

Remark 4: Due to assumptions (vi) and (viii), procedure 2 implies that a blocking
before service time-dependent failure model is used in this study. Compared to
blocking after service operation-dependent assumption in some simulation software
packages, the difference in system throughput is typically small when N>0
(Buzacott and Shanthikumar (1993)). However, when N¼ 0, the difference becomes
larger when the number of machines in the system increases. To correct this
discrepancy, based on our experience and experimental study, by setting N¼ 0.2
(or a similar small number 0 < N � 1), the difference will be negligible. œ

3.4 Convergence

By using the results from procedure 2, we obtain the following.

Proposition 1: Under Hypothesis 1, recursive procedure 1 is convergent, i.e.

lim
n!1

skðnÞ ¼ sk, lim
n!1

skþ1, jðnÞ ¼ skþ1, j, j ¼ a, c,

lim
n!1

bkþ1ðnÞ ¼ bkþ1, lim
n!1

bk, jðnÞ ¼ bk, j, j ¼ a, c,

lim
n!1

b��iðnÞ ¼ b��i i ¼ 1, . . . , 4: ð13Þ

Proof: See Appendix. œ

From conservation of flow, it follows immediately that

Corollary 1: Under assumptions (i–viii),b��1 ¼ b��2 ¼ b��3 þb��4: ð14Þ

Using the limits in (13), the system throughput can be evaluated as:b�� ¼ TPðpkþ1 þ rkþ1skþ1, askþ1, c, rkþ1ð1� skþ1, askþ1, cÞ,

Skþ1, . . . , pM , rM ,SM ,Nkþ1, . . . ,NM�1Þ:
ð15Þ

3.5 Accuracy

In this paper, the accuracy of the estimation is investigated numerically. Dozens of
systems defined by the assumptions (i–viii) with various machine and buffer param-
eter settings are simulated by using the commercial simulation software Simul8
(http://www.simul8.com). Eight of the examples are shown in table 1. In all the
experiments we carried out, zero initial occupancy of all buffers and 5000 time
units of warm up period have been assumed. The next 50 000 time units of stationary
regime have been used to evaluate throughput statistically. The 95% confidence
intervals for all statistical estimates have been evaluated with 20 runs. The confidence
intervals throughout this paper are consistently less than �0:0020. In table 1,
� denotes the throughput obtained by simulation and b�� is the estimate using proce-
dure 1. It is shown in table 1 that the estimates return in an acceptable precision.
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Remark 5: The calculation of estimate (15) is much faster than simulation.
All examples analysed in table 1 using procedure 1 are carried out in less than 1 s
on a 600-MHz PC. To compare, simulation takes at least 6min.

4. Case study

4.1 Throughput estimation

The above method has been used for analysis of multiple-product manufacturing
systems with split and merge. A case study is described below. Figure 4 illustrates
a simplified layout of a body assembly system design (with shortened main line).

Table 1. Accuracy of throughput estimation (err% ¼ðj��b��jÞ=ð�Þ � 100%).

Machine Upstream Downstream Product A Product C Split probability
and
buffer

common
line,

common
line,

dedicated
line,

dedicated
line,

and
throughput

parameter m1�mk mkþ1�mM ma,i mc,i and accuracy

Ex pi 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 �: 0.26
1 ri 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 �: 0.8235

Si 1 1 1 1 1 1 1 1 1 b��: 0.8220
Ni 3 3 3 3 3 3 3 3 3 err%: 0.18

Ex pi 0.01 0.01 0.02 0.02 0.01 0.01 0.02 0.03 �: 0.32
2 ri 0.6 0.6 0.55 0.55 0.6 0.6 0.6 0.6 �: 0.9584

Si 1 1 1 1 1 1 1 1 b��: 0.9327
Ni 3 3 3 3 2 2 3 3 err%: 2.68

Ex
3

pi 0.2 0.22
0.25 0.1

0.23 0.24 0.1 0.15 0.14 0.18 0.2 �: 0.15

ri 0.83 0.86
0.85 0.94

0.86 0.84 0.93 0.95 0.87 0.95 0.9 �: 0.7285

Si 1 1 1 1 1 1 1 1 1 1 1 b��: 0.7173
Ni 2 2 3 3 2 2 3 4 3 3 2 err%: 1.54

Ex pi 0.13 0.1 0.09 0.11 0.15 0.12 0.05 0.04 �: 0.6
4 ri 0.63 0.5 0.49 0.59 0.45 0.5 0.35 0.33 �: 0.9116

Si 1.6 1.8 1.7 1.5 1.1 0.8 1.2 0.9 b��: 0.8972
Ni 4 3 3 3 2 4 2 3 err%: 1.58

Ex pi 0.003 0.04 0.06 0.05 0.14 0.17 0.18 0.1 0.12 �: 0.7
5 ri 0.8 0.9 0.77 0.84 0.65 0.79 0.68 0.6 0.7 �: 0.9088

Si 1.3 1.2 1.4 1.5 1.9 1.1 0.9 1.1 b��: 0.9300
Ni 3 3 2 2 2 2 2 2 2 err%: 2.33

Ex pi 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.11 0.13 �: 0.45
6 ri 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.4 0.3 0.2 �: 0.9031

Si 1.1 1.2 1.6 1.7 1.3 1.4 1.5 1.3 1.4 1.5 b��: 0.9287
Ni 2 2 3 2 2 3 3 2 2 3 err%: 2.83

Ex
7

pi 0.05 0.08 0.08 0.06 0.07 0.15 0.13 0.17 0.15 0.12
0.14 0.19

�: 0.25

ri 0.6 0.72 0.65 0.63 0.69 0.57 0.64 0.52 0.66 0.49
0.65 0.68

�: 0.7194

Si 1.5 1.35 1.2 1.2 1.6 0.85 0.79 0.95 0.8 0.87
0.87 0.99

b��: 0.7283
Ni 2 3 2 1 3 2 3 3 2 1 2 2 err%: 1.24

Ex pi 0.1 0.13 0.08 0.11 0.05 0.06 0.09 0.25 �: 0.8
8 ri 0.5 0.62 0.48 0.65 0.66 0.44 0.45 0.78 �: 0.7305

Si 1.1 1.25 1 1.15 1.3 1.1 0.95 1.05 b��: 0.7370
Ni 3 2 2 2 3 3 3 2 err%: 0.89
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The designed system parameters are shown in table 2. They are selected based on the
data provided by manufacturers, collected data from similar equipment in existing
systems, or the experimental results of new equipment, according to cost, capacity
and other requirements.

In addition, 60% of the products are part type A, the rest are part type C. Due to
confidentiality, the layout and data have been modified, they are for illustration
purposes only.

Using procedure 1, the calculated system throughput is 1.2785 parts/(unit of
time). We also use Simul8 to validate the design. The simulated throughput is
1.2628 parts/(unit of time). The difference is 1.24%. Therefore, the model is justified
in this case study and can be used for further analysis.

4.2 Sensitivity study

Due to the uncertainty of the data used in the design phase, system parameters (i.e.,
speed, mean time to repair, mean time between failure, etc.) during actual operations
usually will deviate from design parameters. To ensure an effective production,
a sensitivity study on system parameters is needed and should be an important
part of any system design. Below, sensitivity studies with respect to machine down-
time, uptime, speed and buffer capacity is introduced and shown in tables 3–7,
respectively.

Figure 4. Simplified system layout with shortened shared lines.

Table 2. Design parameters.

m1–m5 pi 0.0023 0.0020 0.0020 0.0537 0.0169 ri 50.000 0.3636 0.3571 3.3333 0.4348
Si 1.2833 1.5333 1.5000 3.1167 1.4000 Ni 2 2, –, 1

ma;1–ma;5 pa;i 0.0045 0.0070 0.0010 0.0083 0.0187 ra;i 0.8197 1.3158 0.1754 0.3333 2.0000
Sa;i 2.0500 3.1667 1.1000 1.2000 1.2167 Na;i 1 1 1 1 1 4

mc;1�mc;4 pc;i 0.0059 0.0131 0.0082
0.0055

rc;i 0.8197 0.3704 0.3448 0.5000

Sc;i 2.6667 1.0500 1.1833 0.9000 Nc;i 3 1 1 1 4

Table 3. Sensitivity to machine downtime.

Downtime increment 5% 10% 15% 20% 25% 50% 100%
� jobs/(unit of time) 1.2781 1.2775 1.2770 1.2763 1.2756 1.2682 1.2170
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4.2.1 Sensitivity to machine downtime. In table 3, all machine downtimes are
increased by 5–100%. The system throughput is evaluated using procedure 1.

From table 3, it is clear that the designed system, relatively, is not sensitive to
machine downtime. Even when machine downtimes are increased over 50%, the
decrease on throughput is negligible.

4.2.2 Sensitivity to machine uptime. Similar study is conducted for sensitivity with
respect to machine uptime. For this study, in table 4, all machine uptimes are
decreased by 5–75%. It is shown that the system is also not sensitive to machine
uptime. A 60% decrease in machine uptime only has minimum effect on system
throughput.

4.2.3 Sensitivity to machine speed. In table 5, all machine speeds are decreased by
1, 2, 3 and 5%. Obviously, although the current design is not sensitive to machine
uptime or downtime, it is somewhat sensitive to machine speed.

Since the system is relatively sensitive to machine speed, we investigate next
which machine is the most sensitive one. In other words, we need to find out machine
i such that

�ðSi � �Þ � �ðSiÞ

�
>

�ðSj � �Þ � �ðSjÞ

�
, 8j 6¼ i, 0 < � � 1:

Table 4. Sensitivity to machine uptime.

Uptime decrement 5% 10% 20% 25% 50% 60% 75%
� jobs/(unit of time) 1.2783 1.2780 1.2773 1.2769 1.2731 1.2637 1.2010

Table 6. Individual machine sensitivity to speed.

m1 m2 m3 m4 m5 ma,1 ma,2

ð�ðSi � �Þ � �ðSiÞÞ=� 0.992 0.001 0 0 0 0 0

ma, 3 ma, 4 ma, 5 mc, 1 mc, 2 mc, 3 mc, 4

ð�ðSi � �Þ � �ðSiÞÞ=� 0 0 0 0 0 0 0

Table 5. Sensitivity to machine speed.

Speed decrement 1% 2% 3% 5%
� jobs/(unit of time) 1.2662 1.2531 1.2417 1.2181

Table 7. Sensitivity to buffer capacity.

N1 ¼ 1 N2 ¼ 1 Na;6 ¼ 1 Nc;1 ¼ 1 Nc;5 ¼ 2 Nc;5 ¼ 1 Ni ¼ 1; 8i

� jobs/(unit of time) 1.2758 1.2785 1.2785 1.2785 1.2785 1.2754 1.2653
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In Chiang (2001), such machine is referred to as c-bottleneck machine. It is
shown in table 6 that machine m1 is the most sensitive machine. Therefore, it is
important to verify that all machines operate at the designed speeds, in particular,
machine m1.

4.2.4 Sensitivity to buffer capacity. Finally, sensitivity study with respect to buffer
capacity is carried out. Various buffer capacity settings are assigned in table 7.
It turns out that reducing buffer capacities will not affect system throughput drama-
tically. Therefore, more improvement in reducing inventory cost can be obtained in
this direction.

5. Conclusions

A system-theoretic approach, referred to as overlapping decomposition, was pre-
sented to model and analyse the performance of multiple-product manufacturing
systems. The convergence of the iteration procedures was proved analytically and
the accuracy of the estimates was evaluated numerically with satisfactory precision.
A case study for analysis of a two-product body assembly system design was intro-
duced to illustrate the applicability of the method. Note that the method described
is not only applicable to the automotive industry, but also can be used in other
manufacturing industries.

In addition to analysing the multiple production system described, the study of
fully flexible production lines where each machine is capable of processing different
products (in some cases, it is referred to as product or model mix lines) is an
important and challenging problem, in particular when many production systems
are becoming more flexible. This will be one of the directions in future work.

Appendix: Proofs of subsection 3.2

To prove Proposition 1, the following two Lemmas are needed:

Lemma A.1: Under Hypothesis 1, operator �2ðp1, r1, . . . , pM , rM ,N1, . . . ,NM�1Þ is
monotonically decreasing with respect to pM, and increasing with respect to rM.

Proof: Follows from Hypothesis 1 by reversibility of production lines (Muth 1979,
Jacobs 1993). œ

Lemma A.2: Under Hypothesis 1, in recursive procedure 1, if skþ1, jðnÞ > skþ1, jðn� 1Þ
and bk, jðnÞ < bk, jðn� 1Þ, j ¼ a, c, then skþ1, jðnþ 1Þ > skþ1, jðnÞ and bk, jðnþ 1Þ < bk, jðnÞ.

Proof: If

skþ1, jðnÞ > skþ1, jðn� 1Þ, bk, jðnÞ < bk, jðn� 1Þ, j ¼ a, c, ðA:1Þ

from (2), we have

r1kðnþ 1Þ > r1kðnÞ, p1kðnþ 1Þ < p1kðnÞ:

It follows from Lemma A.1 that

skðnþ 1Þ > skðnÞ: ðA:2Þ
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Similarly, from (1) we have

r2kþ1ðnþ 1Þ < r2kþ1ðnÞ, p2kþ1ðnþ 1Þ > p2kþ1ðnÞ:

From Hypothesis 1,

bkþ1ðnþ 1Þ < bkþ1ðnÞ: ðA:3Þ

For line 3, it implies that

r3kðnþ 1Þ ¼ rkð1� �Þ½1� skðnþ 1Þ�

< rkð1� �Þ½1� skðnÞ� ¼ r3kðnÞ,

p3kðnþ 1Þ > p3kðnÞ,

r3kþ1ðnþ 1Þ ¼ 0:5rkþ1½1þ skþ1, cðnÞ�½1� bkþ1ðnþ 1Þ�

> 0:5rkþ1½1þ skþ1, cðn� 1Þ�½1� bkþ1ðnÞ� ¼ r3kþ1ðnÞ,

p3kþ1ðnþ 1Þ < p3kþ1ðnÞ:

Then from Hypothesis 1 and Lemma A.1, we have

bk, aðnþ 1Þ < bk, aðnÞ, skþ1, aðnþ 1Þ > skþ1, aðnÞ:

Similarly for line 4, we obtain

r4kðnþ 1Þ ¼ rk�½1� skðnþ 1Þ�

< rk�½1� skðnÞ� ¼ r4kðnÞ,

p4kðnþ 1Þ > p4kðnÞ,

r4kþ1ðnþ 1Þ ¼ 0:5rkþ1½1þ skþ1, aðnÞ�½1� bkþ1ðnþ 1Þ�

> 0:5rkþ1½1þ skþ1, aðn� 1Þ�½1� bkþ1ðnÞ�

¼ r4kþ1ðnÞ,

p4kþ1ðnþ 1Þ < p4kþ1ðnÞ,

and

bk, cðnþ 1Þ < bk, cðnÞ, skþ1, cðnþ 1Þ > skþ1, cðnÞ:
œ

Proof of Proposition 1: By induction. For n¼ 0,

skþ1, jð0Þ ¼ 0, bk, jð0Þ ¼ 1, j ¼ a, c:

For line 2, we have

r2kþ1ð1Þ ¼ rkþ1, p2kþ1ð1Þ ¼ pkþ1:

Then,

0 < bkþ1ð1Þ < 1 ¼ bkþ1ð0Þ:

Similarly for line 1, we have

r1kð1Þ ¼ 0, skð1Þ ¼ 0:
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For line 3, we obtain

r3kð1Þ ¼ rkð1� �Þ,

p3kð1Þ ¼ pk þ rk�,

r3kþ1ð1Þ ¼ 0:5rkþ1½1þ skþ1, cð0Þ�½1� bkþ1ð1Þ�

¼ 0:5rkþ1½1� bkþ1ð1Þ� > 0,

p3kþ1ð1Þ > 0:

Therefore,

0 < bk, að1Þ < 1, 1 > skþ1, a > 0:

Analogously for line 4, it leads to

r4kð1Þ ¼ rk�,

p4kð1Þ ¼ pk þ rkð1� �Þ,

r4kþ1ð1Þ ¼ 0:5rkþ1½1þ skþ1, að1Þ�½1� bkþ1ð1Þ�

> 0,

p4kþ1ð1Þ > 0:

Therefore,

0 < bk, cð1Þ < 1, 1 > skþ1, cð1Þ > 0:

Continue this process for n¼ 1, we obtain

r2kþ1ð2Þ < rkþ1 ¼ rkþ1ð1Þ, r1kð2Þ > 0 ¼ r1kð1Þ,

it follows from Hypothesis 1 and Lemma A.1 that

bkþ1ð2Þ < bkþ1, skð2Þ > 0 ¼ skð1Þ:

In addition,

r3kð2Þ ¼ rkð1� �Þ½1� skð2Þ�

< rkð1� �Þ ¼ r3kð2Þ,

r3kþ1ð2Þ ¼ 0:5rkþ1½1þ skþ1, cð1Þ�½1� bkþ1ð2Þ�

> 0:5rkþ1½1� bkþ1ð1Þ� ¼ r3kþ1ð1Þ:

It implies that

bk, að2Þ < bk, að1Þ, skþ1, að2Þ > skþ1, að1Þ:

Moreover,

r4kð2Þ ¼ rk�½1� skð2Þ�

< rk� ¼ r4kð1Þ,

r4kþ1ð2Þ ¼ 0:5rkþ1½1þ skþ1, að2Þ�½1� bkþ1ð2Þ�

> 0:5rkþ1½1� bkþ1ð1Þ� ¼ r4kþ1ð1Þ,

and

bk, cð2Þ < bk, cð1Þ, skþ1, cð2Þ > skþ1, cð1Þ:
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The base case is proved. Assume now n>0,

skþ1, jðnÞ > skþ1, jðn� 1Þ, bk, jðnÞ < bk, jðn� 1Þ, j ¼ a, c:

Then from Lemma A.2 we obtain

skþ1, jðnþ 1Þ > skþ1, jðnÞ, bk, jðnþ 1Þ < bk, jðnÞ, j ¼ a, c:

Therefore, skþ1, jðnÞ and bk, jðnÞ, j ¼ a, c, are monotonically increasing or decreasing,
respectively. Since they are bounded by 0 and 1 (Chiang et al. 2000a), they are
convergent. œ
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