EE699 University of Kentucky S. Gedney

ABSORBING BOUNDARY CONDITIONS

FEM Analysis of EM fields in Unbounded Media

Restricted to a finite domain size. Thus, must apply a specialized boundary condition
that “Absorbs” any energy impinging upon it.

Objective:
- Reflectionless Boundary that is independent of angle of incidence and polarization.
- Minimal computational cost (in terms of CPU and memory)

Possible techniques:

- Exact radiation boundary condition based on an integral equation formulation (using
Green’s functions)

- Local radiation boundary condition, or “Absorbing Boundary Condition” (ABC)
based on a differential operator, or psuedo-differential operator

- Absorbing media that is matched to the problem domain (e.g., an anechoic absorber)
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Sommerfeld Radiation Condition

Consider a plane wave propagating through a homogeneous media (e.g., TMz)
EZ _ Eoe—l(kxx+ky)’)

Consider a planar boundary with i=X. Then

OE. OE i .
t=—2=—|k E. =—1kcosgE
an 8)( JX Z J ¢ Z

* Approximate:
OE,

on

~ — JKE,

This 1s the Sommerfeld Radiation Condition.

Absorbing Boundary Conditions 2



EE699 University of Kentucky S. Gedney

* The transverse wave impedance of th§: incident wave:
E;nC E;nC E;nC 77
ZX = ahc = inc ~ _1 ) =
—H; 1 OF, (_ ijE;nc) coS ¢

jou ox  Jou
» The effective wave impedance of the ABC surface:
, - E;nc _ E;nc N E;nc .
_H;le —1 8EZ _1<_JkEZ|nC)
—Jou on Jou
» The Reflection coefficient of the ABC surface computed via transmission-line analogy:

Ui
- 1 | | | —
R cos¢p cosg—1
= = 0.1 -
n+ Ui cosg+1
110 ° .
Ri)]  _,
N 1.10 p—
110 ° .
110 ¢ .
L1077 | | | |
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¢
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ENGQUIST-MAJDA ABSORBING BOUNDARY

k, xxk
* Again, we can write the normal derivative for E, = Ee ) g

0 /
—E, =—jk E, =—jk* - sz =—]Jk 1——
o JKYE, J J

» The objective is to translate this term into a differential operator, recognizing that

0 .
G_yEZ :-I—JkyE

* Applying a Taylor series expansion:

o . 1(k, Y
ZE, ~—jk|1-=| L | |E,
OX 21 k

* This can be re-written 1n a differential form as:
- 2
g Ez _ JkE _ ia_
OX 2k oy’

[B. Engquist and A. Majda, "Absorbing boundary conditions for the numerical simulation of waves", Mathematics of Computation, vol.
31, 1977, pp. 629-651]

Absorbing Boundary Conditions 4



EE699

University of Kentucky

S. Gedney

Reflection Error:

Z N E;nc ~ 77
abc - - )
1 ( - . _in?
ja)ﬂ(—JkE;”C—ka(—JksmmzE;”Cj [=sin"g/2
n 7
R_1—sin2¢/2 cos¢ cosg+sin’@/2—1
n L N cosg—sin’@/2+1
1-sin’@/2  cos¢
1
0.1
0.1
110
1-10_;_‘
1-10_
IR1co)| 1-10_
[R2(¢)| 1-10_
== 110
1-10 °
110_ )
1-10_
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OTHER ABC OPERATORS

* The Engquist-Majda ABC annihilates a normally incident wave highly accurately.
However, for obliquely incident waves, large reflections can occur.

 Other boundary operators have been introduced to annihilate waves at multiple angles.
This produces a higher level of absorption over multiple angles.

» At least 2 schemes have been proposed with this intention
- Trefethen-Halpern Generalized ABC
- Higdon Boundary Operator.

Trefethen-Halpern Approximation
* Applying a Padé-type approximation:
2
9 E ~-jk p0+—p2$2 E
OX q, +0,S
* where S = ky/ k. This leads to:

YA

(k2q0 + qzkj)g E, = _jk( pok2 + pzkj) E,

replacing + Jk, — 0/0y, this leads to a third-order term:

0° o . 0’
(kzqo -0, a—yzj&Ez = _Jk( pok2 — P, @j E,
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TREFETHEN-HALPERN OPERATOR

Reflection Error:

n_ Gcosg+q, singsin® ¢ — p, — p, sin’ ¢
g, cos@+ 0, cos@sin’ @+ p, + P,sin’ ¢

RTH(qO,qZ,pO,pZ,q)) _ q0-cos (¢) + g2-cos (¢)~sin(¢)§ -p0 — p2~sin(¢)22
q0-cos (¢) + q2-cos(¢)~sin(¢) + p0 + p2-sin(d))

0.1
0.01
4 |RTH(1,-0.25,1,-0.75, )] 1 '13—4
5
B |RTH(1,-0.31657,0.99973,- 0.80864,¢)| 1-10_
ol 1 .]-D
¢ |RTH(1,-0.51084,0.9925,- 0.92233,8)| 1.10 '
8
|R2(9))| et
+e 1 IIQID
4 -0.0,0.0,00 1-10_
1-10_
B- 117,319,435 L 10712
C-184,51.3,76.6 110 l I I I
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¢
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HIGDON BOUNDARY OPERATOR

Consider the Wave Impinging on the Exterior Boundary to be a Linear Superposition of
Plane Waves

E,(x,y) =D fi(cosg, tsing)

Higdon Proposed the Annihilator function [Math. Comp., vol. 49, pp. 65-90, 1987]:

L 0
{H(Jk cos ¢ +5ﬂ E,(X,y)=0

i=1

 This operator is exact at each of the n angles¢ .
 First-Order Higdon (n = 1):

(jkcos¢1 +£j E,(X,y)=0
OX

Actually Equivalent to the First-Order Engquist-Majda, with ag E, ~—]JKE,
X
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Z

_—jouE) 7q

(- Jk,E™)  cosg

» The Reflection coefficient of the ABC surface computed via transmission-line analogy:

R =

n _n
COS@ COSP  COS¢P—COSq
Ui Ui COS@+ cos ¢,
COS@, COS@

First-Order Higdon ABC

1 4 — :
0.1 o _ﬂ_‘-;'gf"./ _ta,_,—"*‘aj
- : - 6% v 3
2 o001k ol X 7 — R i
[T O Vi :
§ o001 [ A\ ¥ SRR (0,=109F
t)' :' II — & _ 0 §
£0.0001 E./ ¥ T R, 0, =27) -
¥ 3 ! I E
L ) -
10° | ! y i
| |
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Second-Order Higdon (n = 1):

: o\l . 0
(]kcos¢51 +&j(jkcos¢2 +&) E,(xy)=0

Annihilates incident waves at angles ¢1 and ¢p.

2 2
* From the wave equation: (F + ~ + kzj E, =0. Thus, this can be rewritten as:
X y
2
ik JE, 2 1+ cos¢@ cosg, e 1 J°E,

ox (cos@ +cosg,) ©  (cosd +cosd,) Jy>
This leads to reflection error:

N Ui
1+cosg cosg, sin” @

(cos@ +cos@g,) (cosg +cosg,)

R _ 08 P(cos @, +cos@,) —cos’ @ — cos @, cos g,
cos #(cos @, +cos@,) +cos” @+ cos @ cos @,

abc
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|[RH2(10,27,¢)] 1.

|RH2(22.5,67.5,¢)| 1-

|RH2(0,0, )] I
|R2(¢)|

1-10 ©

20 40 60 80
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IMPLEMENTING THE ABC’S

 The ABC’s only affect the boundary integral:

_[Ea 1 @Ezdf
o Mooon

Sommerfeld Radiation Condition:
OE,

on

~ _jkEz

oQaBC

* Assuming Nodal Basis functions:

E,~> c¢c,N; EX=N,
j=1

. 1 O,
'[Eﬂr5 —ka;ch—Ndf
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SECOND-ORDER ENGQUIST-MAJDA ABC

: 2
g —JkE _ia_
OX 2k oy’

On an x-normal boundary:

an ! %EZ dyN—JkI Eaﬂ—E dy——j Eaia—zE dy

r

Applying integration by parts:

an L o, dy~—Jk_[Ea—E dy+ljiEaiiE dy

o M OX Hy 2k 5,0y p, Oy

This is generalized to a boundary of arbitrary normal
.1 0

anl EZdrN—kan—Edr Jj E do
o0 ﬂr

0
Z
an 5.9 :ur r at
where 0/ 0ot is the transverse derivative.

Absorbing Boundary Conditions 13



EE699 University of Kentucky S. Gedney

SECOND-ORDER HIGDON ABC

JOE i 1+cosgicosd, ] 1 O’E,

I o~

~

OX (cos@ +cos@,) ° Kk (cosd +cosg,) Ay’

Following the 2"-order Engquist-Majda implementation, this is implemented as:

IEaiaEz 4/ ~— ik 1+ cos¢ cosg, EaiEsz

2 J z
U, on (cosg +¢cosp,) 3, K,
Y N (2L
K (cosg +cosg,) 5,0t ° p, ot
Again, assuming Nodal elements this is implemented as:
ON, ON,

. 1 OE, LS ) N
anE yrandg“' rKJchNNd€+ KJZ — at

r

where, K, and K, are constants as seen above. Note that in the second term, nodes off the
boundary will contribute to the term, even though the integral is over the boundary edge.
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THIRD-ORDER TREFETHEN-HALPERN ABC

&>\ o . 0
(kzqo -q, ?ja_n E, =—Jk( PK* — P, ?j E,

The 3"-order Trefethen-Halpern ABC is not as easily implemented b/c of the mixed-
derivatives. However, it can be implemented even with first-order elements following a
method proposed by O. Ramahi [IEEE Trans. On AP, Vol AP-47, pp. 1141-1145, 1999].

Let: ®°=0E,/on.

Nb
Expand: @° = Zbi N?, where N, are the number of nodes on the boundary, and N are
i=1

the basis functio_ns on the boundary only.

Np
Also, let E° = Zci N?, be an expansion of E, restricted to the boundary.
i=1

2 2
Then, we apply the condition: (kzqO —q, %}Db =— jk( p.K> — p, %} E
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This leads to the relationship:

> by kg, [ NPNYde+aq, |
j=1

oQ oQ

b ONP
N, s |
ot ot

0 ot
This can be represented via a linear system of equations, as:

o | ONP NP
—ikY c | k? NPNPd /7 + kde
J kz_; K poa_!; 1 Nk pzj ot }

[Q]b =[P]c”
where, C° are restricted to nodes on the ABC boundary.

We then formulate the ABC boundary integral as:

=
E:——2d/= Ea—CDdf b. | N. —N °d ¢
j M, 0N o M Z I M,

which contributes to the global K-matrix. The two systems are solved simultaneously,
leading to the solution for the C
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2D ABC FOR A CIRCULAR OUTER BOUNDARY

e Asymptotic approximation of a two-dimensional far-field:
e_jkp

E~ M)

e First-order approximation of the normal derivative:

OE 1 g ko 1
N —Jk——jA(@ Z(—Jk——jEz
op [ 2p Jp 2p

e First-order (Sommerfeld) Radiation Condition on a circular cylindrical boundary:

OE, N —jk—i 3
op 2p
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HIGHER-ORDER EXPANSION

e Wilcox far-field expansion:
e jkp 0

e Bayliss-Gunzberger-Turkel annihilation operator of order m:

D R e LS R D
op 2p

where ‘B, =1.

Can show that: B (E, )= O( p 2). Thus, 9B_ annihilates the first m terms of the

Wilcox expansion series.

e ‘B -operator:
BE, =0

i+jk+L E,~0 :EE Jk+L E,
op 2p op ° 2p
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e ‘B -operator:

Expanding:
2
82+jk2£_ 12 K2 jk 5 0 jk5 5 E ~0
op op 2p 2,0 2p 8,0 20 4,0
2
Realizing that: g > =i 0,0 10 , and from the wave-equation in cylindrical

Yo,
op° pop Op pop
1apa+1 o
pop op p’og

o0 1 e Lo

coordinates: [ + kzj E =0, then:

op>  p’og p Op

Then, expanding the above operator, and applying this relationship, leads to:

oE, |. 1 1 1 O’E,
+| K+ ———— — |E, ———; . R~
op 2p 8p°(1/p+ jKk) 20°(1/ p+ jK) O¢
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EE699

Thus, for the ‘B, -operator:

O, o1 1 1 O’E,
~—| Jk+ o 2 - TS - 2
op 2p 8p°(1/p+ jK) 20°(1/ p+ Jk) O¢

This is generalized to an arbitrary boundary with curvature x =1/ p. Realizing:

1 o° 0°

R _)_
p2 a¢2 at2
Then, the B, -operator 1s expressed as:
2 2
GEZz_ jk+£— K e+ 1 0°E,
on 2 8(x+ jk) 2(x + jk) ot?
Assuming Nodal elements this is implemented as:
1 oE 1.
[Er—rdrs——] jk+Z- chNNdz
g, o w2 8<r<+ jk) )4

o0
1 1 & ON. ON,
— ——> ¢, | ——1d¢
20+ JK) p, o 4 Ot ot
Note, if x =0, this reduces exactly to the 2"-Order Engquist-Majda ABC.

20
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ABC’s FOR VECTOR FORMULATIONS IN 3D

* Vector Formulation Boundary Integral:

[ E* x—VxE-fids
oQ ll’lr

where A is the outward normal to 6Q, and E satisfies the vector-Helmholtz equation:

VxVxE-K*E=0

* Wilcox Expansion of the far-field in 3D spherical coordinates:

—jkr o A
E:e Z'Ah(‘?a¢)
| S— I

* Define the Webb-Kanellopoulos operator [MOTL, vol. 2, pp. 370-372, Oct. 1989]:

_ A _ : m ) _
Sm(u):rxqu—(Jk+—ju
r

e It can be shown that for m>0 and n>0:

e [ejkr Fx 'A\1(‘9>¢)j :(n_m)e—jkr Fx 'A\1(‘9>¢)

n+2
r
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e Andfor m>0andn=>0:

£, Vt[ejkr f'A:(@’qj)] :(n+1—m)Vt£eJkr f‘A:(W)j

n+1 n+2

where, V, is the grad operator transverse to the radial direction.

« What is interesting, is that in both cases, the £ _ operator has the affect of multiplying
the function by 1/r times an integer (n-m) or (n + 1 —m).

* Webb-Kanellopoulos ABC operator:
%m (U) — (E’m )m (Ut ) t S(gm )m_l (Vtur )

where (Sm ) implies applying the operator successively m-times, and S is a constant to be

determined, U, is the transverse part of U, and U, is the radial part ofU.

* One can show that:

%m (E) _ O(r—(2m+1))
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THE WEBB-KANELLOPOULOS VECTOR-ABC

First-order WK-ABC:
B, (E)=FxVxE, - JKE +sV,F-E~0

Note that we have to cast FxVx E, = FxVxE —FxV xFE,.

Can show that: F xV xFE =—-FxFxVE =V E . Therefore, from the ‘B -operator:

FxVxE ~ JkE, —(s-1)V,E

r

Reflection Error:
|RTMr (0, 0)]

_ — 0.01
RlTEr _ L‘gl IrtMr040)] 5
cosfd+1 |RTMr (0.48.0)| | .17

5

ATM, cos@+(1-s)sin’ -1 IRTME5,0)] 110

-6 [ ]
| — . |RTMr(0.55,0)] 1-10 " 17>
cos@—(1—s)sin’ 0 +1

110 ' |
110 O F
110

.10_10

|RTMr(1,0)]
[ 3 N

9

Note: if s=1/2 = same R as 2"%-order EM-ABC1

20 40 60 80
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« Second-order WK-ABC:
B, (E)=¢,2,(E )+sL, (V.E)

:—2(jk+ljfoxE+2jk(jk+ljﬁt+fo(f~VxI§)
r r

+(s=1)V,(V-E )+(2-5) KV E,

Therefore, from the ‘B -operator:

—

PxVxE ~ JKE, + VxP(F-VXE)+(s-1)V,(V-E )+(2-5) KV E, |

2( jkr+1)
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Reflection Error of the B -operator:
RTE _ cos@+sin”6/2 -1
 — .
cos@—sin“ /2 +1
o, _ C0SO+ (s —1)sin*@cos@/2+(1—s/2)sin” 61
cos@+(s—1)sin’ Ocos@/2—(1-5s/2)sin” O +1
Observations:
s=1: R, =R s=1/2: R™ =3"order ABC
1 —
0. ----f"a..j*L

|RTM2r(0,0)] s A

— 0.01 : g

|RT.M2r(O.4,6)| 100 _ ,,-_‘_‘ 'o'

|RTM2r(0.48,0)| |17 Z el y

- . & [}

|[RTM2r(0.5,0)] 1410 7 A A .

|RTM2r (0.55,0)| 1-10_: 7, e

|RTM2r(2,0)] 1'10_8 o

----- 1110 °

110 ° 2
110 10 1
20 40 60 80
0
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IMPLEMENETING THE WK VECTOR-ABC

« First-order WK-ABC (s = 1):
rxVxE = JKE,

where, E, = —fx fxE. This is the Sommerfeld Radiation Condition.

Boundary integral term:

[ E*x—VxE fids=— [ E*xVxE-fds=— [ fxVxE-Eds
o0 Hy Hr 2o Hr a0

Applying the Sommerfeld Radiation Condition:
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This can be generalized to an arbitrary boundary:

~ 1 ~ 1 ~ ~
E?°x—VxE-Ads~— | (AXE®)-(AxXE]d
8'[2 x,ur X nas lura_[!(nx ) (nx ) S

Assuming vector edge elements, this leads to a contribution in the system matrix:

]

—cha£(ﬁ xVVi)-(ﬁ ><VVj )ds

ﬂr j=l1
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IMPLEMENETING THE WK VECTOR-ABC (cont’d)

« Second-order WK-ABC (s =2):

foxEz—jkfxfxlg+2(jkrr+1)[fo(f.Vx E)+Vt(v'ét):|
Useful Identities:
I A-PxPxE=—(PxA)(TxE)=E-Fx(fxA)
2.

-
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Boundary Integral Term:

ij EaxVxE-deziJ‘[jkéta'ét+ﬂ(r)(VXEa)

VxE
Ky 5o Ky 5o r( " )

~B(r)V-EV-E |ds

r

where,

Ar)= 2(jkrr+1)

This can be generalized to a general boundary with curvature x, as:

LJ‘ EaxVxE-ﬁdS%ij[jkEta'Et +lB(K)(VXEa)n(VXE)n_
Hy 50 Hr o

For a planar boundary, [ (0) = ;—li
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PERFECTLY MATCHED LAYER ABC

» Absorbing Material Boundary Condition'
» To Be Effective, Must:
- Be thin (only a few lattice cells in thickness)
- Be Effective in the Near Field of Source or Scatterer
- Reflectionless to All Impinging Waves (Polarization, Angle)
- Reflectionless over a Broad-Band

-9—— Absorbing
Material
Medium

» Perfectly Matched Layer (PML) Material Medium First Introduced by J. P. Berenger
Has Been Found to Meet all of these Criterion [J.-P. Berenger, "A perfectly matched

layer for the absorption of electromagnetic waves," Journal of Computational Physics,
October 1994
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Dispersionless Medium

e Consider a plane wave incident from a free space (X < 0) onto a material half space (x >
0)
e The material half space is assumed to have both a magnetic conductivity o* and an

electric conductivity o.
Reflected Wave

N

Incident Plane Wave

Lossy
Medinum

—_—

Yy
L' X
—JBx=iByy

e TE, polarized uniform plane wave incident upon this interfaceH™ =2H e :
propagating with angle @ relative to the normal x-axis.
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e The fields in the two regions are then posed as:

H, = 2|-|0(1+Fezjﬂ;x)e—jﬂix—m‘yy
= i . i o g g (X<O)
E, :(_)A(%(I+Fezjﬁxx)+y%(l_l"e%ﬂxx))H o IAx-IBY

0

|:|2 = H_ N

> (x>0)

e From the dispersion relationships:

'—k cosb'
'BX. L (x<0)
B =K sin6'

y

,B;—\/kf(ht 9 j{u or jﬂ;z} (x> 0)
Joe, Jou,

o where k. =w,/&,1. (1=1,2).
e Enforcing the continuity of the tangential fields across the boundary interface (X = 0),
B, =P, =K sind', and:
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EE699
B _ B
WE _o
F: ﬂil a)é'z(;w)sz) ; T:1+F
W& w82(1+ﬁ)

e [f the wave is normally incident (8 = 0):

F — 771 - 772
m+n,
where

|u B ﬂ2(1+'g*2)
h = g_ll’ = 82(1+J:)

Joe,

Subsequently, if 1, = 14, & = &;, and

or_o
My &
then, I' = 0!
e Also,
,B; :(l-l_j%jkl =k, — Jorn,.
1

33
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e The real part of 3, is the propagating component of the wave

e The imaginary part is the attenuative component.

e Thus, the wave speed in medium 2 is identical to that in medium 1. Furthermore, despite
being a lossy medium, the wave is dispersionless — i.e., the wave speed is frequency
independent for an axially propagating wave. Hence, this type of medium has been
quantified as a dispersionless medium.

e From (7.1.b), the resultant fields in the dispersionless medium excited by a normally
incident wave are expressed as:

—

H, =2H e e~

E, = yn,H_ e Mg o

e In summary, it is seen that given a medium with magnetic and electric conductivity
c* o : :
defined by — =— the medium will be matched across a planar boundary for all

H &
normally incident waves. Furthermore, the wave propagating in the dispersionless
medium has the same propagation characteristics as the incident wave, but will attenuate
along the normal direction.
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UNIAXIAL PERFECTLY MATCHED LAYER ABSORBING MEDIUM

Reflected Wave

AN

TM-Pol. Plane Wave PML Medium
-—

L.,

» Assume a time-harmonic arbitrarily polarized plane wave, incident on a material half
space described as a uniaxial anisotropic medium:

Jinc _ g o-ifix-ipiz
H H.e

T Z.S. Sacks, D. M. Kingsland, R. Lee, and J. F. Lee, "A perfectly matched anisotropic absorber for use as an absorbing boundary
condition," IEEE Transactions on Antennas and Propagation , vol. 43, pp. 1460-1463, December 1995.

ft S. D. Gedney, "An Anisotropic PML Absorbing Media for FDTD Simulation of Fields in Lossy Dispersive Media,"
Electromagnetics, vol. 16, no. 3, July/August, 1996.
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* The interface between the two media 1s the z = 0 plane.

« The fields excited within the uniaxial medium are plane wave in nature and satisfy
Maxwell's equations. In the plane wave space the curl equations are expressed as:

PAxE=ouupH, p*xH=-wsecE
Whgre
B =3B+ 15,
and: i i i
a 0 o0 c 0 O
g=|0 a 0, u=|0 ¢ O
0 0 b 0 0 d]
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UNIAXIAL PML - THEORY (cont'd)

* Derive the wave equation in the Uniaxial Medium equation:

FrxE B < A +KCEH =0

2 2
where: K™ ="y €8, .

» Expressing the cross products as matrix operators, the wave equation can be expressed

more suitably in matrix form as:

klc—a'p* 0
0 kK’c—p¥a' - b
pipta 0

Bpat
0

kd—a'g"

* The dispersion relationship for the uniaxial medium is derived from the determinant of

the matrix operator:

(kzc —a'pr —blp" )(kza—c‘lﬂfz —d'g" ) =0

« Conveniently, these solutions can be decoupled into forward and backward TE, and TM,
modes, which satisfy the dispersion relationships:

k’c—a'p: —b"'B; =0 for (TE,), & k’a—c'BZ —d™'B, =0 for (TM,)
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UNIAXIAL PML - THEORY (cont'd)

Initially, assume a TE, incident wave impinging on the interface:
Hl = yH 1+ [e2if )e—JﬂlX—jﬂQZ

El — ()A(g_i(l _FeZJﬂiz) _ zﬁ_i(l n FGZJﬂz'Z)) Hoe—jﬁiX—J’ﬂEZ

—_

9 —jBx-ipi1
H,=yH_ e

= (o Ba 5 pbT —iBx-ifiz
Ez_(x — 7= )Hore

&

Enforcing field continuity at the z = 0 interface:
an-1 i

ﬂl IBaa—l’ r=1+I'= 2ﬂa —1

g, +p,a B, + Bra
The underlying objective 1s to determine if there exists a choice of constitutive
parameters for which I' = 0 for all angles of incidence.
A sufficient condition is if S = A%a™".
Given the TE, dispersion relationship: ,sz =k’ca—ab'8" or B =kca'-pbla"
Finally, if c = a and b = a1, then:

pr =K -5

Repeating for the TM, polarization, reflectionless conditions holds if ¢ =a and d = ¢-..
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‘a 0 0 |
=0 a 0
0 0 a'|

In conclusion, if:

UNIAXIAL ABSORBING MEDIA

=

(a 0 0
0O a O
0 0 a'

a plane wave of arbitrary polarization and angle of incidence will be purely transmitted
into the uniaxial medium.

« For FEM applications, the perfectly matched uniaxial medium is extremely useful if it is
highly lossy such that any wave entrant upon the medium will quickly attenuate while no
physical reflections will be encountered due to the interface.

* Terminating the uniaxial slab with a hard boundary such as a perfect electrical conductor
(PEC), small reflections will be encountered due to the finite depth. However, if the
medium is highly lossy, these reflections can be made to be extremely small.

 For a lossy uniaxial medium, one obvious choice for the constitutive parameters is

0,

a=1+

jos,
O-Z
Joe,

0
0

I+

Rl
I

1+

0

o,

Jog,

0

. This leads to the relative permittivity and permeability tensors:

0
0
1/(1+-2)

Jjoey 7]

I
=

Absorbing Boundary Conditions 39



EE699 University of Kentucky S. Gedney

UNIAXIAL ABSORBING MEDIA (cont'd)
» The dispersion relationship is then expressed as:
K> = 11+ 20 + By
which leads to: g =+(1— j afg )f!

* Given a TE, incident wave, the field intensities in the uniaxial medium are given by:

—

O ~iBx-ifizn-a,1
H,=yH_e e

WELE, WELE,

= (o A 5 BH0EE) P17 a-ay2
E, = (x — 1 H,e e

where:
_ o, pi_ [ i
az - we, ﬂz - 0-2770 gr COS&

» The principal advantage of the Uniaxial PML is that it is posed in a Maxwellian form.
This lends to further physical insight to its properties, and has lead to the generalization
of the PML to more generalized media, such as lossy, dispersive, and anisotropic mediaf.

T S.D. Gedney, "An Anisotropic PML Absorbing Media for FDTD Simulation of Fields in Lossy Dispersive Media,"
Electromagnetics, vol. 16, no. 3, July/August, 1996.
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Corner Regions

w4

o | Il N
PEC
/Wan

oxy=0 FDTD Space
o I E
g ——| - |
o, 0, =0 o,

* In General, the FEM lattice must be terminated by PML on all 6 sides. In the corner

regions there are multiple interface boundaries.
 The constitutive relations in the corner regions are simply derived by matching two
uniaxial media. This leads to the general expressions for Maxwell's curl equations:

VxH = joe,eSE, VxE=-jousH
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where:
S.S
y 0 0
SX
S=| 0 22 0 | s =(+-2)s =(1+-2),s, =(1+-2
S = 5 9Sx_( +ja)go)’sy_( +ja)go)’sz_( + ja)go)
y
0 0 SXSy
| SZ —

Sv, Sy, and S, are associated with the X, y, and z-normal planes, respectively. Outside of
these regions, the respective o; = 0.

» This can easily be derived by matching a uniaxial PML to an anisotropic medium [See
Chapter 7 of Advances in Computational Electrodynamics: The FDTD, Artech House,
1998, A. Taflove, Ed.]

* Note that in the corner regions, the medium is no longer uniaxial. However, we refer to it
as a UPML, since we are actually matching an anisotropic medium through the product
with a uniaxial tensor.
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IMPLEMENTATION

« The PML is implemented within the FEM formulation by treating the space as an
anisotropic media

e Galerkin Formulation:

Vector-Helmholtz Equation:
Vxu 'VxE-kEE=0

where, in the PML region: 7. =45, &, =&,5

Reaction Integral:
[[E*-VxZ'VxE-KE"-ZE|dQ=0
Q
Applying Green’s first-identity:
I[Vx E*- 7'V x E—kééa-ié]dQ—C_‘S[Eaxﬁ;le E]-ﬁdS =0
0Q

Q

where, the exterior boundary is typically terminated via a PEC, or PMC, or a Sommerfeld
Radiation condition.
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