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Buffer capacity for accommodating machine downtime in serial
production lines

EMRE ENGINARLARfY, JINGSHAN LI,
SEMYON M. MEERKOV+t* and RACHEL Q. ZHANGS

This paper investigates the smallest level of buffering (LB), necessary to ensure the
desired production rate in serial lines with unreliable machines. The reliability of
machines is assumed to obey either exponential, or Erlang, or Rayleigh models.
The LB is measured in units of the average downtime, Tgow,- The dependence of
LB on the reliability model, the number of machines, M, the average uptime, 7',,,
and the efficiency, e = Typ/(Tup + Tdaown) is analysed. It is shown that reliability
models with larger coefficient of variation require larger LB, and an empirical law
that connects LB of the exponential model with those for other reliability models
is established. It is shown that LB is an increasing function of M, but with an
exponentially decreasing rate, saturatingat around M = 10. Also, it is shown that
LB does not depend explicitly on 7}, and is a decreasing function of e. Based on
these results, rules-of-thumb are provided for selecting buffer capacity, which
guarantee sufficiently high line efficiency.

1. Motivation

Machine downtime may, and often does, lead to loss of throughput in manu-
facturing systems. To minimize this loss, in-process buffers are used. If the capacity
of these buffers is very large, the machines are practically decoupled, and the system
production rate, PR (i.e. the average number of parts produced by the last machine
per unit of time), is maximized. We denote this production rate as PR, indicating
that it is attained when the capacity of the buffers is infinite. Obviously, large buffers
may lead to excessive inventory, long part-in-process time, low quality and other
manufacturing ills. Therefore, it is of interest to determine the buffer capacity, which,
on one hand, decouples the machines so that PR is sufficiently close to PR and, on
the other hand, is as small as possible. The goal of this paper is to characterize such a
capacity and, on this basis, establish ‘rules-of-thumb’ for selecting the buffers so that
PR is 95, or 90, or 85% of PR ..

In practice, both up- and downtime of the machines are random variables, even
in the case of the so-called scheduled downtime (for instance, tool change time).
In this paper, we model these random variables by three types of distributions:
exponential, Erlang and Rayleigh. The exponential distribution is intended to
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model up- and downtime with a relatively large variability (measured by the coeffi-
cient of variation, i.e. the ratio of the standard deviation to the average). The
coefficient of variation of Erlang distribution depends on the number of exponential
stages involved and is a decreasing function of the number of stages. Rayleigh distri-
bution is selected to model random variables other than exponential or Erlang.

Obviously, the capacity of buffers, which accommodate downtime, depends on
the average value of this downtime (denoted as Tjy,,).- Therefore, the rules-of-
thumb, sought in this paper, give the capacity of the buffers in units of 7y,,. For
instance, ‘k-downtime buffer’ denotes the capacity of a buffer that is capable of
storing the number of parts produced or consumed during k& downtimes. The
number k is referred to as the level of buffering (LB). Note that to accommodate
tool change time, production line designers usually select the buffers of one-down-
time capacity. It will be shown in section 6 that in many practical situations, this may
lead to 30% loss of system throughput.

Intuitively, LB may depend not only on the average downtime, 7,,, but also on
the average uptime, T, and on the machine efficiency, e, defined by:

Ty 1
e = = .
Tup + Tdown 1+ Tdown/Tup

Finally, it may depend also on the number of machines, M, in the system.
Therefore, this paper is intended to provide a characterization of the LB, necess-
ary to accommodate machine downtime, in terms of the following function:

LB = F (type of up- and downtime distribution; machine efficiency, e, or
Typ/ Tgowns number of machines in the system, M; average uptime, T,).
Roughly speaking, the results obtained in this paper are as follows.

(1) Production lines with machines having larger coefficient of variation of the
downtime require a larger LB. This implies that exponential machines need
larger LB than other distributions considered.

(2) LB for lines with Erlang and Rayleigh distributions is related to LB for lines
with exponential machines according to the following empirical law:

A
kA _ CVg .kex _ own ~kex
own )
Tdown

where A is the distribution of the downtime, K is the LB for exponentially
distributed downtime, k? is an estimate of the LB for downtime distributed

according to 4 and CV4,, is the coefficient of variation of distribution A
defined by:

A
A Odown
CVdown = T .
down

(3) Larger machine efficiency, e, or larger a = T,/ Tgowy requires a smaller level
of buffering. For example, in 10-machine lines with exponential machines,
this relationship is characterized by:

& (o) = —0.00150° + 0.0680% — 1.156a 4 9.8504, (1)
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where k(g is the smallest level of buffering necessary to achieve
PR = 0.9PR, in serial lines with exponential machines.

(4) LB does not depend explicitly on T, (i.e. it depends only on the ratio of T,
and Ty,,,, akin the machine efficiency, e).

(5 LB is an increasing function of M. However, this increase is exponentially
decaying saturating at about M = 10. For instance, if e = 0.9, this relation-
ship is described by the following exponential approximation:

M -2
g’fg(M)—0.045+4.365<1—exp[— = D Me[2,3,...). (2)

Justification of these conclusions and additional results are given in sections 6
and 7.

The results reported here are obtained using analytical calculations based on
aggregation (for exponential distribution), Markov chain analysis (for Erlang with
M =2), and discrete event simulations (for Erlang with M > 2 and Rayleigh dis-
tributions).

The outline of the paper is as follows: section 2 describes the relevant literature.
In section 3, the model of the serial production line under consideration is intro-
duced. The problem formulation is given in section 4. Methods of analysis used
throughout are outlined in section 5. The results obtained are described in sections
6 and 7. Conclusions are given in section 8. Notation is given in appendix 1.

2. Related literature

Buffer capacity allocation in production lines has been studied quantitatively for
over 50 years and hundreds of publications are available. The remarks below are
intended to place the current paper in the framework of this literature rather than to
provide a comprehensive review.

With respect to the machines, production lines can be classified into two groups:
unreliable machines with fixed cycle time and reliable machines with random pro-
cessing time. This work addresses the first group.

With respect to the machine efficiency, production lines with unreliable machines
can be further divided into two groups: balanced (i.e. the machines have identical up-
and downtime distributions) and unbalanced. This work first addresses the balanced
case and then extends the results to the unbalanced one.

Buffer capacity allocation in production lines, similar to those addressed here,
has been first considered in the classic papers by Vladzievskii (1950, 1951),
Sevastyanov (1962), and Buzacott (1967). A review of the early work in this area
is given by Buzacott and Hanifin (1978). In particular, Buzacott (1967) showed that
the coefficient of variation of the downtime strongly affects the efficacy of buffering.
In addition, Buzacott associated the buffer capacity allocation with the average
downtime and stated that buffering beyond five-downtime can hardly be justified.
These results are confirmed and further quantified in the present work.

Conway et al. (1988) also connected buffer allocation with downtime. They
showed that one-downtime buffering was sufficient to regain about 50% of produc-
tion losses if the downtime was constant (deterministic). They suggested that random
(exponential) downtime may require a twice larger capacity to result in comparable
gains. This suggestion is further explored in the current paper.

Another line of research on buffer capacity allocation is related to the so-called
storage bowl phenomenon (Hillier and So 1991). According to this phenomenon,
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more buffering should be assigned to middle machines in balanced lines. It can be
shown, however, that unbalancing the buffering in lines with downtime coefficient of
variation <1 results in only 1-3% of throughput improvement, if at all. (For further
details, see Jacobs and Meerkov 1995b where it is proved that optimal buffers are of
equal capacity, if the work is distributed according to the optimal bowl.) Since this
improvement is quite small, the present paper does not consider bowl-type storage
allocation and assigns equal capacity to all buffers in balanced lines and appropri-
ately selected unequal buffering in unbalanced ones.

Finally, there exists a large body of literature on numerical algorithms that
calculate the optimal buffer allocation (e.g. Ho et al. 1979, Jacobs and Meerkov
1995a, Glasserman and Yao 1996, Gershwin and Schor 2000). The current work
does not address this issue.

Thus, the present paper follows Buzacott (1967) and Conway et al. (1988) and
provides additional results on rules-of-thumb for buffer capacity allocation necessary
to accommodate downtime and achieve the desired efficiency of serial production
lines with unreliable machines.

3. Model

The block-diagram of the production system considered here is shown in figure 1,
where the circles are the machines and the rectangles are buffers. The following are
the assumptions concerning the machines, buffers and interactions among them (i.e.
blockages and starvations).

3.1. Machines

(1) Each machine, m, has two states: up and down. When up, the machine is
capable of producing one part per unit of time (machine cycle time); when
down, no production takes place.

(2) The up- and downtime of each machine are random variables distributed
according to either of the following distributions
(a) Exponential:

Sip(t) = pee™™', 120, } 3)
Jdown(t) = ree™" 120;
(b) Erlang:
13 0) = pge ot LB ):): 120
Erp - (rErf)Ril @
Siowa(t) = rge™ "™ R t>0;

Figure 1. Serial production line.
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(c) Rayleigh:

Ri 2, —pi. P2
. upa(t) = PRrale Prat’/ ) t>0

(5)

‘Ra 2 . k)2
. down(t) = TRale T/ ) t>0.

The expected T, and Ty,yy, the variances aﬁp and ¢3,,,. and the coefficients of
variation CV,; and CV,,,, of each of these distributions are given in table 1.

(3) The parameters of distributions (3)—(5) are selected so that machine efficien-
cies, e, and, moreover, T, and Ty, are identical for all reliability models,
ie.

1
— (exponential)

T
P pex

p =

P
=—(Erlang with P stages)
PEr

~1.2533

PRa

(Rayleigh);

1
Tiown = — (exponential)

R
=— (Erlang with R stages)
I'Er

~1.2533

I'rRa

(Rayleigh).

3.2.  Buffers
(4) Each buffer has the capacity N defined by
N = [deown]a

where [x] is the smallest integer > x and Ty, is measured in units of the
cycle time. Coefficient k € R, is referred to as the level of buffering.

3.3. Interactions among the machines and buffers

(5) Machine m;, i =2,..., M, is starved at time ¢ if b;_; is empty and m;_; fails
to put a part into b,_; at time 7. Machine m, is never starved.

(6) Machine m;, i=1,...,M — 1, is blocked at time ¢ if buffer b; is full and
m;y fails to take a part from b; at time ¢. Machine m ,, is never blocked.

Distribution Typ Tiown Tup Town CVip  CVioun
Exponential 1/pex 1/Fex 1/pa 1/r2 1 1

Erlang P/pcr R/I‘Er P/pEr R/]‘Er 1/\/? l/ﬁ
Rayleigh 1.2533/pra 1.2533/rra 0.4292)pR,  0.4292/r7,  0.5227  0.5227

Table 1. Expected value, variance and coefficient of variation of up- and downtime
distributions considered.



606 E. Enginarlar et al.

Assumptions (1)—(6) define the production system considered in sections 4-6. In
section 7, an unbalanced version of this system is analysed.

4. Problem formulation

The production rate, PR, of the serial line (1)—(6) is the average number of parts
produced by the last machine, m ,,, during a cycle time (in the steady state of system
operation). When the capacity of the buffers is infinite, the production rate of the
line, PR, is equal to

PR, = min(e,...,ey).

When the buffers are finite and selected according to assumption (4), PR is,
obviously, smaller. Let E denote the efficiency of the line, defined by

M
Heia 1)7
i=1

and ky be the smallest level of buffering necessary to attain line efficiency E.
The following are the problems analysed in this work: Given the production
system defined by (1)—(6).

PR
E=—— Ec
PR

(o) Analyse the properties of k; in production lines with identical machines. In
particular, investigate the dependence of k on the machine reliability model, e, M,
and Tup and, on this basis, provide rules-of-thumb for selecting k, for £ = 0.95, or
0.9 or 0.85.

(3) Extend results obtained to production systems with non-identical machines.

(v) Investigate production losses, measured by (PR, — PR;)/PR,,, when k =1,
where PR, denotes the production rate of the system (1)—(6) with LB = k. This case
is intended to model the current industrial practice used in the design of modern
production systems, where buffer capacity is selected using the ‘one-downtime’ rule.

Solutions of problems («) and (y) are given in section 6. Problem (3) is discussed
in section 7.

5. Methods of analysis
5.1.  Exponential machines

For M = 2 and exponential reliability model with parameters p; and r;, i =1, 2,
PR of the serial line defined by (1)—(6) is calculated by Jacobs (1993) to be

i Pip2tra) —palpy +r)e N i IA%Q
(p1+r)Pp2trs) pira —porie N ’ ry Ty

PR = (6)
ra(ri 4 1) + Nriry(py +1r2)° g PL_P2
(P2 +72)[r +ra+ Nry(py+7,)] ryoory)

where

(rit+ra+pi+p)Pir, —pary)
(ri+r2)(P1+p2)
For M > 2, no closed formula for PR is available. However, several approximation

techniques have been developed (Gershwin 1987, Dallery et al. 1989, Chiang et al.
2000). We use here the one developed in Chiang et al., since it is directly applicable to

8=
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model (1)—(6). It consists of the so-called forward and backward aggregation. In the
forward aggregation, using expression (6), the first two machines are aggregated in a
single machine, mé, defined by parameters pg and ré. Then mg is aggregated with m 4
to result in mé,which is then aggregated with m, to give mZ, and so on until all
machines are aggregated in m;/l In the backward aggregation, n, | is aggregated
with m ; to produce m},’v,,l, which is then aggregated with mfvhz to result in m},’v,,z,
and so on until all machines are aggregated in m}l’ . Then the process is repeated anew.
Formally, this recursive procedure has the following form:

b P .
pis+1)= , I<i<M-—1,
1 - Q(pf)+1(s+ l)ar?+1(s+ 1)31’{(3)3 r{(s)aNi)
b 1 .
ri(s+1) =— - — L 1<i<M-—1,
Q(pi+l(s+ l)ari+l(s+ 1)api (S)a r>i (S)aNi) +l
p r
p{(s+1): 7 7 P ) 2<1<M,
L= 0] (s +1),r}_ (s +1),p2(s + 1), 77 (s + 1), N; )
/ 1 ,
r»i(erl): 7 7 - p ’ 2<1§M,
Q(P‘i,l(SJrl),r‘i,l(SJr1),Pi(S+1),ri(S+1),Ni71)+l
p r
(7)
with boundary conditions
Pi(s)=p, ri(s)=r,
Phils) =p, ri(s) =r, (8)
S:O71727 )
and initial conditions
f _ S _ _ _
p;(0)=p, ri(0)=r, i=2....M—1, (9)
where function Q is given by
O(p1,r1,02,72,Ny)
(1—61)(1,—¢)’ if 21 P2
L= geo ryoor
P1(P1 +Pa)(ri+ 1)) gL _P2
(p1+ 1)1 +p2)(ry+12) Fpori(py +par+ 1y +r2)Ny) ryoory’
ei = & ) i= 1727
pitr;
¢:€1(1 — )

er(1—ey)’
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(ri+ry+py+p2)pira —pary)
(ri+r)p1+p2)

It is shown by Chiang er al. that this procedure is convergent, and the following
limits exist:

8=

lim p/(s) = p/, lim pl(s) = p?,

§—00 §—00

lim r{(s) =: r{, lim r2(s) =72, i=1,..., M.
§—00 §—00

Since the last machine is never blocked and the first machine is never starved, the
estimate of PR, denoted as PR, is defined as:

f b

= r ry
PR(plarlap23r27'"apMarMaNlaNZP"aNMfl):f—lwf”: b b (10)
p‘M‘i’r’M lerrl

It is shown by Chiang ef al. that this estimate results in sufficiently high precision.

5.2. Erlang machines

For M = 2 and Erlang reliability, PR can be calculated using the method devel-
oped by Altiok (1985). According to this method, each stage of the Erlang distri-
bution is treated as a state (along with all other states, defined by the occupancy of
the buffer). Since the residence time in each stage is distributed exponentially, a
standard Markov process description applies. To simplify calculations, a discrete
time approximation of the continuous time Markov process is utilized. Thus, accord-
ing to this method, the performance analysis of system (1)—(6) reduces to the calcula-
tion of the stationary probability distribution of a discrete time Markov chain. Once
this probability distribution is found, the production rate, PR, is calculated by
summing up the probabilities of the states where m, is up and not starved (Altiok
1985).

It should be pointed out that, due to the increase of dimensionality, this method
is practical only when the buffer capacity is not too large ( < 100). For systems with
larger buffers or with more than two machines, discrete event simulations seem to be
faster than the method described above, even if the Erlang distribution with only two
stages is considered.

5.3.  Simulations

Unfortunately, no analytical calculation methods exist for PR evaluation in
systems with Rayleigh machines. For production lines with Erlang machines and
M > 2, the PR calculations are prohibitively time consuming. Therefore, we analyse
these systems using discrete event simulations. It should be pointed out that the
analytical calculations are many orders of magnitude faster than the discrete event
simulation; for instance, calculation of PR on a PC for a line with 10 exponential
machines, using (7)—(10), takes about 3.5 sec, whereas discrete event simulation takes
>2 h.

The simulations have been carried out as follows: a discrete event model of line
(1)—(6) has been constructed. Zero initial conditions for all buffers were assumed and
the states of all machines at the initial time moment have been selected to be “up’.
First, 100000 time slots of warm-up period were carried out and the next 1 000000
slots of stationary operation were used to evaluate the production rate statistically.



Buffer capacity and downtime in serial production lines 609

The 95% confidence intervals, calculated as explained in Law and Kelton (1991),
were <0.0005 when each simulation was carried out 10 times.

5.4. Calculation of kg

The level of buffering, kj, which ensures the desired line efficiency £ (£ = 0.95,
or 0.9 or 0.85), has been determined as follows.

For each model of machine reliability, PR of line (1)—(6) was evaluated, first for
N =0, then for N = 1 and so on until PR reached the level of E - PR . This buffer
capacity, Ny, was then divided by Ty, (in units of the cycle time). This provided
the desired level of buffering k. Results of these calculations are described below.

6. Results: identical machines

Here, we assume that all machines obey the same reliability model and the
average uptime (respectively, downtime) of all machines is the same. Non-identical
machines are addressed in section 7.

6.1. Two-machine case
6.1.1. Exponential machines

Expression (6), under the assumption of p;, =p, =pandr, =r, =r,leads to a
closed form expression for k. Indeed, assuming that PR = E- PR, = E - r/(r + p),
from (6) it follows that the buffer capacity, N, which results in this production rate,

is defined by
21— e)(E—e)] . .
Ny = [ 21— E) 1 E>e, (1)

0 otherwise,

)

where, as before, [x] is the smallest integer > x. Therefore, for two-machine lines
with exponential machines LB is given by

2¢(E —e)
= 1-E

)

if £>e,

(12)
otherwise.

As follows from (12), LB depends explicitly only on machine efficiency e and is
independent of T,,. Also, (12) shows that k% is decreasing as a function of e for
e > 0.5EF and increasing for e < 0.5E. Since in most practical situations e > 0.5, we
consider throughout this paper only the machines with e > 0.5 > 0.5E.

The behaviour of ki for £ = 0.95, 0.9, and 0.85 as a function of 7\, /T gows (OF €)
is illustrated in figure 2.

6.1.2. Erlang and Rayleigh machines

Using Markov chain analysis for the Erlang case (with P= R =2 and
P = R =15) and discrete event simulations for the Rayleigh case, we calculate k?"
and k%a for £ =0.95,0.9 and 0.85. The results are shown in figure 3 (for 7, = 30)
and figure 4 (for T, = 60), where the exponential case is also included for compar-
ison.

Results shown in figures 2—4 lead to the following conclusions.

e LB for the Erlang and Rayleigh machines, akin the exponential case, is inde-
pendent of 7', (since figures 3 and 4 are practically identical).
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0.83

0.94

0.95

"
0 5 10 15 20
/T
up down
Figure 2. Level of buffering for exponential machines (M = 2, T, = 200).
e e
10 0.83 0.91 0.94 10 0.67 0.80 0.86 0.89
—— Ex
- N
8 8r v Ra
—d— Ers
6 [ 6 ..................
8
-!O
4t 4t
2t 2
0 0
o] ]
Tup ! Tdown
(a) PR = 0.95PR (b) PR = 0.9PR&
e
0.67 0.80 0.86
10 T T
—~ Ex
- Er,
8 ............................. —v_ Ra
- Erg
6 ................................ -
2
xD
4 .........................................
Tup / T<:Iown
(c) PR = 0.85PR,
Figure 3. Level of buffering for Erlang, Rayleigh and exponential machines (M = 2,

T,p = 30).
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e e
10 0.83 0N 0.94 10 0.67 0.§O 0.?}6 0.89
: —— Ex
8
6
4
2
0
0
Tup / Tdown
(2) PR = 0.95PR o (b) PR = 0.9PRs
e
10 0,@7 : O.gO 0.86
—-— Ex
- Efy
8 .............................. -~ Ra
—he— Ers
6 .................................. e
8
¥O
4 ....................................

T /T

up  down

() PR = 0.85PR.

Figure 4. Level of buffering for Erlang, Rayleigh and exponential machines (M = 2,
Typ = 60).

e Smaller variability of up- and downtime distributions of the machines leads to
smaller level of buffering, LB (since CVy > CVgp, > CVy, > CVg, and the
curves are related as shown in figures 3 and 4).

e Smaller machine efficiency, e, requires larger buffering, kr, to attain the same
line efficiency, E.

e Rules-of-thumb for two-machine lines:
e If PR = 0.95PR_ is desired:
() three-downtime buffer is sufficient for all reliability models if

e~ 0.85; and
(8) zero LB is acceptable if e > 0.94.

e If PR = 0.9PR_ is desired:

(o) one-downtime buffer is sufficient for all reliability models if ¢ ~ 0.85;
and
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(B) zero LB is acceptable if e > 0.88.

e If PR =0.85PR_ is desired, zero LB is acceptable for all reliability
models if e > 0.85.

6.1.3.  Empirical law

As pointed out above, calculation of kp is fast and simple for exponential
machines and requires lengthy discrete event simulations for Erlang and Rayleigh
machines. It would be desirable to have an ‘empirical law’ that could provide k for
Erlang and Rayleigh reliability models as a function of kj for exponential machines.
From the data of figures 2—4, one can conclude that such a law can be formulated as
follows:

kA - CVdown (13)

where A is the rehablhty model (i.e. the distribution of the downtime — either Erlang
or Rayleigh), CV4. . is the coefficient of variation of the downtime, kE is the esti-
mate of LB for reliability model 4, and k¥ is the LB for exponential machines
defined by (12).

The quality of approximation (13) is illustrated in figure 5 and table 2, where the
accuracy of (13) is evaluated in terms of the error, ﬂg, defined by

K — Kt
ﬂg: EkA E' (14)
E

As it follows from these data, I;% approximates kjé with_sufficiently high precision.
Moreover, since kj:-‘ > k4, selection of LB according to kj:i does not lead to a loss of
performance.

Empirical law (13) will be used below for the case M > 2 as well.

6.2. M-machine case, M > 2
6.2.1. Level of buffering as a function of machine efficiency

For various M, the level of buffering, k%, as a function of a = T,/ Tjown OF € is
shown in figure 6 for £ = 0.95, 0.9, and 0.85.

Polynomial approximations of these functions for M = 10 can be given as
follows:

ko os(ar) = —0.00350° + 0.1607a> — 2.6492a + 20.7627,
koo(a) = —0.00150° + 0.068a> — 1.156a + 9.8504,

koss(a) = —0.0007a° + 0.0361a> — 0.6635a + 6.2102.

For M = 10, graphs for kErP and k%a and their approximations according to (13)
are illustrated in figure 7 and table 3. These data indicate that the empirical law
results in acceptable precision for M > 2 as well.

Based on the data of figures 6 and 7, we conclude the following.

e Longer lines require larger level of buffering between each two machines.

e As before, larger machine efficiency requires less buffering.

e Rules-of-thumb for 10-machine lines with exponential machines:
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e e
0.83 0.91 0.67 . X .
10 0.94 10 0§O 0.86 0.89
- Ex : : —4— Ex
- Er, - Er,
8 — Ra 8F - 4+ Ra
e Eryg - Eryg
6t ~a- Er,appr 6h ~a- Er, appr
] -4&- Ra appr. 8 -A- Ra appr.
5 Er, , appr. 2
4 - s 4+t
; 3
0 0
0 5 10 15 0
Tup ! Tdown Tup ! Tdown
(a) PR = 0.95PR (b) PR =0.9PR,
e
. : 0.86
10 0.67 0 '80
—— Ex
- Er,
8 ................. a Ra
- Eryg
P T S —a- Er,appr
2 A~ Ra appr
2 - Er,,appr
4 e e ey ———————————

/T

up  down

(¢) PR = 0.85PRx

Figure 5. Level of buffering, kg, for Erlang, Rayleigh and exponential machines and
approximation, kg, using empirical law (13) (M =2, T\, = 30).

e If PR = 0.95PR_ is desired and machine efficiency e ~ 0.9, seven-down-
time buffers are required for exponential machines and 4.5-downtime for
Erlang (P > 2) and Rayleigh machines.

e If PR = 0.9PR_ is desired and machine efficiency e =~ 0.9, four-downtime
buffer is required for exponential machines and about 3-downtime for
Erlang (P > 2) and Rayleigh machines.

e If PR = 0.85PR, is desired and machine efficiency ¢ ~ 0.9, 2.5-downtime
buffer is required for exponential machines and about 2-downtime for
Erlang (P > 2) and Rayleigh machines.

e Zero LB is not acceptable, even if e is as high as 0.95 and E as low as 0.85.

6.2.2. Level of buffering as a function of the average uptime
For M =2, expression (12) states that kj is independent of 7,,. No analytical
result of this type is available for M > 2. Therefore, we verify this property using
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(a) E=0.95
Distribution e=0.8 e=0.85 e=09 r=0.94
Rayleigh 0.08 0.07 0.08 0.09
Erlang 2 0.06 0.05 0.05 0.06
Erlang 10 0.14 0.12 0.11 0.15
(b) E=10.9

e=0.7 e=0.75 e=0.8 e=10.85
Rayleigh 0.11 0.06 0.06 0.05
Erlang 2 0.07 0.09 0.08 0.10
Erlang 10 0.14 0.12 0.11 0.12
(¢c) E=0.85

e =10.65 e=0.7 e=0.75 e=0.8
Rayleigh 0.08 0.09 0.05 0.09
Erlang 2 0.09 0.08 0.11 0.07
Erlang 10 0.12 0.15 0.09 0.12

Table 2. Accuracy, ,ufé, of empirical law (13) as a function of
e (M =2,T,, = 30).

the aggregation procedure of Subsection 5.1. Calculations have been carried out for
ten-machine lines with T, =200 and T, =400, T,,/Tyou, € {1,...,20}, and
E €{0.85,0.9,0.95}. As it turned out, kg for T, =200 and T, =400 differ at
most by 0.1%. Therefore, we conclude that k% for M > 2 does not depend on T,
either.

6.2.3.  Level of buffering as a function of the number of machines

From figures 6 and 7, it is clear that ky is an increasing function of M. To
investigate further this dependency, we calculated kj as a function of M. The results
are shown in figure 8.

Clearly, although k% is an increasing function of M, the rate of increase is
exponentially decreasing and saturates at about M = 10. This happens, perhaps,
due to the fact that the machines, separated by nine appropriately selected buffers
become, to a large degree, decoupled.

The curves shown in figure 8 have a convenient exponential approximation. For
instance, if e = 0.9, these approximations are:

sutan =15+ 6255(1 —wp(-LL=2))

Soo(M) = 0.045 + 4.365(1 — exp <_ (M3—5 2)>>’
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Figure 6. Level of buffering for exponential machines with various M.

KS%s(M) = 0.045 + 3.061 <1 —exp <— %) > ,

Me2,3,...).

The quality of this approximation is illustrated in figure 9.

Figures 8 and 9 characterize k3 (M) for the exponential machines. Empirical law
(13) can be invoked to evaluate k(M) for Erlang and Rayleigh machines as well.
The behaviour of k(M) and k§*(M) obtained by simulation, and k3" (M) and
IEEa(M ) obtained from (13) is shown in figure 10; its accuracy (14) is characterized
in table 4. The conclusion is that empirical law (13) results in acceptable precision
for M > 2.

Based on the above results, we arrive at the following conclusions.

e Although longer lines require larger level of buffering, the increase is exponen-
tially decreasing as a function of M.
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Figure 7. Level of buffering , kg, for Erlang and Rayleigh machines and approximation, EE,
using empirical law (13) (M = 10, T, = 30).

e Roughly speaking, buffering necessary for M = 10 is sufficient to accommo-
date downtime in all lines with M > 10.

e Rules-of-thumb established in Subsection 6.2.1 remain valid for Erlang and
Rayleigh machines as well if the level of buffering is modified by the coefficient
of variation of the downtime.

6.3. Production losses for k =1

As it was pointed out above, one-downtime rule is often used by production line
designers. Performance of 10-machine lines with this buffer allocation is character-
ized in figure 11. As it follows from this figure, if e = 0.9, throughput losses are about
30% of PR, if machine reliability is exponential and about 25% if it is Er,. Thus, the
‘one-downtime’ rule may not be advisable if high line efficiency is pursued.
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(a) E=0.95
Distribution e=038 e=10.85 e=09 r=0.94
Rayleigh 0.09 0.05 0.06 0.08
Erlang 2 0.11 0.12 0.14 0.13
Erlang 10 0.12 0.10 0.09 0.11
(b) E=0.9

e=0.7 e=0.75 e=0.8 e=10.85
Rayleigh 0.07 0.08 0.09 0.05
Erlang 2 0.14 0.11 0.08 0.16
Erlang 10 0.09 0.10 0.12 0.11
(c) E=10.85

e =10.65 e=0.7 e=0.75 e=0.8
Rayleigh 0.08 0.12 0.11 0.10
Erlang 2 0.12 0.12 0.15 0.16
Erlang 10 0.08 0.12 0.12 0.09

Table 3. Accuracy, ,ufé, of empirical law (13) as a function of
e (M =2,T,, = 30).

7. Extension: non-identical machines
7.1.  Description of machines

Identical machines imply that up- and downtime obey the same reliability model
and the average uptime (respectively, downtime) of all machines is the same. Non-
identical machines mean that either or both of these assumptions is violated. The
goal of this section is to extend the results of section 6 to non-identical machines
assuming, however, that the efficiency, e, of all machines is the same. This assump-
tion is made to account for the fact that in most practical cases all machines of a
production line are roughly of the same efficiency. To simplify the presentation, we
consider only two-machine lines here.

In this section, each machine, m;, i = 1,2, is denoted by a pair {A(p;), B(r;)},
where the first symbol, A(p;) (respectively, the second symbol B(r;)) denotes the
distribution of the uptime (respectively, downtime) defined by parameter p; (respect-
ively, r;); the subscript i indicates whether the first or second machine is addressed.
For instance, {Ers(p,), Ex(r,)} denotes the second machine of a two-machine line
with the uptime being distributed according to the Erlang distribution with five
stages, defined by parameter p,, and the downtime distributed according to the
exponential distribution, defined by parameter r,. Obviously, in this case the average
up- and downtime of the second machine are 5/p, and 1/r,, respectively. Note that
in these notations, the systems considered in section 6 consist of machines

{Ap), A(r))} pi=p,ri=rVYi=1,..., M.

7.2. Cases analysed
To investigate the properties of LB in production lines with non-identical
machines, the following five cases have been analysed:
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Figure 10. Levels of buffering k?”, kR and their approximations according to (13) as a

function of M (T, = 30, ¢ = 0.95).

Case 1: Non-identical T\, and Tyoyy,- Specific systems analysed were:

{Ex(p1), Ex(r1)},  {Ex(p,),Ex(ry)},

{Ra(py),Ra(r)}, {Ra(p,),Ra(rs)},
{Era(p1), Era(r1)}, {Era(p2), Era(r2)},
{Ers(p1), Ers(r1)},  {Ers(p), Ers(ra)},

Pr=2p1,ry=2ry.
Case 2: Non-identical up- and downtime distribution laws. Systems considered here

were:
{EX(p 1)7 Ra(rl)}a {Ex(pZ)a Ra(’AZ)}a

{Ers(py), Ery(ry)}, {Ers(pa), Ery(ra)},
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(a) E=0.95
Distribution M=5 M =10 M=15 M =20
Rayleigh 0.09 0.09 0.07
Erlang 2 0.10 0.08 0.07 .
Erlang 10 0.11 0.09 0.12 0.12
(b) E=10.9

M=5 M =10 M=15 M =20
Rayleigh 0.12 0.11 0.15 0.08
Erlang 2 0.14 0.08 0.09 0.11
Erlang 10 0.09 0.09 0.10 0.06
(¢c) E=0.85

M=5 M =10 M=15 M =20
Rayleigh 0.10 0.07 0.09 0.14
Erlang 2 0.14 0.11 0.09 0.16
Erlang 10 0.16 0.12 0.14 0.15

Table 4. Accuracy, ,ufé, of empirical law (13) as a function of
M (e =2,T,, = 30).

{Ery(p1), Ers(ry)}, {Ery(p,),Ers(ra)},

Pr=DP1, "2=1"ry.

Case 3: Non-identical up- and downtime distribution laws, non-identical T,

T yown- Systems studied here were:

{Ex(pl)aRa(rl)}a {Ex(pZ)aRa(rZ)}a
{Ers(p1), Ery(r1)}, {Ers(p,),Eny(r2)},
{Era(p1), Ers(r1)}, {Era(p,),Ers(ra)},

P2=2py, ry=2ry.

and

Case 4: Non-identical uptime distribution laws, non-identical downtime distribution

laws. The systems analysed were:

(Ex(p1),Rar)}, {Ers(po), Bx(ra)}, o=
(Enp0) Ers(ri)), (Erspa), Ers(ra), ==,
1 1.2533

(Rap ), Ex(ri)}. {Eny(po). Rara)}, =~
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Figure 11. Performance of 10-machine lines with k% = 1 as a function of e.

Case 5: Non-identical uptime distribution laws, non-identical downtime distribution
laws and non-identical Ty, and Ty,yy,- The systems investigated here were:

(Bx(p1). Rary), {Ers(pa), Bx(r2)}, ==
5 4

{Era(p1), Ers(ry)}, {Ers(p,), Era(ra)}, ::E’

(Ra(p1), Ex(r)}, {Brs(pa),Ra(r2)), = 2208

7.3. Results obtained

We provide here only the summary of the results obtained. More details can be
found in Enginarlar et al. (2000).

The main result can be formulated as follows. The selection of LB for a two-
machine line with non-identical machines can be reduced to the selection of LB for a
two-machine line with identical machines, provided that the latter is defined appro-
priately. Specifically, consider the production line {A(p,), B(r)}, {C(p,),D(r,)}.
Without loss of generality, assume that the first machine has the largest average
downtime, i.e. Tgown, > Tdown,» and the second machine has the largest coeflicient
of variation of the downtime, i.e. CVyqyn, < CVyoun,- Assume that the LB sought is
in units of the largest average downtime, i.e.

N

Tdownl

ki

Then, the level of buffering for the line
{A(p1), B(r1)},{C(p,),D(ra)}

can be selected as the level of buffering of the following production line with identical
machines
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{D(p), D(r)},{D(p),D(r)},
where p and r are selected as follows:
ED(r){tdown} = EB(rl){tdown}
ED(p){tup} = EA(pl){tup}'

Here Eg(,{t} denotes the expected value of random variable 7 distributed according
to distribution R defined by parameter v.

Thus, selecting LB for two-machine lines with non-identical machines is reduced
to the problem of selecting LB for lines with identical machines, the solution of
which is given in subsection 6.1.

8. Conclusions

Based on this study, the following rules-of-thumb for selecting the level of buf-
fering, kg, in serial production lines as a function of machine efficiency, e, line
efficiency, E, number of machines, M, and the downtime coefficient of variation,
CVown» can be provided.

(1) If all machines are identical and obey the exponential reliability model, k%
can be selected as indicated in table 5. If the number of machines in the
system is substantially less than 10, the level of buffering can be reduced by
using the data of figure 8.

(2) If the machines are identical but not exponential, all k% from table 5 should
be multiplied by the coefficient of variation of the downtime, CV 4. For
machines with Erlang and Rayleigh reliability models, this leads to about
50% reduction of buffer capacity. This might justify the effort for evaluating
not only the average value of the downtime but also its variance.

(3) If the machines are not identical, the capacity of the buffer between each pair
of consecutive machines can be chosen according to

Ni = [k? 'maX{CVdownH ) CVdown,} ~max{ Tdown,,la Tdown,}—la i=1 M -1

geeey 5

where k% is selected from table 5.

It should be pointed out that this paper does not address the issue of which line
efficiency should be pursued —0.95, 0.90 or 0.85. However, given the data of table 5,
it is reasonable to conclude that £ = 0.95 might require too much buffering, as far as
practical considerations are concerned (unless the downtime variability is very
small). Efficiency E = 0.85 might be too low for many industrial situations.
Therefore, it seems reasonable that the second column of table 5 provides the

e E=0.385 E =090 E=095
0.85 3.5 5 10
0.90 2.5 4 7
0.95 1.5 2.5 4.5

Table 5. Level of buffering, k%, as a function of
machine and line efficiency.
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most important practical information. This information defines how ‘lean’ a produc-
tion line could be to result in a reasonable performance.
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Appendix 1: Notation
b; ith buffer,
CV coeflicient of variation,
e machine efficiency,
ex exponential distribution,
E production line efficiency,
Egry{t} expected random variable ¢ distributed according to R(v),
Er Erlang distribution,
kp smallest level of buffering necessary to achieve line efficiency E,
LB level of buffering,
ith machine,
M number of machines in the line,
N Dbuffer capacity,
Ny buffer capacity necessary to achieve line efficiency E,
p parameter of the uptime distribution,
PR production rate,
PR, production rate when the capacity of all buffers is infinite,
PR, production rate when the level of buffering is k,
O function defining the aggregation procedure,
r parameter of the downtime distribution,
Ra Rayleigh distribution,
s step of the aggregation procedure,
average machine uptime,
Tyown average machine downtime,
o standard deviation, and
v accuracy of the empirical law.
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