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Production split and merge operations are widely used in many manufacturing systems to increase production capacity and variety,
improve product quality, and carry out scheduling and control activities. This article presents analytical methods to analyze split
and merge production systems with exponential machine reliability models, operating under circulate, strictly circulate, priority, and
percentage split/merge policies. In addition to developing the recursive procedures for performance analysis, the structural properties
of the systems and the impacts of routing policies on system performance are investigated.
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1. Introduction

In modern manufacturing systems, split and merge struc-
tures are often used to increase production capacity and
variety, improve product quality, and carry out scheduling
and control activities. The routing policies at the split or
merge stations play an important role in such systems since
they directly control the flow of parts. Therefore, to design
and manage such systems more efficiently, the analysis of
split and merge systems with different routing policies is
important.

In practice, two types of split or merge are often en-
countered. One is known as assembly merge (or disassembly
split). In this case, the assembly machine needs to take parts
from all its upstream branches simultaneously and assem-
ble them into a single product (respectively, disassemble
a single part into many components and dispatch to all
downstream branches simultaneously). Another type is re-
ferred to as production merge (or production split), where the
merge station only takes a part from one of its upstream
buffers each time (or sends a part to one of its downstream
buffers). In this article, the latter type is considered. Specif-
ically, we consider split and merge systems with exponen-
tial reliability of machines. Four frequently used split and
merge policies are addressed: circulate, strictly circulate,
priority, and percentage. In the circulate policy, the split
machine sends the part to downstream branches in circu-

*Corresponding author

0740-817X © 2010 “IIE”

lation by ignoring blocked branches. A similar scenario
occurs in merge operations, where the merge station takes
parts from all available upstream branches circularly. In
the strictly circulate policy, routing is similar to the circu-
late policy except that blocked or starved branches can-
not be ignored. In the priority policy, parts are always
dispatched to the branch with the highest priority unless
it is blocked. Lower-priority branches receive parts only
when the split machine is blocked by a higher-priority
branch. Similarly, the merge machine always takes parts
from the highest available priority upstream branch. In
the percentage policy, parts are dispatched to downstream
branches or loaded from upstream ones following given
percentages.

In recent years, several performance analysis methods
have been developed to study split and merge systems (Li
et al., 2009). For example, Helber (2000) introduced a
geometric machine reliability model for a transfer line with
split operations based on a percentage routing policy. A
three-station merge system with continuous material flow
and exponential machine up- and downtimes was studied
by Tan (2001). The merge station was assumed to have a
higher processing rate than the combined processing rates
of the upstream stations; however, no explicit discussion of
merge policies was presented. Helber and Mehrtens (2003)
considered a similar system but allowed arbitrary rates in
all stations and assumed a priority merge policy for such
transitions. A discrete three-machine merge system with ge-
ometric reliability of machines was studied by Diamantidis
et al. (2004) and Diamantidis and Papadopoulos (2006). A
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Fig. 1. (a) A split system and (b) a merge system.

priority merge policy was assumed in both papers when the
shared buffer was in transit to full state. Multiple products
systems were studied by Li and Huang (2005), Colledani
et al. (2005), and Colledani et al. (2008), with exponential
and geometric machine reliability models being consid-
ered, respectively. In these models, different products were
processed separately at the dedicated machines or buffers.
Another direction of study related to split and merge
systems focuses on rework loops (Li 2004b, 2004c; Biller
et al., 2010). In such systems, repaired parts are typically
assumed to have a higher priority at merge station to avoid
deadlock. Parallel systems were investigated in Li (2004a)
with parallel lanes being split from a common buffer and
then merged into another shared buffer. Equal probabilities
for all branches in split and merge were assumed in this
study.

In spite of the above work, split and merge systems
with different policies have not been studied thoroughly.
In particular, an in-depth study to quantify and compare
the results of routing policies and investigate the structural
properties of the system is needed. Such a study can enable
us to understand the impact of different policies and finally
provide guidance to control the flow of parts in operations.
A preliminary study on Bernoulli split and merge systems
with several routing policies was carried out by Liu and
Li (2009). This article is intended to extend that work to
more general cases, namely, exponential machine reliability
models with more routing policies. The main contribution
of this article is in developing analytical models to study
the split and merge systems with different routing poli-
cies, comparing their impacts and investigating structural
properties.

The remainder of this article is structured as follows:
Section 2 formulates the problem to be addressed. The
modeling and analysis methods are introduced in Section
3. Section 4 is devoted to structural property discussions
and policy comparisons. Section 5 extends the study to
larger split and merge systems. Finally, conclusions are
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given in Section 6. All the proofs are provided in the
Appendix.

2. Problem formulation

In this article, we consider a typical four-machine split (or
merge) system, whose layout is shown in Fig. 1(a) (re-
spectively, Fig. 1(b)). Here the circles represent the ma-
chines and the rectangles are the buffers. The following
assumptions address the machines, the buffers and their
interactions.

1. Each machine m;, i =1, ..., 4, has two states: up and
down. When it is up, it is capable of processing parts
with capacity ¢; parts/unit of time. When the machine

is down, no production takes place. )
2. The up- and downtimes of machine m; are random vari-

ables exponentially distributed with parameters A; and
Wi, respectively; i.e., A; and u; are failure and repair

rates, respectively.
3. Each buffer by, k =1, 2, 3, has capacity Ny, 0 < Ny <

0.
4. A machine is blocked at time ¢ if it is up, its downstream
buffer is full, and the downstream machine fails to take
any work from the buffer at time 7. Machines m3; and
my are never blocked in a split system, while m4 is never

blocked in a merge system. o )
5. A machine is starved at time ¢ if it is up, its upstream

buffer is empty, and the upstream machine fails to put
any work into the buffer at time ¢. In a split system,
machine m; is never starved, and in a merge system,

machines m; and m; are never starved.
6. Machine m; in a split system (or 73 in a merge system)

will send parts to downstream buffers b, and b3 (respec-

tively, take parts from upstream buffers b; and b;) based

on:

6.1. Priority policy. Buffer b, has a higher priority; i.e.,
my will keep sending parts to b, whenever it has
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Fig. 2. Overlapping decomposition of (a) split and (b) merge systems.

space (respectively, buffer »; has a higher priority,
and m; takes parts from b; if it has available parts).
my sends parts to b3 only when it is blocked by b,
(respectively, mj takes parts from b, only when it is
starved by by).

6.2. Circulate policy. Machine m, will send a part to
buffers b, and b3 circularly if it is not blocked by
both buffers (respectively, m3 takes parts from b,
and b, circularly when it is not starved by both). If
it is blocked by one buffer, n,, will send the part
to another buffer (respectively, m3 will take a part
from another buffer if it is starved by a given buffer).

6.3. Strictly circulate policy. Machine m, will send a
part to buffers b, and b3 (respectively, mj takes
parts from b; and b;) circularly. If it is blocked
by a given buffer, m,, will wait until that buffer is
available (respectively, m3 will wait until the buffer
has available parts if it is starved by it).

6.4. Percentage policy (split only ). Machine m, will send
apart to buffers b; and b, based on predesigned per-
centages, o x 100% to b; and (1 — ) x 100% to b;.

Remark 1. In practice, priority, circulate, and strictly circu-
late policies are relatively easy to implement and are used
more often than other policies. For example, in rework
and re-entrant lines, the priority policy is typical, while in
parallel operations, the circulate policy is often used. The
strictly circulate policy is usually adopted to keep the de-
sired sequence. In the literature, the percentage policy is
also studied. However, it is less popular in practice due to
implementation difficulties. In addition, since the percent-
age merge is less frequently encountered, only the percent-
age split policy is discussed in this work. The performance
measure for a merge systems can be obtained using a re-
versibility property.

Let TP be the throughput of the split (or merge) sys-
tem; i.e., the average number of parts produced by the last

machines m3; and my (respectively, my4 in the merge case)
per unit of time. The problem addressed in this article is as
follows: Given the production system of assumptions 1 to 6
develop amethod to evaluate the system throughput as a func-
tion of the system parameters and investigate its structural
properties.

A solution to the problem is presented in the next
two sections. Extensions to systems with multiple-branch
split/merge machines and longer lines are provided in
Section 5.

3. Performance analysis

3.1. Overlapping decomposition

Since the split (or merge) machine has to allocate its capac-
ity to downstream (respectively, upstream) branches and
all machines and buffers in the system interfere with each
other, exact analysis seems impossible. Therefore, an ap-
proximation method based on overlapping decomposition
(L1, 2005) is pursued (see Fig. 2 for illustration).

Consider the split system illustrated in Fig. 2(a). We
decompose the system into three overlapped serial lines,
where m, is the overlapping machine. Assume the proba-
bilities that machine m, is blocked by b, and b5 are known,
modify m, to m), to take into account these effects, we
obtain the first overlapped serial line, denoted as Line 1
(m1, b1, and m)). Then, the probability that m; is starved
by b, can be calculated. Next, we modify m; to include
this starvation probability. In addition, the capacity of m,
needs to be modified to represent the capacity that is only
dedicated to branch b,, and m3. Thus, we obtain m) and
the second overlapped line, referred to as Line 2 (m5, b,
and m3). Again, the probability that m, is blocked by b,
can be calculated. Analogously, taking into account the
starvation probability from b; and only including m,’s ca-
pacity allocated to branch b3 and my, we modify m, to
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m}’ and obtain Line 3 (m}’, b3, and my4). Then, the prob-
ability that m, is blocked by b3 can be computed. Next,
using these blockage probabilities, we repeat the analysis
to obtain m) and Line 1 again, then continue to Lines 2
and 3. The blockage and starvation probabilities are up-
dated and the procedure is repeated anew. When the proce-
dure is convergent, the production rates of Lines 1 to 3 are
obtained.

For the merge system in Fig. 2(b), a similar idea can
be applied but with m3 being the overlapping machine.
Line 1 consists of mj, by, and modified machine m},
which takes into account the effect of the blockage of b3
and capacity allocation to branch b, and m; only. Line
2 has my, by, and pseudomachine m7;, which considers
the blockage of b3 and capacity distributed to branch b,
and m,. Including starvation probabilities from b; and
by, we modify mj3 into m5 and obtain Line 3 (m}, b,
and my). Then, iteration procedures are introduced to
update the blockage and starvation probabilities of 3
recursively.

3.2. Priority policy

3.2.1. Recursive procedures

Split system: Consider the split system in Fig. 2(a).
Assume that buffer b, has a higher priority than b;. In
Line 2, m, is always available to b, when it is not starved,
then m,’s capacity ¢, is multiplied by the probability
that b; is not empty. However, in Line 3, m; is available
to b3 only when it is not starved by b; but blocked by
by; thus, the probabilities that b, is full and b; is not
empty are used to modify c¢;. Finally, in Line 1, ¢; is
multiplied by the probabilities that b, and b3 are not full
simultaneously. Let TP(¢(, A, fi1, C2, A2, 12, N;) denote
the operator to calculate the throughput of a two-machine
line, where &, A;, and fi;, i =1,2, are the capacity,
failure, and repair rates of machine i, respectively, and
N, represents the buffer capacity (see Appendix A for
formulas of TP(-)). Then, the recursive procedure is
introduced as

Procedure 1.

Line 1 s+ 1) = a1 — Xawy () X3pa(5)),
TPS,p,l(S + 1) = TP(CI’ )"19 /’Lla Clz(s + 1)’
A2, (2, Np), (1)
v TPsp I(S + 1)
X D=1 77
(s + 1) ch(s + Des
Line 2 s+ 1) = (1 — Xiols + 1)),

TP, pa(s + 1) = TP(ch(s + 1),
)\23 M2, C3, )"33 M3, N2)7 (2)

=3 ﬁspZ(S+l)
Xon(s+1)=1— —————~
(s +1) (s + ey
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Line 3 A5+ 1) = 2 Xon(s + 1)(1 = Xio(s + 1)),
TP, 3(s + 1) = TP(cy (s + 1),
A2y 2, €4, Ay Uas N;), (3)
Tin+1)=1- %
s=0,1,2,...,
/\/;2N2(0) = )?3N3(0) =0,

where X, 10(s), /\72 » (), X 3, (s) denote the estimates of the

probabilities that b; is empty, b, and b3 are full at iteration

s, respectively,

. Mi
hi + i

el ) i = 13 2’ 33
and ﬁs,p,i(s) is the throughput estimate of line 7 in split
system with priority policy at the sth iteration.

Merge system: Assuming that buffer b; has a higher pri-
ority than b,. Then, m3 in Line 1 is available when it is
not blocked; i.e., the probability that b3 is not full is used
to modify ¢3. In Line 2, the additional probability of b;
being empty is used to multiply ¢3 due to a lower priority
of b,. Finally, ms is modified to exclude th/e\case in which
buffers b; and b, are empty in Line 3. Let TPy, , ;(s) be the
throughput estimate of line 7 in merge system with priority
policy at iteration s, we have:

Procedure 2.

Line 1 s+ 1) = c3(1 — Xap, (),
A3, 13, M), 4)
= TPmp 1(5 + 1)
Xos+1)=1— 2ol 77
to( ) ci(s + Des
Line 2 cg’(s + 1) = 3 Xj0(s + D)(1 — X3N3(S)),
TPy pa(s + 1) = TP(c2, Ay, pha, €5(s + 1),
A3, 13, Vo), (5)
-~ TPnpo(s+1)
XoGs+1)=1—- —P=— _ ~
20( ) ci(s + 1es
Line 3 s+ 1) = c3(1 = Xio(s + 1) Xao(s + 1),

TPmpa(s + 1) = TP(cY (s + 1),
A3, U3, C4, Aa, pa, N3), (6)
~ TPmp 3(5 + 1)
X 1 — 1 . ;’
wils +1) (s + 1es
S:O’ 1,2,...,
X3n,(0) = 0.

3.2.2. Convergence

Let ﬁs,p,ia ﬁm,p,,-, i =1, 2,3, denote the throughputs ob-
tained for Line i if Procedures 1 and 2 are convergent,
respectively. It is shown below that these procedures lead
to convergent results.
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Fig. 3. Accuracy of Procedures 1 and 2 for (a) the split system and (b) the merge system.

Theorem 1. Under assumptions 1 to 6, Procedures 1 and 2
are convergent; therefore,

hm ﬁspi(s) = ﬁspi’
lim TPunpi(s) i= TPmpsi = 1,2, 3. 7

§—>00

In addition, the steady-state equations have unique solutions.

Proof. See Appendix B. [ |

__Therefore, we obtain the estimates of the throughput,
TP P , and TPy .p> for split and merge systems with priority
policy, respectively, where:

ﬁs,p = ﬁs,p,Z + ﬁs,p,?ﬂ ﬁm,p = ﬁm,p,?s- (8)

3.2.3. Accuracy

The accuracy of the estimation is investigated numerically.
Specifically, we randomly and equiprobably select machine
and buffer parameters from the following sets, and
construct 60 split systems and then 60 merge systems by
reversing the lines.

[0.75,095], i=1,...,4,

2, 10], i=1,...,4

[1,1.2], i =1,2in split systems,
i

[

i =

[

fb

IS
Taown,i €
Ci €
= 3 4 in merge systems, )
¢; €[0.6,0.8], i =3,4in split systems,
1 2 in merge systems,

N; € 13]X7—éOWHlv i=1,...,4,

where Tgown; = 1/u; 1s machine m;’s average downtime,
and XA; can be calculated from e;.

Both an analytical method using Procedures 1 and 2
and a simulation approach using Simu/8 (Haige and Paige,
2001) are pursued to evaluate the throughput of each line.
Ten thousand time units of warmup period are assumed,
and the next 100 000 units are used to collect steady-state
statistics. Twenty replications are carried out to obtain
the average production rate, with 95% confidence inter-
vals typically ranging around +0.001. The computation
time for Procedures 1 and 2 (and all subsequent analyt-
ical procedures) is less than a fraction of second, and
for simulation it is around 5 minutes on a PC with a
3.4 GHz processor and a 2 GB RAM. The differences
between analytical and simulation results are evaluated
as

TP, — TP
€sp = —2 P 5 100%,
' TP,
TPy, — TP
€mp = —2 TP 5 100%, (10)
' TP,

where TP, and TPy, are the throughputs obtained by
simulation for a priority policy in split and merge systems,
respectively.

The results of this investigation are illustrated in
Fig. 3. The 0.25, 0.5, and 0.75 quantiles are 0.11, 0.3, and
1%, respectively. It is shown that in most cases we stud-
ied, the errors are within 3%, with a few exceptions that
can reach up to 9%. Even for systems with extremely long
downtimes and small buffers, the errors do not increase sig-
nificantly (with the largest one less than 10%). Therefore,
Procedures 1 and 2 provide a relatively accurate approxi-
mation for system throughputs.

Remark 2. In additional to throughput, the accuracy for
work-in-process is also investigated. The accuracy of the
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estimates is evaluated by

WIP; — WIP;
€Ewip; = g X 100%,

i=1,2,3,

where WIP; and VVI\P,» are the work-in-process measures
obtained by simulation and analytical procedures, respec-
tively, and N; is the buffer capacity. It is observed that the
accuracy is close to that of throughput estimation (with
an average accuracy within 2%, and the largest one up to
10%). Similar results are were also obtained for subsequent
policies.

3.3. Circulate policy

Split system: The rationale behind the modification of
my 1s that, in Line 1, my is available to b; if it is not
blocked by either b, or b3. In Line 2, when m, is not
starved, it is available to b, 50% of the time if b3 is not
full and 100% of the time otherwise. A similar argument
also applies to Line 3. Thus, ¢, is modified by the sum
of 0.5 Prob{b; is not full} and Prob{bs is full}. Then, we
have:

Procedure 3.

Line 1 s+ 1) = ea(l — Xapy(5) X3p(s)),
TPqci(s +1) = TP(c1, A, i1, ch(s + 1),
A2, ,U«’Z_’\Nl),
—~ TPS,CJ(S + 1)
X]()(S + 1) =1- m,
Line 2 (s 4+ 1) = 2(0.5(1 — Xap,(s))
N + X3 ()1 = Xio(s + 1),
TPsco(s+ 1) = TP(5(s + 1),
A2y 2, €3, A3, U3, N>),
~ TPS’C,z(S + 1)
XZNZ(S + 1) = 1 — m,
Line 3 (s + 1) = e2(0.5(1 — Xony(s + 1))
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Procedure 4.

Line 1 (s + 1) = ¢3(0.5(1 — Xao(s))
N +X20())(1 — X3n;(5)),
TPm’C’I(S + 1) = TP(cy, M, L1, C;(S + 1),
A3, 13, M), (14)
~ TPhpi(s+1)
to(s +1) ci(s + 1es
Line 2 s+ 1) = ¢3(0.5(1 — Xjo(s + 1))
A + Xio(s + D)1 = X3n,(5)),
TPyco(s + 1) = TP(ca, Ao, p, ¢5(s + 1),
A3, 13, Vo), (15)
~ TPmp 2(5 + 1)
20(s +1) s + Des
Line 3 (s +1) = e3(1 — Xio(s + 1) Xao(s + 1)),

TPmcs(s + 1) = TP (s + 1),
A3, 13, C4, Aa, 14, N3), (16)
—~ TPnp3(s+1)
Ton+1)=1— -mp3B T
il ) ey (s + 1es
s=0,1,2,...,
X2(0) =0, Xzn(0)=1.

__Again, both procedures lead to convergent results. Let
TPs i, TPn.i, i =1,2,3, denote the throughput esti-

mates for Line i when Procedures 3 and 4 are convergent,
respectively.

(11) Theorem 2. Under assumptions 1 to 6, Procedures 3 and 4
are convergent; that is,

lim ﬁs,c,i(s) L= ﬁs’c,i,
lim TPy ci(s): = TPmeini =1,2,3. (17)

§—>00

Moreover, the steady-state equations have unique solutions.

(12) Proof. See Appendix B. [ |

Therefore, the throughput estimates, ﬁs,c, ﬁm,c for

split and merge systems under a circulate policy, respec-

4 Ron(s + D)1 — Kiols + 1)), tively, can be calculated as

TPges(s + 1) = TP(c5'(s + 1),

Ao, 2, Cay M4y L4, N3), (13)

> ﬁsc3(s + 1)
XnGs+1)=1—- ———-,
sl ) (s + ey
s=0,1,2,...,

Xon,(0) = X3p,(0) = 0.

Merge system: A similar procedure can be developed for
merge systems by considering the starvation probabilities
of ms. Thus, we obtain:

?s,c = ]:Ps,ci + T\Ps,c,3a
TPy o= TPny3. (18)

The accuracy of estimation (18) was also investigated

numerically. The same split and merge systems as in Section
3.2 are adopted for accuracy analysis using both Procedures
3 and 4 and simulations. The differences between analytical
and simulation results are introduced as

TP, . — TP,
€5c = # X 100%,
TPmc — TP
€me = — T % 100%, (19)

TP
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Fig. 4. Accuracy of Procedures 3 and 4 for (a) the split system and (b) the merge system.

where TP;. and TPy, are the throughputs obtained by
simulation for the circulate policy in split and merge sys-
tems, respectively.

Figure 4 illustrates the results of these tests. The 0.25, 0.5,
and 0.75 quantiles are 0.05, 0.13, and 0.51%, respectively.
In most cases we studied, the errors are less than 2%, with
a few cases reaching up to 8%. Therefore, Procedures 1 and
2 provide relatively precise estimates.

3.4. Percentage policy

The percentage policy implies that, in a split system (Fig.
1(a)), the parts flow into different downstream branches
based on given percentages. However, due to possible block-
ages, the split station may need to wait until the downstream
buffer has available space. Therefore, if we directly allocate
the capacity of the split station based on the given per-
centage, the final percentage of parts flowing into different
branches may not be the same as expected. To ensure that
the final products consist of 100 x «% parts produced by
m3 and 100 x (1 — «)% by my4, which agrees with the ex-
pectation of the percentage policy, a new percentage of
capacity allocation needs to be determined. Assume that
B x 100% of parts are intended to be sent to buffer b, and
(1 — B) x 100% to b3 by machine m,, this implies that m;
has a probability 8 to be available on parts to buffer b;,
and probability 1 — 8 on parts to b3. Then, after possible
blockages, the actual probability of sending parts to b, and
b3 will be @ and 1 — «, respectively. Therefore, we need:

B(l — Xi9) = a(l — BXon, — (1 — B) X3p,)(1 — Xip),

i.e., products to branch b, are o x 100% of the products
going through b; (when it is not blocked), which leads to

. (1 — X3n)a
1+ Xon, 00 — X3N30l.

(20)

Then, ¢, is allocated to Lines 2 and 3 with probabilities
B and 1 — B, respectively. The recursive procedure for the
percentage split approach is introduced as follows:

Procedure 5.

(1 — X3n,(5))ex
1+ Xop () — Xapy(s)or’

Bs+1) =

Line 1 (s + 1) = e2(1 — B(s + 1) Xon, ()
. —(1 = B(s + 1) Xzn;(5)),
TP 1(s + 1) = TP(cy, A1, ju1, ¢5(s + 1),
)"2’ :u“z?\]vl)’ (21)
~ TP; ., 1(S + 1)
Xio(s + 1) =1 — 38T 1)
10( ) ch(s + 1es
Line 2 . (s +1) = B(s + Dea(1 — Xio(s + 1)),
TPsya(s + 1) = TP(5(s + 1),
A2y 2, €3, A3, 13, N), (22)
e TPSO(lz(S + 1)
X =1 %20 T
s+ (s + Dey
Line 3 A+ 1D)=0-pB(s+1)

_ (1 = Xio(s + 1)),
TPS,%,3(S + 1) = TP([C/ZH(S + 1)’
A, 142, Ca, Aa, 4, N3),  (23)
Xsn(s+1)=1- —Tzi’(;’ﬁsl;zl),
s=0,1,2,...,
/\72N2(0) = )?31\13(0) =0.

However, unlike the priority and circulate cases, an an-
alytical proof of the convergence of Procedure 5 is not
currently available. Therefore, we justify the convergence
numerically. In all the examples we tested, the procedure
converges. Thus, we formulate:
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Table 1. Accuracy (in percent) of Procedure 5

Quantile
a (%) 0.25 0.5 0.75
10 0.08 0.26 1.20
30 0.77 2.30 3.49
50 0.55 2.01 4.74

Numerical Fact 1. Under assumptions 1 to 6, Procedure
5 is convergent. Thus,

lim TPsv,i(s) := TPsv,i, =123 (24)

Then, under this fact, the steady-state equations have
unique solutions. Therefore, the estimate of throughput for
percentage policy, TP+, for the split system in steady-state
conditions can be obtained as

TPy, = TPy, = TPyv,2 4 TP, 5. (25)

Similar to the priority and circulate policies, define TPs v,
as the throughput by simulation, and let

ﬁs,% - TPS,%
TPS,‘VO

Numerical experiments were carried out to investigate the
accuracy of Procedure 5 with « taken to be 10, 30, and 50%.
The 60 lines defined in previous subsections were used in
the tests. The results are shown in Fig. 5 and Table 1. As
before, most cases result in errors less than 5%, but there
exist a few cases where the errors can reach as high are
15%. Considering that the data collected on the factory
floor may be subject to 5-10% error, in general, Procedure
5 presents an acceptable accuracy.

- 100%. (26)

ES,O oV =

3.5. Strictly circulate policy

Split system: The strictly circulate policy mandates that
the split machine sends parts to downstream branches in
a circular mode without ignoring the blocked ones, which
implies that a machine waits until the downstream buffer
is available. Such a policy is similar to a percentage policy
with @ = 0.5. However, whereas percentage policy one may
have the possibility that two consecutive parts will be sent
to the same branch, in the strictly circulate policy, this will
never happen, and the final distribution of part flows will
be identical. Therefore, we use Procedure 5 to estimate the
throughput of the split system by assuming o = 0.5. De-
note TP« i(s) as the throughput of Line i under a strictly
circulate policy at iteration 7.

Merge system: While the percentage policy approved is sel-
dom used for production merge, the strictly circulate policy
is used in many merge systems. For example, if a desired
production sequence needs to be followed, a strictly cir-
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culate policy can be adopted. Similar to a split system, a
new allocation of capacity (rather than 0.5) needs to be
computed in order to ensure the strict circulation. Again,
the throughput estimate of Line i under a strictly circulate
merge policy at the sth iteration is denoted as TPy, s ;(s).

Procedure 6.
0.5(1 — Xa0(s))
14 0.5X10(s) — 0.5 Xa0(s)’

B(s+1)=

Line 1 (s + 1) = B(s + Des(l — Xapy(s + 1)),
TPrei(s + 1) = TP(cy, A,y ¢5(s + 1),
A3, 13, N, (27
= TPm,sc,l(s+1)
Xlo(S+ 1) =1- W,
Line 2 A+ =(1-B>s+1)
- e3(1 = Xan(s + 1)),
TPm‘c’z(S + 1) = TP(ca, 22, U2, Cg(S + 1),
A3, 13, Vo), (28)
< TPm,sc,Z(s + 1)
Xo(s +1)=1- s+ e
Line 3 s+ 1) = e3(1 — Bls + D X10(s)

R —(1 = B(s + 1)) Xao(s)),
TPy sc3(s + 1) = TP(c5 (s + 1),
A3, U3, Cas hay gy N3), - (29)
L
s=0,1,2,...,
X10(0) = X20(0) = 0.

The convergence of Procedures 5 (¢ = 0.5) and 6 is jus-
tified through Numerical Fact 1 and the uniqueness of the
solution follows. Then,

vlgl(;lo ﬁs,sc,i(s) = ﬁS»SCJ’
lim ﬁm,sc,i(s) = 7’:'Pm,sc,i’ i = 15 27 3. (30)

§—>00

The estimates of system throughput are

ﬁs,sc = ﬁ/sici + ﬁs,sc,?n ﬁm,sc == ﬁm,se,l
+ TPm,sc,2~ (31)
Let TP s and TPy, s be the throughputs of the split and

merge systems using simulations, respectively. Define the
accuracy of the estimates as

TP, . — TP,
€oqe = — = % 100%,
TPS,SC
TP — TP,
€m,sc = ’;Pm,sc < x 100%. (32)

The same 60 lines used before were tested for accuracy. Fig-
ure 6 illustrates the results. The 0.25, 0.5, and 0.75 quan-
tiles are 0.33, 0.96, and 2.19%, respectively. Again, in most
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Fig. 5. Accuracy of Procedure 5 for (a) @ = 10%, (b) & = 30%, and (c) « = 50%.

cases, the accuracy is within 4%, with a few exceptional
cases reaching up to 15%. Therefore, we conclude that
both procedures can be used for performance estimation
and subsequent analysis of split and merge system with
strictly circulate policies.

4. Structural properties

Using the above methods, we now investigate the structural
properties of split and merge systems.

4.1. Conservation of flow

Corollary 1. Under assumptions 1 to 6, the throughputs of
Lines 1 to 3 in split and merge systems satisfy the following

property:
jj’s,k,l = 7il"s,k,z + T?)\s,kj,
TPm,k,3 = TPm,k,l + TPm,k,Z;

k=np,c,sc, %, (33)
k=p,c,sc. (34)

In particular, for the percentage split policy:

TPyv,2 = aTPy,1,  TPyys=(1—a)TPsy1, (35

15
10
9
vg 5
* Mkl
0 U{Y@TFQ %‘f Q CQQT o}
i 3 lc&fg{%ooé L&g"&i&éé

-5
0 10 20 30 40 50 60

Case Number

(a)

and for the strictly circulate policy:

ﬁs,sc,2 = ’Ijz)s,scﬁ = O-ST:P\s,sc,la 7/?)m,sc,l
= TPmsc2=0.5TPy 3. (36)

Proof. See Appendix B. [ |

4.2. Monotonicity

It has been shown that monotonicity holds in serial lines
and assembly systems (Li and Meerkov, 2009); i.e., improv-
ing machine reliability and/or increasing buffer capacity
can lead to the improvement of the system production rate.
Similar properties are observed in split and merge systems
for all policies.

Corollary 2. Under assumptions 1 to 6, the system through-
puts in split and merge systems are monotonically increasing
with respect to ¢;, i, i =1,...,4, and N;, i = 1,2, 3, and

decreasing with respect to );, i = 1,...,4.
Proof. See Appendix B. [ |
15
10
9
% s
< Nl L2 oo
0 Q\(PT ‘1 (P(PT - ) QT Tb TT Q?OTWﬁ?TW@?nT?
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(b)

Fig. 6. Accuracy of Procedures 5 (@ = 0.5) and 6 for (a) the split system and (b) the merge system.



19:09 8 April 2010

Downl oaded By: [University of Kentucky] At:

Split and merge production systems 431
15210~ 0.2 0.08
10 0.15 _0.06
: o5
<&| 5 @‘ > ", 004
S R
0 olasSepgomonegoee? TT oT N & OTT ? TTT T . T ! o T@@?@&i 0.02 T I T T
5 o005 0 HTWT@?TWTJT@T? a1l ol ol [ TTN? T?
0 20 40 60 0 20 40 60 0 20 40 60

Case Number
(a)

Fig. 7. Policy comparisons: (a) ﬁm,c —

4.3. Reversibility

Itis also known that the reversibility property exists in serial
production lines (Li and Meerkov, 2009). For the split and
merge systems with circulate, strictly circulate and priority
policies considered in this article, this property still holds.
To illustrate this, denote the machines and buffers in Fig.
1(a) as m} and b?, and in Fig. 1 (b) as m]" and b". We have
the following equivalence relations:

S m N m N m N m
my & My, ny < ms', my <& my, my < my,

by & b b < b b & bY. (37)

Corollary 3. Under assumptions 1 to 6 and condition (37), the
system throughputs in split and merge systems with priority,

bom,  m M,
PR —

b
my, 11 m,

bimy  mgy

(a)
by msy
—=
by my
m b, m —
vest My
—=
()

Case Number

(b) ()

7/?)m,pa (b) ﬁm,c - T\Pm,sm and (c) 7/?)s,sc - T\Ps,%

Case Number

circulate, and strictly circulate policies are identical. In other
words:

ﬁm,p = ﬁs,pa 7/—?)rn,sc = 7/—?)s,sc-

(33)
Proof. See Appendix B. [ |

ﬁm,c = 7’1735,Ca

4.4. Policy comparison

First, we compare the impacts on system throughput be-
tween the circulate and priority policies. The results, il-
lustrated in Fig. 7(a), show that the differences in system
throughputs between merge systems with circulate and pri-
ority policies are typically small. Due to reversibility, the

myy by biny-1 m, bim,

O -0

1 M, My
b
my, ba) bavy1 m M, M
m, by
" by M bue M+2

Fig. 8. Long and multiple split and merge lines: (a) long split system, (b) long merge system, (¢) multiple-branch split system, and (d)

multiple-branch merge system.



19:09 8 April 2010

[University of Kentucky] At:

Downl oaded By:

432

same differences will also be obtained for split systems.
When the priority policy is implemented, the numerical re-
sults suggest that it is always beneficial to assign a higher
priority to the branch with the higher throughput machine
and larger level of buffering.

Next, the strictly circulate policy is compared with the
circulate policy. It is shown in Fig. 7(b) that TPy, . is always
larger than TPy, . This is due to the fact that the strictly
circulate policy requires that the machine needs to wait if
the upstream buffer is not available to recieve parts.

Finally, a 50% split policy is compared with the strictly
circulate policy in split systems. It is observed that the dif-
ferences between TP and TP; ., are always positive (Fig.
7(c)), but such differences are typically small.

5. Extensions

The proposed methods can be easily extended to split and
merge systems with longer lines and multiple branches
(Fig. 8). Again, the overlapping decomposition method
can be applied to develop recursive procedures to evalu-
ate system performance. For example, for long split lines,
overlapped Lines 1 to 3 become (my, ..., m’lMl, bii, ...,

blM]—l)o (m’{Ml, may, ..., Map, b21, . b21142) and (l’l’l’lﬁMl,
msy, ..., M3ag, b31, ..., b3ag), respectively. In this case,
the operator TP(-) needs to be replaced by the analysis
of long asynchronous serial lines (Li and Meerkov, 2009).
For multiple-branch split lines, M + 1 lines are introduced,
(my,mjy, by), (M5, m3, by), ..., (m5", mpro, bargr). Note that
in circulate and strictly circulate policies, the coefficient of
0.5 will be changed to 1/ M. Also, the method has been
applied to systems with multiple-branch split/merge and
longer lines simultaneously.

Numerical results suggest that the proposed methods still
achieve an acceptable accuracy in throughput estimation.
In all the examples we tested (using the parameters selected
from Equation (9)), the errors are typically within 5%. In
addition, all structural properties hold for such systems
as well.

6. Conclusions

Production split and merge operations are widely used in
many manufacturing systems. This article has presented
analytical methods to approximate the throughputs of split
and merge systems with exponential machine reliability
models. Priority, circulate, strictly circulate, and percentage
policies have been discussed. Monotonicity, reversibility,
and other system properties have been investigated. The
impacts on system throughput of using the different poli-
cies have been compared. The proposed approach provides
production engineers and managers with a quantitative tool

Liu and Li

for design and continuous improvement of complex pro-
duction systems.
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Appendices

Appendix A: Operator TP(-)

Introduce TP(cy, A1, i1, C2, A2, 2, V1) as an operator to
calculate the throughput of a two-machine line, where ¢;,
Ai,and w;, i = 1, 2, are the capacity, failure, and repair rates
of machine i, respectively, and N; represents the buffer
capacity. Then, the line throughput can be calculated as
(Chiang et al., 2001; Li and Meerkov, 2009):

whenc; < ¢ :

TP — 202 AN 1 cie) BN+ ¢re) CremRe M (A1)
- Aeki M+ Bef2Mi+CefaM ’

where
o= =12
Ai
k= [ 4 2 + 22) — crea[ (w1 + pa)?
+ (1 + u2)(A + 22)
+ (miA2 + A )] + a3 (1 + 2 + A/
[2c1c2(p1 + pm2)(er — )],
_ (api+cu)R
- 2ciea(p + pa)(ea — 1)’
A= R + py Rler(m + pa + Aa)
— ooy + w2 + A1)l (A2)
B = paricaf(cr — e2)(r — p2) — (2h1 + c1A2) — R,

)
R=[e1(p1 + p2 + A2) — ea(pr + pa + A1)

+4cicah Ay,
Cr = ex(ca —crer) A+ crei(l1 —e2) B
: crei(ex — 1)

when ¢; = ¢s:

TP = crer[1 — Q(A1, (1, A2, 2, V)]
= crei[l — O(ra, w2, A1, 1, Ny, (A3)

where

O(r1, pt, Az, p2, Np)

(1—61)(1—4))’ if)i;éﬁ,
1 — e M 25
_ M +A2) (i + p2) (Ad)
MArD)DAM + A (1412) + Aapi (bt + Ao + g1+ p2) M
A A
ir 2L = 22
"1 125

ei(l —e)

(Ao 4+ o) g — Aopn)
el —e)’ '

¢= (A1 + 22) (1 + p2)

When ¢; > ¢;: By reversibility.

Appendix B: Proofs

The proof of Theorem 1 requires the following lemmas:
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Lemma Al. Consider sequences XzN,(s) and X3N3(v) de-
finedin Procedure I, IszN,(S) > XzNz(s — 1 and X3N3(s) >
X3N3(s — 1), then X2N2(s +1) > XzNZ(S) and X3Nz(s +1) >
Xsi(s).
Proof. If

Yoy (s) > Xopels = 1), Xany(s) > Xapls — 1),

from Equation (1), and monotonicity in serial line (Li and
Meerkov, 2009) we obtain:

ﬁs,p,l(s + 1) < 7/—:j)s,p,l(s)a
Xio(s + 1) < Xjo(s).

s + 1) < &5(s),

It follows from Equation (2) that:

TP pa(s + 1) > TPy a(s),
X2N3(S + 1) > XZNZ(S)-

(s + 1) > &5(s),

Analogously, due to Equation (3), we obtain:

ﬁs,p,f&(s + 1) > 7/:'Ps,p,B(s)»
Xan(s + 1) > Xsn(s). m

(s + 1) > c)'(s),

Lemma A2. Sequences X, N () and X; N, (8) in Procedure 1
are monotonically increasing.

Proof. By induction. For s =0, and initial condition

X, »(0) = X, »(0) = 0, it follows from Equation (1) that:
() =ca,  TPpi(1)>0, Xi(l) < 1.
By Equation (2) we have:

() = (1 — Xip(1)),  Xony(1) > 0.

It follows from Equation (3) that:

(1) = e2 Xopo ()1 — X1o(1)),  Xsny(1) > 0.

Thus,

Xon(1) > Xony(0),  Xsw(1) > Xsp(0).

The base case is proved.

Now assume that for s > 0, XzNz(s) > XzNz(s —1). From
Lemma A1, we obtain XgN,(s +1) > XZNZ(S) and X3N}(s +
1) > X; Ng(s) Therefore, the sequences Xay,(s) and X3, (s)
are monotonically increasing. |

Proof of Theorem 1. Since the sequences XZN’(s) and
X; N, (s) defined in Procedure 1 are monotonically increas-
ing (Lemma A2) and are bounded between zero and one
(Li and Meerkov, 2009), they are convergent. Therefore,
the limits of TPSp i(s), i =1,2,3, exist. This proves the
first part of the theorem.
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For the second part, the steady-state equations of Proce-
dure 1 are

C/z = C2(1 - yzNz y?)N})’

ﬁs,p,l = TP(Cla)\'lalleac/Za)\'zauzaNl)a (AS)
- TP
Xip=1-—>22
(32@2
G =al- Xuo),
TPS,p,Z = TP(C/Z/’ )"2’ MZv C31 )\'37 /-1/37 Nz), (A6)
- TPs ;>
X2Nz =1- //s’p’
6262

&y = ey Xon (1 — Xio),
TP ;3 = TP([CW A2, 12, Ca, A4, s, N3), (A7)

~ TP
X3N3=1_ sp3

cye

Assume there exists another solution, ﬁspl *+ ﬁspl
If T Psp1 > TP Ps p, 1 then from Equation (A5) we must
have ¢, > ¢, and Xlo > X10 It follows from Equation

(A6) that ?2/ > 6‘2, TPS,p,z < TPs,p,Z, and XZN < XZN In

= 111

addition, from Equation (A7) we obtain G <q and
TP;p3 < TP, p3. Thisimplies that TP, , 1 < TP, 1, which
is a contradiction. Slmllarly, we can obtain another con-
tradlctlon if T Psp1 < TF Ps p.1. Thus, the only possibility is

TPs,p,l = TPs,p,l, i.e., there is a unique solution.
The proofs for the merge system can be obtained
similarly. |

Proof of Theorem 2. Similar to the proof of Theorem 1. B

Proof of Corollary 1. Using steady-state Equations (A5)
to (A7), we obtain:

ﬁs,p,l = (1 - X/2N2 )?3N3)€2(1 - /\710),
TP, = (1 = Xio)ea(1 — Xon,),
TPy 5 = 2 Xon(1 — Xpo)ea(1 — Xzny).

It follows that:

ﬁs,p,2 + ﬁs,p,f) =0o(1 - /\710)62(1 - X/ZNz)
+eXon(L - Xigea(l = Xan)
= ool = Xig)ea(1 — Xon, + Xo, — XzN2 Xsn,)
= (1 = Xip)ea(1 — Xon, Xsn) = TP 1.

Similar proofs can be obtained for circulate, percentage,
and strictly circulate policies. |

Proof of Corollary 2. By contradiction. First, consider the
split system with prlorlty policy. Assume that if i; > A, we
have TP Psp1 > TPs,p,l. Then, from Equation (AS5) we have:
A’Y]() > A’;IO-

~ , = = ~ ~
CZ > 625 XZZVZX3N3 < X2N2X3N3’

Liu and Li
By Equation (A6),

~ =< o~ = ~
¢y < C2, TPS’p,z < TPS7p,2, X2N2 < X2N2-

Then, Equation (A7) results in

~In ua

C2 Cz , TPsyp,g, < TPS,p’3, X3N3 < X3N3.

This leads to ﬁs’p,z + ﬁs’p’B < ﬁs,p,z + ﬁs,pg; 1e.,

ﬁs,p,l < ﬁs,p,l, which is a contradiction. Thus, the
throughput is monotonically decreasing with respect to Aj.

The monotonicity of TP, with respect to other A,
Wi, ¢i, and N; can be proved analogously. Moreover, sim-
ilar logics can be applied to a merge system and other
policies. |

Proof of Corollary 3. Consider the split and merge systems
Wlth prlorlty policy. In Procedures 1 and 2, TP P = TPb ol
TF Pmp = TPm,p,3 From condition (37), rewrite Procedure
2. By renaming the variables as

R o e R %

Xo — X5, XS})—>X§0, XmN_)X?Np

we obtain the same procedure as Procedure 1. Therefore,
we can conclude that 7P Psp = = TP, D
Similarly, we can prove other equations. [ ]

Biographies

Yang Liu received his B.S. and M.S. from the Department of Automa-
tion, Tsinghua University, Beijing, China, in 2004 and 2006, respectively.
He is now a Ph.D. candidate in the Department of Electrical and Com-
puter Engineering and Center for Manufacturing at the University of
Kentucky. He received the Commonwealth Research Award in 2008. His
main research interests are in performance analysis of complex manufac-
turing systems.

Jingshan Li is an Assistant Professor in Department of Electrical and
Computer Engineering and Center for Manufacturing, University of
Kentucky, Lexington, KY. Before joining the University of Kentucky
in 2006, he was a Staff Research Engineer in Manufacturing Systems Re-
search Lab, General Motors Research & Development Center, Warren,
MI. He received a bachelor’s degree from the Department of Automa-
tion, Tsinghua University, Beijing, China, and a master’s degree from the
Institute of Automation, Chinese Academy of Sciences, Beijing, China,
and a Ph.D. in Electrical Engineering Systems, University of Michigan,
Ann Arbor, MI in 1989, 1992 and 2000, respectively. He has published
over 30 refereed journal articles in IIE Transactions, IEEE Transactions,
Annals of Operations Research, International Journal of Production Re-
search, etc. He is also the Associate Editor of IEEE Transactions on
Automation Science and Engineering and Mathematical Problems in En-
gineering. He received the 2009 IIE Transactions Best Application Paper
Award—Design and Manufacturing, 2005 IEEE Transactions on Au-
tomation Science and Engineering Best Paper Award, 2006 IEEE Early
Industry/Government Career Award in Robotics and Automation, and
he was also a finalist of the Best Paper Award of 2009 IEEE Conference
on Automation Science and Engineering and the Best Automation Paper
Award of 2005 IEEE International Conference on Robotics and Automa-
tion. His primary research interests are in modeling, analysis, and control
of manufacturing and service systems. He is a senior member of IEEE
and IIE.





