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Abstract In this paper, we present an approximation
method to estimate the production rate of re-entrant
lines with unreliable exponential machines having iden-
tical processing times, finite buffers, and last buffer
first serve scheduling policy. Recursive procedures are
developed and structural properties are investigated.
The results show that the proposed method provides an
acceptable accuracy in production rate approximation
for re-entrant lines.

Keywords Re-entrant lines - Production rate -
Serial lines - Iteration procedures

1 Introduction

In many manufacturing systems, parts need to visit one
or more machines multiple times. Such systems are
referred to as re-entrant lines. For instance, multiple
layers of material are imprinted on the wafer layer by
layer in semiconductor manufacturing process. In au-
tomotive powertrain manufacturing plants, the ignition
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components are washed multiple times in order to keep
them clean during production. Due to its wide applica-
tions in many manufacturing industries, in particular,
in semiconductor and electronic manufacturing, the
analysis, design, and management of re-entrant lines
have significant importance.

Although a substantial amount of research effort
has been devoted to throughput analysis of production
systems, from serial lines to assembly lines and systems
with complex operations, such as rework, parallel, split,
merge and closed loops, etc. (see reviews [1-3] and
monographs [4-7]), the study on performance analysis
of lines with re-entrant operations is still limited. Most
of the research effort on re-entrant lines focuses on
studying the scheduling and control policies; less work
is devoted to performance evaluation, in particular,
of lines with unreliable machines and finite buffers.
Queueing network model, fluid model, and mean value
analysis have been the tools in re-entrant line research
(see, for example, [8-13]). However, in these studies,
infinite buffer capacity is typically assumed so that the
blocking phenomenon is ignored. Stochastic petri-net
provides another approach for analytical study of re-
entrant lines (e.g., [14-17]). Analytical formulation for
scheduling policy can be obtained using these methods.
State space explosion can be one of the difficulties
encountered in this method. The effort to overcome
this difficulty has been made in recent studies [18].
Moreover, research has been carried out for systems
with similar features to re-entrant lines, such as mul-
tiple part types, rework loops, etc. [19-25]. To extend
the results to make them applicable to re-entrant lines,
substantial effort is still required. In addition to analyt-
ical approaches, discrete event simulations have been
used as a popular tool for re-entrant line studies to
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evaluate performance, analyze scheduling and control
policies, etc. (for example, [26-28]). Although detailed
results can be obtained using simulations, long model
development time and significant computation intensity
limit its application.

Therefore, in spite of these advances, developing an
efficient analytical method to estimate the performance
of re-entrant lines is still needed [3, 29]. This paper
is intended to contribute to this end. Specifically, as
a starting point, we study the re-entrant lines with
synchronous unreliable exponential machines and fi-
nite buffer capacities, i.e., all machines have identical
cycle times and exponential up- and downtime. Lines
with non-identical cycle times and non-exponential ma-
chines will be studied in future work. Since priority
scheduling policy is typical in re-entrant lines, i.e., more
processed jobs have higher priority than less processed
ones, which is also referred to as last buffer first serve
(LBFS) policy and has been shown as a stable policy
[8], we focus our effort on re-entrant lines with LBFS
scheduling policy.

The remaining part of the paper is structured as
follows: Section 2 formulates the problem. The mod-
eling and analysis method is presented in Section 3.
Conclusions are given in Section 4.

2 Problem formulation

A typical structure of the re-entrant line under con-
sideration is shown in Fig. 1, where the circles repre-
sent the machines and the rectangles are the buffers.
The machines, the buffers, and their interactions are
addressed by the following assumptions.

1) The system consists of M machines and 2M — 1
buffers separating two consecutive machines. The
first time jobs are processed at machines m;, i =

., M, and buffers by;, i=1,..., M — 1. After
first time processing at machine m1, all jobs are sent
to buffer b,y, waiting for second time processing.

Fig.1 Re-entrant lines N
11

Al

D/\@/

7&2]1

Then, the jobs are reprocessed at machines m; to
myy, but through buffers by, i =1,..., M — 1. Jobs
leave the system after being processed at m, for the
second time.

2) All machines have identical processing times, nor-
malized as one unit of time. The time is slotted as
cycle time.

3) The up- and downtime of machine m; are random
variables exponentially distributed with parameters
A; and p;, respectively. In other words, A; and pu;
are failure and repair rates, respectively, and 1/2;
and 1/u; are the average uptime and downtime,
respectively.

4) Each buffer by, k=11, 12, ..., (1, M — 1), 20, 21,
22,...,(2, M — 1), has capacity Ni, 0 < Ny < oo.

5) Machine m;,i = 1,..., M — 1, is blocked by the first
(respectively, second) time job at time ¢ if it is up,
buffer by; (respectively, by;) is full and machine m1;44
does not take part from it at time ¢. Machine m; is
blocked by the first time job at time ¢ if it is up, buffer
by is full, and machine m, does not take part from
b, at time t. Machine m, is never blocked by the
second time job.

6) The second time jobs have higher priorities than the
first time ones. In other words, when it is up, ma-
chine m;, i =2,..., M — 1, always takes part from
buffer b, ;_; if it is not empty and m; is not blocked
by b,;; otherwise, it will take part from buffer b ;_;
if it is not empty and m; is not blocked by b ;. When
machine m; is up and is not blocked by b, it takes
part from buffer by if it is not empty; otherwise,
new part will be loaded to be processed at m, if it is
not blocked by b |,. Machine m,, will take part from
b, p—1 if it is not empty; otherwise, m ), loads from
b1 pm- if it is not empty and my, is not blocked by
bzo.

7) Machine m;, i =2,..., M, is starved if it is up, both
buffers b;-; and b,;_; are empty, and their up-
stream machines fail to send any part into them.
Machine m; is never starved by the first time job.
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Let PR be the production rate of the system, i.e., the
average number of finished parts (after second process-
ing) produced by the last machine 1, per unit of time.
The problem addressed in this work is formulated as
follows:

Given production system 1-7, develop a method
to calculate the production rate as a function of
the system parameters and investigate structural
properties.

A solution to the problem is presented in Section 3.

3 Modeling and analysis
3.1 Idea of the approximation

The main difficulty of analyzing re-entrant line is that
the machines are used for multiple processing of jobs.
In addition to the complexity caused by blocking and
starving, which is typically in serial lines, more dif-
ficulties, from the allocation of machine capacity to
multiple processing of jobs, the priority loading and
the dedicated dispatching policies, etc., make the exact
analysis of system performance impossible. Therefore,
approximation method is pursued in this work. Specifi-
cally, an iterative approach is developed to estimate the
production rate of a re-entrant line with exponential
machine reliability models. The idea of the method is
to represent an M-machine re-entrant line in Fig. 1 by
a 2M-machine serial line (see Fig. 2 for illustration).
The first M machines (denoted as m| to m’y,) charac-
terize the operations dedicated for the first time jobs
and the second M machines (denoted as m/ to m’y,) for
the second time jobs. Such an equivalence represents

Fig. 2 Equivalent serial lines | N,

the path of the part flow within the system, i.e., they
start visiting m to my, for first time processing, then,
through buffer b, they return to m, to my, for second
time operations. The parameters of the machines (1]
andm},i =1, ..., M) are modified to take into account
the shared processing of the first and second time jobs
on them. Then, an iterative procedure is introduced
to estimate these parameters recursively. When the
procedure is convergent, an approximation of system
production rate can be obtained.

To obtain the parameters of the modified machines,
m;andm,i=1,..., M, an allocation of machine m; to
the first and second time jobs needs to be estimated.
Since the second time jobs have higher priority than
the first time ones, when the machine is up, m;, i =
I,..., M —1, will load and process parts from buffer
b, ;- if it is not blocked by b,; and starved by b, ;.
Machine m s will carry out the last operation on jobs
from b, p—; if it is not empty and release the finished
products when the work is completed. However, for the
first time jobs, m;, i =2, ..., M, will load from buffer
b1;-1 only when the operations on second time jobs
are not feasible (i.e., m; is either starved or blocked by
second time jobs). Similarly, a new job will be loaded
by m; only when b, is empty or m; is blocked by b»;.
Therefore, it is equivalent to claiming that m; is ready
to process second time jobs as long as it is up, while it is
allocated to first time jobs only when it is up and cannot
work on second time jobs. Thus, machines m can keep
the same parameters as m;; however, the parameters of
m; need to be modified by enlarging their downtime.
In other words, from the point of view of the first time
jobs, the time when machine m; is working on second
time jobs is viewed as “downtime,” since during such
time, the machine is not available to the first time jobs.
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Since, compared with uptime, machine downtime
typically has larger impact on system performance, we
modify downtime parameters, u;, i =1, ..., M, first.

wl=pwi, i=1,...,M,
wu; = p;(Prob[b,,_; is empty] + Prob[b, is full]
— Prob[b,;_ is empty]Prob[b, ; is full]),
i=1,...,.M—1,
why = niProblby p— is empty].

The parameters of A; are modified so that the efficiency
of the modified machine equals
e/./ =€ = L,
Ai + i
e; = e¢;(Prob[b, ;_ is empty] + Prob[b, is full]

i=1,..., M,

— Prob[b,;_ is empty]Prob[b, ; is full]),
i=1,....M—1,
ey = eyProblb, y—; is empty].
Therefore, we obtain
A= i+ i — )

M=k, i=1,..., M.

Since the probabilities of the buffer being empty
or full are unknown, we introduce iterations. At the

3.2 Recursive procedures

Clearly, in order to carry out the above procedure, a
serial line analysis method is needed. Such a method
has been developed in [7] and [20]. To make this paper
self-contained, we introduce the method below:
Consider an M-machine serial production line with

machine parameters A;, u;, i = 1, ..., M, and buffer pa-
rameters N;,i =1, ..., M — 1. In addition, all machines
have identical cycle times, ¢; =1,i=1,..., M. Then,
we have

Procedure 1

u U4+ 1) = pi — i QAL+ D), ppy L+ 1),

WO, w0 Ny =1, M1,
MI+D) =r+w—pnld+ 1), (1)
wl A+ D) = i — QL A+ D] W+ D),

AA+ D), u2d+1), N, i=2,---, M,

WA+ = =] A+ 1),

with boundary conditions

f f b b
A (D=n, D=1, Ay =in, D=pm,
first step, assuming these probabilities are known, us- 1O=4r pih=m mO=hu ey O=pu
ing a serial line analysis method, we analyze the 2 M- [=0,1,2,...,
machine serial line with the modified parameters and
obtain the probabilities that buffers b,, | and by, i =  and initial conditions
1,..., M, are empty and full, respectively. Then, using f ! .
’ ’ ’ A 0) = A 1l (0) = i, =2,---, M- 1.
these probabilities, we conduct the second iteration and O i O =g !
continue until the procedure is convergent. where [/ is iteration number, and
(I—-e)d—9) LM, M
T _ BN if —#—,
1 — ¢e 1231 M2
O, i, Aoy p2, N) =
(A + A2) (1 + p2) /(g + 1) if A A
(ki 4+ 22) (1 + p2) + Aapi (A + 2o + pi + 1) N M g2
ei(l —e)
o =—— @)
ex(l —ey)
f = A1+ 22+ w1 + o) (M — Aajtr)
A1+ A2) (1 + p2)
e=—11 i=12
Ai + i
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It is shown that the procedure is convergent so that

lim ¢/ (1) = pf, lim pb () =l
§—> 00 §—> 00

lim A/ () =2, 1im A2 @) := 2. (3)
S—> 00 S—> 00

Then, the line production rate is obtained as

f b
My My
PR = = ) (4)
)»]]:,[ + /’LZ{/I )»lf + po

Introduce operator

Opr(A1, 1y vy Arts ps Nisooo, Nypo1) )

to denote the procedure calculating the production rate
of such a serial line. Using this operator, let ﬁoi, i=
1,..., M, be the probability that buffer b, ;_; is empty,
and ﬁé\l’, i=1,..., M —1, the probability that buffer
b; is full. In addition, let ﬁéVM represent the probability
that b, is full. Then, the following procedure can be
developed for re-entrant lines:

Procedure 2

wis + 1) = (PN (s) + P3(s) — PY(s) P3,(s)).
i=1,..., M,

ME+D = M+pui—us+D, i=1,..., M,

Pls+1)=1-0u s+ 1), ms+1),...,
Mys+1), Wy s+ 1), Ay, pay ooy A,
wamsNit,. .. Ny, No, Not, ooy Nayr)
/Opr(Ai(s+ D), s+ 1), ..., Ay s+ 1),
wh(s 4+ 1), Aty per, -y Ady iy Nug, .-
Nim-1, Nag, Not, ..., Noji 1),

i=1,...,M—1,

PR+ 1) = 1=Op (M) (1), t (s4+1), ..., My (s+1),
wWh(s+ 1), A, pery oo Angs s Nus o

Nim-1, No, Nat, ..., Noy—1)

SO (s + 1), (s + 1), ..., Myy(s + 1),

Wiy s+ 1), Niiy ..oy Nivor),

&(%)

0 50 100 150 200 250 300
Case number

Fig. 3 Accuracy of Procedure 2

Pls+ 1) = 1=0p (M) (s4+1), g (s+1), ..., My (s+1),
Wiy s+ 1)y Ay gy ooy Ams i, Niay oy
Nip1, Nao, Naty ooy Nooyet)
/Opr iy iy oo Ap My Naiy ooy Nop—1),
i=1,..., M,

s=0,1,2,...,

with initial conditions

PN©) € (,1), PS0)e@© 1), i=1,...,M,

and s is the iteration number.

Based on extensive numerical experiments, we dis-
cover that Procedure 2 returns two convergent se-
quences for even and odd iteration numbers. Thus, we
formulate this as a numerical fact:

Numerical Fact 1 Procedure 2 results in two conver-
gent sequences, i.e.,

, o
Mieven Uf S is even,

. ’ py—
Slggo wi(s) == {M;,odd if s is odd,

Al if s is even
lim Aj(s) = beven 7 ’ 6
500 i) Mioga U sisodd. ©)
Table 1 Accuracy
Average |€| max || le] < 5% le] < 10%
2.51% 14.65% 88.36% 97.82%
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Introduce pr,,., and pr 4y as the production rates

even

With A ens Mievens @Nd A} (g5 I oaq» TESPECtively, we

have

f)\reven = ®Pr()‘/l,even’ lu/l,even’ s )‘/M,even’ /’L/M,even’ ALy (1,
ooy Abs g, Nit, ooy Niy—1, No, Noy,
e Noov—1),

Pload = ®Pf()‘/l,odd’ /’L/l,odd’ cee )‘/M,odd7 /‘L/M,odd7 SN
ooy Abs gy Nit, ooy Nim—1, No, Noy,
ey Nz,Mfl). (7)

Then, the production rate of the re-entrant line is
selected as the average of them, and denoted as PR,

ITR — PTeven ;_ PTodd ) (8)

In this way, an estimate of the production rate of a re-
entrant line in steady state is obtained.

3.3 Accuracy

The accuracy of the approximation is investigated nu-
merically. Specifically, we consider more than 300 re-
entrant lines by randomly and equiprobably selecting
machine and buffer parameters from the following sets:

Me(2,3,5, 10,20, 50},
¢; € [0.75, 0.95],

1 )
Tigown=—€[1,20], j=1,.... M, 9)

Hij
Nij € Lk'maX{Tj,downa Tj+1,down}J ’

i=1,2,j=1,...,M—1,
Ny € Lk'maX{TM,downa Tl,dOWIl}Ja
kell, 3],

where |x| denote the largest integer less than or
equal to x. The machine average uptime, Ty, = %, is

Table 2 Illustration examples (a) M =2
Ai [0.0211, 0.1166] Wi [0.0732, 0.3555]
Nii 29 N 58 Nao 13
PR 0.3481 PR 0.3532 € 1.46%
(by M =3
Ai [0.0049, 0.0391, 0.0048]
i [0.0937, 0.1720, 0.1365]
Nii [16,23] No; [28, 15] Ny 16
PR 0.4030 PR 0.3851 e —4.46%
(c)M =5
Ai [0.0063, 0.0047, 0.0054, 0.0066, 0.0171]
i [0.0759, 0.1774, 0.2674, 0.1174, 0.0652]
Ni; [26, 20, 6, 9] Ny [28, 12, 8, 25]
Nyo 21 PR 0.3909 PR 0.3832 € —1.95%
(d)M=10
A [0.0183, 0.0100, 0.0137, 0.0049, 0.0064, 0.0056, 0.0286, 0.0085, 0.0042, 0.0058]
i [0.0551, 0.0569, 0.1373, 0.09554, 0.1001, 0.0610, 0.0745, 0.0984, 0.5841, 0.1663]
Nii [51, 30,34, 9,26, 17, 45, 20, 23]
No; [52,33,9,22, 18, 26, 30, 30, 2]
Nao 4 PR 0.3401 PR 0.3460 € 1.71%
(e) M =20
A [0.0058, 0.0058, 0.1105, 0.0146, 0.0076, 0.0043, 0.0042
0.0147, 0.0070, 0.0049, 0.0044, 0.0185, 0.1977, 0.0060
0.0051, 0.0785, 0.0071, 0.0147, 0.0274, 0.0060]
i [0.0710, 0.0973, 0.2639, 0.0744, 0.1638, 0.2261, 0.0536
0.0504, 0.0968, 0.4268, 0.2471, 0.0601, 0.0575, 0.0843
0.6829, 0.2379, 0.0847, 0.0954, 0.4501, 0.8722]
Ny [3718274181281954 16
464846362919 16]
Noj [371763811124858315
53919172931165]
Nao 3 PR 0.1144 PR 0.1124 € —1.67%
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calculated through average downtime, 7' down, and iso-
lated efficiency, e;, j=1,..., M.

For each of these lines, both analytical methods using
Procedure 2 and simulation approach written in C++
code are pursued to evaluate system production rate.
To ensure that the warm-up time is sufficient to guaran-
tee that the steady state is reached, based on extensive
experiments, 5,000 cycles of warm-up time are assumed
in each simulation. Then, the data collection time (or
run length) and number of replications are selected so
that the effect of initial bias is minimal (by controlling
the run length), and the variance of the estimates is
also small (by controlling the number of replications),
with reasonable computation efficiency. Again, based
on experimental results, we select 200,000 cycles for
collecting steady state statistics and 20 replications to
obtain the average production rate. In this case, the
95% confidence intervals of the estimates are typically
less than £0.001. Then, the differences between analyt-
ical and simulation results are evaluated as

PR — PR

€ = ——— - 100%,
PR

(10)
where PR and PR are the production rates obtained by
simulation and recursive procedures, respectively.

The results of this investigation are illustrated in
Fig. 3. Table 1 provides the average and maximum
errors in all the experiments and the percentages where
errors are within 5% or 10%. It is shown that, in more
than 88% of cases, the difference ¢ is within 5%, with
a few exceptions (about 2% of cases) going up more
than 10% (maximum to 14%). Thus, we conclude that,
in all the cases we studied, Procedure 2 results in an
acceptable accuracy for production rate estimation. For
illustration purpose, five typical examples are provided
in Table 2. From these results, we conclude that Proce-
dure 2 provides a useful tool for design and analysis of
re-entrant lines.

3.4 Structural properties

It has been shown in the literature (e.g., [7]) that
monotonicity holds in serial lines and assembly systems,
i.e., system production rate can be improved by increas-
ing machine reliability and/or buffer capacity. Similar
properties are observed in re-entrant lines as well.

Monotonicity: The system production rate defined by
Procedure 2 and estimate 8 is monotonically increas-
ing with respect to ;, i=1,...,M, and N;, ij=
11,...,(0,M—1),20,21,...,12, M — 1), and decreas-
ing with respectto A, i =1,..., M.

0.45 T T T

0.4

0.35

03

0.25

0.2 . . .
0.05 0.1 0.15 0.2 0.25

A
(a) Monotonicity with respect to A

0.41 T T T T

L

0.7 0.75 0.8 0.85 0.9 0.95
I
(b) Monotonicity with respect to 1

0.46 , : :
045}
0.44

(5 043}
042}

041

L

0.4 . .
0 5 10 15 20

N
(c) Monotonicity with respect to N

Fig. 4 Monotonicity with respect to A, u, and N

Illustrations of the monotonicity of PR with respect
to A;, u;, and N;; for a five-machine re-entrant line are
shown in Fig. 4a, b, and c, respectively. In Fig. 4a, all
machines are identical with failure rates }; ranging from
0.05 to 0.25, all repair rates u; are 0.95, and all buffers
have capacity N;; = 1. In Fig. 4b, machines are still
identical but with all A; = 0.0.05 and all u; increasing
from 0.7 to 0.95, and all buffer capacities are still kept
at 1. In Fig. 4c, buffers are identical with N;; changing
from 1 to 20; all machines have A; = 0.05 and u; = 0.95.
Clearly, decreasing machine failures, improving ma-
chine repair rates, or increasing buffer capacity result
in improvement in system production rate. However,
the improvement is gradually diminishing when buffer

@ Springer
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Fig. 5 Reversed re-entrant N
line 2.M-1

IS

F b20 bl,Mfl

Ay My /
— = bZ,M—l
Na Aﬁmiyﬂ
My mM

N2,M—2 N21
MM%&ZW—Z [ I A | 7\‘2 uz/ 7\‘1 u 1
b2,M—2 a N b 21 =

Niy- | Ny
-1 mM_z [ mz n

capacity is increased. Such results are similar to those
discovered in serial line case.

It is clear that, for serial production lines, the pro-
duction rate converges to the efficiency of the worst
machine when buffers are infinite [7]. For re-entrant
lines, since parts need to flow through each machine
twice, and the production rates for first and second time
processing jobs should be the same due to conservation
of flow, we will obtain half of the worst machine effi-
ciency as system production rate.

Asymptotic property: The system production rate de-
fined by Procedure 2 and estimate 8§ satisfies

. == . Mi . €
lim PR= mn ——— = min —.
Njj = o0 =l M 2(A; + ;) i=l..M 2
ij=11,..., (1, M—1),
20,21, ..., M-

(11)

Reversibility is also observed in serial production
lines [7]. For re-entrant lines, let the line in Fig. 5 be
the reversed line of the one in Fig. 1. Higher priority is
still assigned to buffer by;,i = 1,..., M — 1. Let PR and
PR™ denote the production rates obtained through
Procedure 2 and estimate 8, respectively. Then identical
production rates are obtained.

Reversibility: The system production rate defined by
Procedure 2 and estimate 8 satisfies
PR = PR™". (12)

The above properties have been verified through
simulations.

4 Conclusions

Re-entrant lines are widely used in many manufactur-
ing industries. In this paper, we present a method to

@ Springer

approximate the system production rate of re-entrant
lines with exponential machine reliability models. The
numerical results suggest that this method can provide
an acceptable precision for system production rate es-
timation. The future work will focus on extending the
method to systems with multiple re-entrances, lines
with asynchronous machines, non-identical machine
parameters for re-entrant jobs, etc. The issues of mul-
tiple products, set up, work carriers, etc., are also to
be investigated. The successful development of such
methods will provide production engineers a quantita-
tive tool for design and continuous improvement of re-
entrant lines.
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