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To satisfy a rapidly changing market and various requirements of customer
demand, many automotive assembly systems are designed to increase flexibility.
One way to achieve this is to have a system making multiple products through
split and merge. This paper presents an iterative approach to model such a kind of
flexible manufacturing system with common lines and dedicated branches to
process different products. The mathematical procedures, associated with the
justification of convergence and accuracy, are provided. A case study is presented
to illustrate the applicability of the method.
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1. Introduction

Flexibility allows a company to adjust its capacity and resources to make different
products in order to satisfy rapid market changes and various customer demand.
This has challenged the automotive industry due to many practical constraints that
limit flexibility. For example, a high-volume body shop normally is not designed to
produce vehicles that differ significantly in size and style. A system that can produce
any vehicle at any volume requires very high investment on flexible tooling and
fixtures and also very high maintenance costs. As an alternative, automotive com-
panies apply limited flexibility to their body shops to produce several distinguished,
yet closely related, models in one system. One approach to achieve this is to use split
and merge systems shown in figure 1, where two different products, 4 and C, are
produced. In figure 1, the circles represent the machines and rectangles are the
buffers. Dedicated production lines 4 and C are designed for specific processing of
the respective products, while the common processes before the split and after the
merge are shared for both products. At stations Start to Split, and stations Merge to
Finish, part types A and C have identical operations. At Split station, 4 and C type
parts will be specifically routed to its own line, for product-specific processing,
respectively, i.e., type A parts have to go through operations in Line 4, and type C
parts follow operations in Line C. At Merge station, both 4 and C type parts will be
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Figure 1. Multiple product split and merge system.

loaded sequentially for remaining processes (which are identical to both 4 and C
types) until the end of the line.

Such system layouts are used in body shops of different automotive companies.
Moreover, in some automotive paint shops, in order to maintain high paint quality,
similar system structures are applied where cars or trucks are regrouped by colours
and processed at specific painting booths and ovens. Such systems have obvious
advantages, for instance, straightforward design, easy floor control, less expense,
etc. However, one of the disadvantages is that it is difficult to analyse effectively
system performance due to a lack of analytical methods and tools.

Performance analysis of single-product manufacturing systems has attracted
tremendous attention (see reviews by Dallery and Gershwin 1992; monographs by
Buzacott and Shanthikumar 1993; Gershwin 1994; and representative papers by
Dallery et al. 1988, 1989, Di Mascolo et al. 1991, Jacobs and Meerkov 1995,
Chiang et al. 2000a, b, 2001, Li 2003, 2004a—c, respectively). However, the study
of multiple-product manufacturing systems is quite limited. Nemec (1999) presents
a decomposition method to analyse a synchronous transfer line which processes
multiple products through dedicated buffers. A similar problem is addressed by
Colledani er al. (2003) with a different scheduling rule. Diamantidis and
Papadopoulos (2003) discuss a discrete unreliable merge system with a finite
intermediate buffer, which can be extended to process multiple products. Another
decomposition method for a deterministic multiple-part-type multiple-failure-mode
line is described by Syrowicz (1999), still dedicated buffers are assigned for different
products. In addition, Dallery (1999) studies a split and merge system by transform-
ing it into a disassembly/assembly system under the assumption that failures
and repairs of different machines have to occur exactly at the same instant in both
models. To our best knowledge, no effective analytical methods are available in the
current literature to analyse the performance of the multiple-product manufacturing
system illustrated in figure 1.

In order to design an effective and productive multiple-product manufacturing
system, quick and accurate analysis of the performance of such systems is necessary
and important. The main contribution of this paper is the development of a system-
theoretic approach for modelling and analysis of such systems. In this paper,
convergence and accuracy of the mathematical models or procedures are studied,
and it is shown that the system performance can be effectively analysed with satis-
factory accuracy. Moreover, a case study at an automotive body shop is introduced
to illustrate the applicability of the method.

The paper is structured as follows. Section 2 formulates the problem.
The recursive procedure of performance evaluation is introduced in section 3.
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Section 4 outlines a case study at an automotive body assembly system. The con-
clusions are formulated in section 5. All proofs are given in the Appendix.

2. Problem formulation

Consider a two-product manufacturing system shown in figure 2. The system con-
sists of one common main line (machines m; to my, my | to m,,, buffers By to B;_;,
By to By—y), and two dedicated lines (machines m;  to m; y,, i = a, ¢, buffers B;
to B; y.41) for part types 4 and C, respectively. At machines m; to my, ny to myy,
part types 4 and C have identical operations. However, type 4 parts have to go
through machines m, ; to m, y,, and type C parts follow m, | to m, y; . The follow-
ing assumptions pertaining to the machines, buffers and their interactions are
introduced:

(i) Each machine, my,...,my, m; y,...,m; My J = a.c, has two states: up and

down. When up, machine my, i = 1,..., M, or m; ,,j =a,c,n=1,..., M, is
capable of producing with the rate S; or S, , parts per unit of time (cycle),
respectively. When the machine is down, no production takes place.

(i) The uptime and the downtime of each machine, m,, i =1,...,M, or m; ,,
j=a,c,n=1,...,M;, are random variables distributed exponentially with

parameters p; and r;, or p; , and r; ,, respectively.

Remark 1: Assumption (ii) implies that p; and r; (respectively, p; , and r; ,) are the
failure and repair rates of machine m; (respectively, machine m; ,), respectively.
In other words, m;’s (respectively, m; ,’s) average up- and downtime are 1/p; and
1/r; (respectively, 1/p; , and 1/r; ,,), respectively. The exponential assumption is used
to simplify the analysis. An investigation of the validation of the exponential
assumption in production systems research is presented by Inman (1999). L]

(i) Each buffer, B, i=1,...,k—=1,k+1,...,M -1, or B;,, j=a,c, n=
I,...,M;+1, is characterized by its capacity N; or N, respectively.
In addition, 0 < N; < o0 or 0 < N; , < o0.

(iv) Part type 4 consists of y-100% of all products, 0 < y < 1, the rest are
type C. At machine my, type 4 parts must be routed to line 4 through B,
if it is not full. Type C parts are sent to line C through B, if it has available
spaces. There is no sequencing requirement for the system.

(v) Machine m; has probability y to load part type 4 and 1 — y loading part
type C each cycle.

Ba1 Mag Ma,M, Ba,,+1

{ 00
o — O~

Mi+1 Bry By—1 mum
OO

Bei Me Me,M. Be 41

o}

mi By

Figure 2. Structure of a two-product manufacturing system.
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(vi) Machine m; is blocked at time ¢ if downstream buffer is full at time ¢.
Machine m,, is never blocked. Machine . is blocked by line A4 if it produces
part type A and B, is full, while machine my is blocked by line C if it
produces part type C and B, is full.

(vii) Machine my_ takes parts from B, ,; . or B, ), 1 alternatively if they are
not empty (in other words, m;,, loads one part from line 4, then another
part from line C if both are available). When either buffer is empty, my
keeps loading from the other one.

Remark 2: Assumption (vii) implies that if both buffers are not empty, part types 4
and C will have equal probability to be loaded by machine ;. If one of the buffers
is empty, the other one has 100% probability being loaded. Such policy is also
referred to as circulating in some simulation packages. [

(viil)) Machine m; is starved at time ¢ if upstream buffer is empty at time 7. Machine
myy; is starved if both B, », 11 and B, 5, ., are empty. Machine m; is never
starved.

The problem addressed is as follows:

Problem: Given production system (i—viii), develop a method for evaluating the through-
put as a function of the system parameters.

The solution to the problem described above is given in section 3.

3. Performance evaluation

3.1 Approach outline

A system-theoretic method, referred to as overlapping decomposition, is presented by
Li (2003, 2004a—) to analyse the performance of complex production systems, for
instance, systems with rework loops, parallel lines, assembly/disassembly, feed-
forward lines, etc. The main idea of the method is to decompose the complex
system into a set of overlapped serial production lines, adjust the overlapping
machines to accommodate the effects of machines and buffers in other lines, and
introduce a recursive procedure to approximate the system performance. Finally, the
system throughput can be calculated when the procedure converges. In this paper,
we apply this idea in analysing system (i—viii). Detailed analysis introduced below
are designed specifically for this problem. To this end, we decompose the system
into four serial lines (figure 3), where machines m; and my,_, are the overlapping
machines:

Line 1: my,...,my, Bl""aBk—l;
Line 2: myq,...,my,, Bty By_1;
Line 3: My, My 15 .- ,mu’Ma, M1, Ba,la P Ba’Mn+1;
Line 4. my,me 1, ....m. p My, Beys.oo oy Be oy

If we know the throughput of each serial line, the system throughput (which
equals to that of line 2) is obtained. To calculate the throughput of each serial
line, the first machine’s blockage probability and the last machine’s starvation prob-
ability have to be known. Therefore we introduce virtual machines by taking into
account these probabilities to replace the first and last machines, respectively, and
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Line 3

Ba,l Ma,1 Ma, M, Ba_j\,ja+1

Line 1 _’}O_’_’Q{_ Line 2
o] A0
mi B Bl "L} O Q{EH Bt Batet. ML

Beyr o Mea Me M. Be 41

Line 4

Figure 3. Overlapping decomposition of systems (i—viii).

to calculate the line throughput and the probabilities of blockage and starvation of
the first and last machine in each serial line, respectively. Since these probabilities are
unknown, we introduce iterations.

First, we consider serial lines 1 and 2. Introduce virtual machine m} and miH
(where the superscripts denote the line numbers), which can be ‘viewed’ as machines
that are never blocked and starved, respectively. In other words, we consider the
blockage time of my and starvation time of my, as m)’s and m; +1’s downtime,
respectively. More specifically, we define:

rt = ri[1 — yProb{my is blocked by B, 1} — (1 — y)Prob{my is blocked by B, 1}],
riﬂ = ri41(1 — Prob{my is starved by B, y 1}Prob{my_, is starved by B, y 41}).
Then we select p) and p; 41 to satisfy the conservation of flow and obtain:

Pk =D+ — It
P12<+1 = Pi+1 T Tl — ’%H‘
Now using a serial line analysis method (which is described in detail in subsection
3.3), we can calculate the throughputs of lines 1 and 2, and the probabilities that n1;
is starved and my is blocked, respectively. ' _
Next consider lines 3 and 4, introduce virtual machines mi and m,’( 1 J=34,
we have:
12 = rpyProb{my is not starved},
r;3<+] = rr41Prob{my, is not blocked}(Prob{my., is starved by B, s 11}
+ 0.5Prob{my., is not starved by B, »/ 11})
= 0.5744 Prob{my._, is not blocked}(Prob{m, is starved by B, ys 41} + 1),
r;i = ri (1 — y)Prob{m, is not starved},
r£+1 = rr41Prob{my, is not blocked}(Prob{my. is starved by B, y 41}
+ 0.5Prob{my., is not starved by B, 5 4+1})
= 0.5ry 1 Prob{my is not blocked}(Prob{m, is starved by B, j; 11} + 1),
pl=pitri—rl, i=kk+1, j=ac
Note that for line 3, my,; has 100% probability to load from B, ;4 if it is
starved by B, ;41 and only 50% probability when it is not starved by B. y ;-
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Similarly, for line 4, my; has 100% and 50% probabilities to load from B, 1
if B, p,+1 is empty and not empty, respectively. Therefore, Prob{my is blocked by
B, 1}, Prob{my, is starved by B, y 11}, and Prob{my is blocked by B, }, Prob{my_,
is starved by B, j, 1} can be calculated. Now use these probabilities, and repeat this
process by alternating among lines 1-4 until it is convergent. Finally we obtain the
throughput estimation of the system. The recursive procedures implementing this
method are introduced next.

3.2 Recursive procedures
Introduce the following notation:
by, ; = Prob{machine my is blocked by B; |}, j=ua,c,
Skt1,; = Prob{machine my, is starved by B; y 11}, j=a.c,
b1 = Prob{machine my is blocked},

s, = Prob{machine m is starved}.

Let TP(-) denote the procedure to calculate the throughput of a serial line, and p;
be the throughput of line i. Introduce operators ®; and @, represent the calculations
of the blocking and starving probabilities of the first and last machines in a serial
line, respectively. Formally, the recursive procedure is as follows.

Procedure 1:

Line 2
(4 1) = rea 1 = et o), ()],
Do+ 1) =pryy + g — i+ 1),

52(” + 1) = TP(pl%’Jrl(n + l)a }’iJr](}’l + 1)=Sk+la cee »pM:rMaSM: Nk+17 s vNMfl)y

bii(n+1) = q’l(P/z(H(n A+ 1), ey (4 1), Sits - > Pars Tags Sz Ny - - - ,NMfl),

(1
Line 1
e+ 1) = 11 = by o(n) = (1 = p)by ()],
prn+1) = pi+ i = riln + 1),
Bin+1)= TP(pl,rl,Sl, P D+ 1), SN .,Nk_1>,
sin+1) = @z(pl,rl,sl,...,p,i(n+ 1), rh(n+ 1), Sk,Nl,...,Nk_1>, )

Line 3
R+ 1) =r(1 = [l = se(n+ 1],
prn+1) = pi+re — R+ 1),
(4 1) = 057 [1+ sppq, (][ = by (2 + D),
Prst(n+1) = pryt + Fy — s (n+ 1), 3)
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y(n+1) = TP(pL01+ D21+ 1, Sk Pt Ta 15 St - Py T b S,
P+ Db (14 1, St Nats o Nooag 1),

b+ 1) = &1 (pL0n+ 10,701+ 1), S P 15T 1St -5 Pa s T o S b,
Pipi(+ 1), (n+ 1,80, Ny 1o - Na,M(,+l)>

Scetan 1) = PR+ 1,700+ 1. S P13 St 5P bty T4 by Sa v,

Po(m+ 1,10 (n+ 1), i1, N1 - -aNa,M1+1)>
Line 4
i+ 1) = eyl = sin + D),
prn+ 1) = pp+re — Fi(n + 1),
i+ 1) = 0.5r [1+ S o+ DI = bgy (2 + D),
Pt (1) = pryy + Figy — rs (n+ 1), )
pa(n+1) = TP(P/i(” + D).+ 1), Sk persTe1s Se s - sDe, Mo Te M,» Se. M, »

P+ D), (n+ 1,80, Ny - -aNc,ML.+1)>

biln+ 1) = @y (ph01+ D, 70+ 1), SeoPe 1o Te 15 S - Pe s Fe vt Se
Pia+ 1D+ 1), Sk, Nets - L N, Mﬁ-l)a

Skp1.e(n+ 1) = B (PR + DO+ 1S Pt e 1St Pevs e s Se s
Pra(n+ D), i+ 1), S0, Ne s - -,NC,M,+1),

n=0,1,2,...,
with initial conditions
541,700 =0, b (0)=1, j=a,c.

Here TP(-), ®,(-) and ®,(-) are calculated through the aggregation procedure devel-
oped by Jacobs (1993). A detailed description is presented next.

3.3 Operators

Consider a serial production line consisting of M machines with parameters p;, ry,
Sty....Pavs v Sy, and M —1 in-process buffers with capacities Ny, ..., Ny_;.
According to Jacobs (1993), its performance can be analysed using the recursive
procedure introduced below.

Basically, the procedure consists of two aggregations: forward aggregation and
backward aggregation. In the backward aggregation, the last two machines, m1,, and
my_,, are aggregated into a single machine, m’, ;. Next m},_, is aggregated with
mys_o to result in mﬁ/[,z, and so on until all M machines are aggregated into a single
one mlf. Then, in the forward aggregation, the first machine, m,, is aggregated with
m5 to generate mzf and so on until all machines are again aggregated into a single
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machlne m - Then the procedure is repeated again. In addition, parameters ,o,/ , p,,
v and v are introduced to characterize the mean and variance of the throughput of
the forward and backward aggregated machine, respectively, and b and 3 are

blockage and starvation parameters, respectively. Formally, this process can be
represented as follows:

Procedure 2:

Backward aggregation i=M —1,...,1,

b 1) = 1 — TPl Do O SO, phar (4 Do rby (4 D, ST+ D N
Pl

pr(L+ 1) = p[1 — b1 + 1),
V(4 1) = [l = B2+ D]+ (L4 DB2(I+ 1),
oo ob
Sb(l+ ) S . . if Sl+1(l+ 1) = Sia
Sl — bl + el + St 4+ DbY(+ ey, if SPo(+1) < S,
2000+ DPIST( + 1) — pl(1 + 1)]

b _
nl+1= S+ )+ 1) :
5 200+ DISYI 4 1) — pl(1+ D
pil+1) = S+ DA+ 1) ’ )

forward aggregation i=1,...,M —1,

f TPy(p) 1+ D). (L 4+ 1), S/ 1+ D.pla (4 D (4 1D, SEa (4 1D, Ny)
slo+1)=1- :
P+

pl (4 1) = pei[1 = sl 1+ D],
V1) = v [l = s/ 4+ DI+ + Vsl + 1),

f Sit1s if S'if(l‘*‘ =S,
Sip(l+1)= P e of
Seni[l =L (T4 Dep 1+ S+ D]y (0 4+ Degy, i S[U+1) < Sy,
v _2p{+1(1+1) l+1(1+1) ol L+ 1)
i+ 1) =
St U+ 1+ 1)
/ 20/, + 1)[S,+1(1 +1) = pl, 0+ DT
pig(l+1)= 7 (6)
i+ 1, (+ 1)
where
" 28%r.p.
e = L s pi:Sieh viZLlpl:;’ i:ls"'yMa (7)
pitri (ri +pi)

with boundary conditions

plh=pi, F(h=r, SO=S, pll)=Se, vI)=v,
P =puys (D=1, Sy =Sy, o) = Syer, Vi) =y,



Modelling and analysis 4057

and initial conditions
PO =py r[O=r, S/O=S. p/0)=Se. v/(0)=v,

RO =p, O =ry S/O)=58. plO)=Se. WO =v, i=1l...M,
and TP,(p;,ry, Sy, pa,1r2, S5, N) is defined by (Jacobs 1993, Chiang et al. 2000a,
2001).

e Case I: S\ =5,=S

nraSlpi 2+ 1) = paer + e ™ p o
(p1 + )1 + r2)(prry — pare PNy rnton’ ®)
p:
Sr3(ry + 1)) + Nrira(pa + 1)’ PP
(P2 + r)IS(ry +12) + Nri(py +12)] reoory

where

_ (ry + 712+ p1 + p2)(pira — pary)

p (ri + )1 +p2)S

o Case 2: S1 <8,

Syesde"N + SieyBe”?N + Sy, Ce 2N
- AenN 4 Be:N 4 Ce 12N ’ ©)
where
A =110 +1r0[S(r + 12+ p2) — Sa(ry + 12+ po)l,
B = roap1S$Hl(S1 — So)(ry — r2) — (Sap1 + S1p2) — 0,

_e3(S, — Sje)A + Sie (1 - 5))B

C b
Siej(e; — 1)
1 5 )
- Si(r e S
Y1 285,5,(r1 + 1)(S; — S5) [Vl 1(r + 12+ pr) +1r2S5(r + py + 1)

—S185[(ry + 1) + (1) + 1)1+ p2) + (ripy + Vzpl)]],

vy — (8171 + S2r)0
285185(r1 +1)(S> — S))’

(10)

0= \/[51(71 + 13+ p2) = Salry + 12+ ) +4S1Sp 1.
o Case 3: S| > S,, by reversibility (Muth 1979, Jacobs 1993)
p:TP2(p23r2aS2aplarl7S15N)' (11)

In terms of the steady state of the procedure, the throughput of the serial line, P,
is defined through pj}.

p = lim o}, (1) = pj. (12)

Remark 3: Numerical experiments conducted by Jacobs (1993) and Li
(2004a) using procedure 2 have all resulted in convergent sequences, suggesting
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that operator @; is monotonic. In view of this, we introduce the following
hypothesis:

Hypothesis 1: Procedure 2 converges and Operator ®1(p1,F1s--sParsTars N1y ooy
Nyi_y) decreases monotonically with respect to py, and increases monotonically with
respect to ry.

Remark 4: Due to assumptions (vi) and (viii), procedure 2 implies that a blocking
before service time-dependent failure model is used in this study. Compared to
blocking after service operation-dependent assumption in some simulation software
packages, the difference in system throughput is typically small when N >0
(Buzacott and Shanthikumar (1993)). However, when N =0, the difference becomes
larger when the number of machines in the system increases. To correct this
discrepancy, based on our experience and experimental study, by setting N=0.2
(or a similar small number 0 < N « 1), the difference will be negligible. [

3.4 Convergence
By using the results from procedure 2, we obtain the following.
Proposition 1: Under Hypothesis 1, recursive procedure 1 is convergent, i.e.

lim sp(n) = s, LIm s (0) =S40, J=a,c,
n—00 n— o0

lim by 1(n) = byyy,  lim bk,j(n) = bk,ja Jj=ac,
n—o0 n—o0
lim p;(n)=p; i=1,...,4. (13)
n—00
Proof: See Appendix. ]

From conservation of flow, it follows immediately that

Corollary 1: Under assumptions (i—viii),
p1 =02 = P3 + Py (14)
Using the limits in (13), the system throughput can be evaluated as:

P = TP(pk+1 + F-15k+1, aSk+1, ¢» rk+l(1 - SkJrl,aschrl,(f)v

S/H—l"-"pM’rM’SMaNk+l"--7NM—1)'

(15)

3.5 Accuracy

In this paper, the accuracy of the estimation is investigated numerically. Dozens of
systems defined by the assumptions (i—viii) with various machine and buffer param-
eter settings are simulated by using the commercial simulation software Simul8
(http://www.simul8.com). Eight of the examples are shown in table 1. In all the
experiments we carried out, zero initial occupancy of all buffers and 5000 time
units of warm up period have been assumed. The next 50 000 time units of stationary
regime have been used to evaluate throughput statistically. The 95% confidence
intervals for all statistical estimates have been evaluated with 20 runs. The confidence
intervals throughout this paper are consistently less than £0.0020. In table 1,
p denotes the throughput obtained by simulation and p is the estimate using proce-
dure 1. It is shown in table 1 that the estimates return in an acceptable precision.
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Table 1.  Accuracy of throughput estimation (err% =(|p — pl)/(p) - 100%).
Machine Upstream Downstream Product A4 Product C Split probability
and common common dedicated dedicated and
buffer line, line, line, line, throughput
parameter  m;—my My =My My me.; and accuracy

Ex p; 0.10.10.1 0.10.10.1 0.10.1 0.1 y: 0.26
1 i 0.8 0.8 0.8 0.8 0.80.8 0.8 0.8 0.8 p: 0.8235
S; 111 111 11 1 p: 0.8220
N; 33 33 333 33 err%: 0.18
Ex p; 0.01 0.01 0.02  0.02 0.01 0.01  0.02 0.03 y: 0.32
2 r; 0.6 0.6 0.55 0.550.6 0.6 0.6 0.6 p: 0.9584
S; 111 111 1 1 0: 0.9327
N; 33 33 22 33 err%: 2.68
Ex p; 0.20.22 0.23 0.24 0.10.15 0.14 0.18 0.2 y: 0.15
3 0.250.1
r 0.83 0.86 0.86 0.84 0.93 0.95 0.87 0.950.9 p: 0.7285
0.850.94
S; 1111 11 11 111 p: 0.7173
N; 223 3 223 4332 err%: 1.54
Ex p; 0.13 0.1 0.09 0.11 0.150.12 0.05 0.04 y: 0.6
4 T 0.63 0.5 0.49 0.59 0.450.5 0.350.33 p: 09116
S; 1.6 1.8 1.71.5 1.10.8 1.20.9 0: 0.8972
N; 4 3 332 423 err%: 1.58
Ex p; 0.003 0.04 0.06 0.05 0.140.17 0.18 0.1 0.12 y: 0.7
5 i 0.8 0.9 0.77 0.84 0.650.79 0.68 0.6 0.7 p: 0.9088
S; 1312 1415 1.9 1.1 09 1.1 p:0.9300
N; 3 3 2222 222 err%: 2.33
Ex p, 0.02 0.03 0.04 0.05 0.06 0.07 0.08  0.09 0.11 0.13  y: 0.45
6 r 0.8 0.7 0.6 0.5 04030.2 0.40.30.2 p: 0.9031
S; 1.11.2 1.6 1.7 1.3141.5 131415 p: 0.9287
N; 2 2 3223 3223 err%: 2.83
Ex p; 0.050.08 0.08  0.06 0.07 0.150.130.17 0.150.12 y: 0.25
7 0.14 0.19
ri 0.6 0.72 0.65 0.63 0.69 0.57 0.64 0.52  0.66 0.49 p: 0.7194
0.65 0.68
S; 1.51.351.2 1.2 1.6 0.850.79 095 0.8 0.87 p: 0.7283
0.87 0.99
N; 23 2 1323 32122 err%: 1.24
Ex p; 0.1 0.13 0.08 0.11 0.05 0.06 0.09 0.25 y: 0.8
8 T 0.5 0.62 0.48 0.65 0.66 0.44 0.45 0.78 p: 0.7305
S; 1.11251 1.151.3 1.1 0.95 1.05 p: 0.7370
N, 32 2 233 32 err%: 0.89

Remark 5: The calculation of estimate (15) is much faster than simulation.
All examples analysed in table 1 using procedure 1 are carried out in less than 1s
on a 600-MHz PC. To compare, simulation takes at least 6 min.

4. Case study

4.1 Throughput estimation

The above method has been used for analysis of multiple-product manufacturing
systems with split and merge. A case study is described below. Figure 4 illustrates
a simplified layout of a body assembly system design (with shortened main line).
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Ba1 Ma,1 By Ma2 Bag Ma,3 Bg g Mad B, 5 Ma5 Bas

Bey Me1 Bega Me2 Bes Me3 Beg Mea Bes

Figure 4. Simplified system layout with shortened shared lines.

Table 2. Design parameters.

my—ms i 0.0023 0.0020 0.0020 0.0537 0.0169  r; 50.000 0.3636 0.3571 3.3333 0.4348
S, 1.2833 1.5333 1.5000 3.1167 1.4000 N, 22,1
Ma1-Mys  pe;  0.00450.0070 0.0010 0.0083 0.0187  r,;  0.8197 1.3158 0.1754 0.3333 2.0000
S,; 20500 3.1667 1.1000 1.2000 1.2167 N,; 111114
Mei—mes  pe;  0.0059 0.0131 0.0082 rei  0.8197 0.3704 0.3448 0.5000
0.0055
S.;  2.6667 1.0500 1.1833 0.9000 N 31114

Table 3. Sensitivity to machine downtime.

Downtime increment 5% 10% 15% 20% 25% 50% 100%
p jobs/(unit of time) 1.2781 1.2775 1.2770 1.2763 1.2756 1.2682 1.2170

The designed system parameters are shown in table 2. They are selected based on the
data provided by manufacturers, collected data from similar equipment in existing
systems, or the experimental results of new equipment, according to cost, capacity
and other requirements.

In addition, 60% of the products are part type A, the rest are part type C. Due to
confidentiality, the layout and data have been modified, they are for illustration
purposes only.

Using procedure 1, the calculated system throughput is 1.2785 parts/(unit of
time). We also use Simul8 to validate the design. The simulated throughput is
1.2628 parts/(unit of time). The difference is 1.24%. Therefore, the model is justified
in this case study and can be used for further analysis.

4.2 Sensitivity study

Due to the uncertainty of the data used in the design phase, system parameters (i.e.,
speed, mean time to repair, mean time between failure, etc.) during actual operations
usually will deviate from design parameters. To ensure an effective production,
a sensitivity study on system parameters is needed and should be an important
part of any system design. Below, sensitivity studies with respect to machine down-
time, uptime, speed and buffer capacity is introduced and shown in tables 3-7,
respectively.
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Table 4. Sensitivity to machine uptime.

Uptime decrement 5% 10% 20% 25% 50% 60% 75%
p jobs/(unit of time)  1.2783  1.2780  1.2773  1.2769  1.2731  1.2637  1.2010

Table 5. Sensitivity to machine speed.

Speed decrement 1% 2% 3% 5%
p jobs/(unit of time) 1.2662 1.2531 1.2417 1.2181

Table 6. Individual machine sensitivity to speed.

m my ms my ms My, Myo

(p(S; — &) — p(S)))/8 0.992 0.001 0 0 0 0 0
mg 3 My 4 My, s m, | M. o me 3 M 4

(p(S; = 8) — p(S5:))/8 0 0 0 0 0 0 0

Table 7. Sensitivity to buffer capacity.

N1:1 N2:1 Na,ézl N(J:] N&S:Z N(,.S:l N,:l,vl

p jobs/(unit of time) 1.2758 1.2785 1.2785 1.2785  1.2785  1.2754 1.2653

4.2.1 Sensitivity to machine downtime. In table 3, all machine downtimes are
increased by 5-100%. The system throughput is evaluated using procedure 1.

From table 3, it is clear that the designed system, relatively, is not sensitive to
machine downtime. Even when machine downtimes are increased over 50%, the
decrease on throughput is negligible.

4.2.2 Sensitivity to machine uptime. Similar study is conducted for sensitivity with
respect to machine uptime. For this study, in table 4, all machine uptimes are
decreased by 5-75%. It is shown that the system is also not sensitive to machine
uptime. A 60% decrease in machine uptime only has minimum effect on system
throughput.

4.2.3 Sensitivity to machine speed. In table 5, all machine speeds are decreased by
1, 2, 3 and 5%. Obviously, although the current design is not sensitive to machine
uptime or downtime, it is somewhat sensitive to machine speed.

Since the system is relatively sensitive to machine speed, we investigate next
which machine is the most sensitive one. In other words, we need to find out machine
i such that

p(S; — 8) — p(S;) - P(Sj -8 — P(Sj)
1) 1) ’

Vi#£i,0 <8< 1.
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In Chiang (2001), such machine is referred to as c-bottleneck machine. It is
shown in table 6 that machine m; is the most sensitive machine. Therefore, it is
important to verify that all machines operate at the designed speeds, in particular,
machine m1,.

4.2.4 Sensitivity to buffer capacity. Finally, sensitivity study with respect to buffer
capacity is carried out. Various buffer capacity settings are assigned in table 7.
It turns out that reducing buffer capacities will not affect system throughput drama-
tically. Therefore, more improvement in reducing inventory cost can be obtained in
this direction.

5. Conclusions

A system-theoretic approach, referred to as overlapping decomposition, was pre-
sented to model and analyse the performance of multiple-product manufacturing
systems. The convergence of the iteration procedures was proved analytically and
the accuracy of the estimates was evaluated numerically with satisfactory precision.
A case study for analysis of a two-product body assembly system design was intro-
duced to illustrate the applicability of the method. Note that the method described
is not only applicable to the automotive industry, but also can be used in other
manufacturing industries.

In addition to analysing the multiple production system described, the study of
fully flexible production lines where each machine is capable of processing different
products (in some cases, it is referred to as product or model mix lines) is an
important and challenging problem, in particular when many production systems
are becoming more flexible. This will be one of the directions in future work.

Appendix: Proofs of subsection 3.2

To prove Proposition 1, the following two Lemmas are needed:

Lemma A.1: Under Hypothesis 1, operator ®>(p1,r1,.-- Pa>Tars Nis---> Nyg—1) s
monotonically decreasing with respect to pys, and increasing with respect to ryy.

Proof: Follows from Hypothesis 1 by reversibility of production lines (Muth 1979,
Jacobs 1993). ]

Lemma A.2: Under Hypothesis I, in recursive procedure 1, if syt (1) > siq j(n —1)
and by j(n) < by j(n—1),j =a,c, then spy (n+1) > 5,41 ;(n) and bkﬂj(n + 1) < by j(n).

Proof: If
Sk, j(0) > Spqr (= 1), by j(n) < by j(n—1), j=a,c, (A.1)
from (2), we have
rn+1) > rin),  prn+1) < pi(n).
It follows from Lemma A.l that
sg(m 4 1) > si(n). (A.2)
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Similarly, from (1) we have
T+ 1) <2y, prai(n+1) > pla().
From Hypothesis 1,
b1 (n+ 1) < by (). (A3)
For line 3, it implies that
R+ 1) =r(1 = [l = si(n+1)]
< 11 = [l = se(m)] = ri(n),
P+ 1) > pin).
P14 1) = 0.5r [ + s, (][ = by (2 + 1)]
> 0.5r1[1 4 g1, (1 — DI = by (W] = 1y (),
P13c+1(" +1) < P13c+1(”)~
Then from Hypothesis 1 and Lemma A.l, we have
bian 1) < b (), Spr.a(n+1) > s41.4(0).
Similarly for line 4, we obtain
R+ 1) = ryll — sin + 1)
< reyll = si(m)] = rt(n).
pin+1) > pi(n),
i+ 1) = 0.5 [ + st (I — bt (2 4 1)]
> 0571 [1+ Spt, o — DI = by (0)]
=r 2+1(n),
Plsi(n+1) < piiy ().
and

br,((n+1) < by (n), Siy1,(n+1)> 5541 (n).

Proof of Proposition 1: By induction. For n=0,
Sk+1,j(0) =0, bk,j(o) =1, j=a.c
For line 2, we have
() =1 Pra(D) = prga.
Then,
0 < by1(1) < T = byy1(0).
Similarly for line 1, we have

(1) =0, s(1)=0.
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For line 3, we obtain
() =r(l =),
(1) = pi + 1y,

ri 1 (1) = 0.5r 4 [1 + s, (O = by ()]
= 0.5r141[1 = bya (D] > 0,

pin() > 0.
Therefore,
0<br,l)<1l, 1>s4414>0.
Analogously for line 4, it leads to
(D) = rey,
P = pic+ 11 = p),
renr (1) = 057 [+ s (DI = by (D]
> 0,
(1) > 0.
Therefore,
0<br.(1)<1, 1>s5.4.(1)>0.
Continue this process for n=1, we obtain
Q) < =rea (D, 1@ >0 = (D),
it follows from Hypothesis 1 and Lemma A.1 that
bi1(2) < byr, sik(2) > 0 = si(1).
In addition,
(@ =1 =PIl = 5Q)]
<l =y) =)
M1 (2) = 0571+ s (DI = bga ()]
> 0571 [1 = bt (D] = ri (1).
It implies that
br,a(2) < b (D), Sk11,(2) > Spep1,o(D).

Moreover,
(2 = ryll — s,(2)]
< rey = ri(l),
1 (2) = 0.5r 1 [1 + 5c41.aQN = by (2]
> 0.5r1[1 = b (D] = g (D),
and

bk,c(z) < bk,c(l)> Sk+1,(r(2) > SkJrl,c(])'
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The base case is proved. Assume now n > 0,

Sgr1, /(1) > Spyy j(n—=1), by ;(n) < by j(n—1), j=a,c.
Then from Lemma A.2 we obtain

Seer 4+ 1) > se0 0, b 1) < b (), j=ac.

Therefore, 51 j(n) and by ;(n), j = a, ¢, are monotonically increasing or decreasing,
respectively. Since they are bounded by 0 and 1 (Chiang et al. 2000a), they are
convergent. ]
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