1D Finite Element Solution of Helmholtz's Equation
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Description:

1D solution of the Helmholtz equation with a Dirichlet and a Neumann boundary
condition. The domain is of length L. The boundary conditions are: Ez(0) = Eo,
d/dxEz(x) = -jko Ez(x) at x = L. This version assumes a homogeneous media.
The domain is broken into N linear segments. For simplicity, a uniform
discretization is assumed. First order Nodel elements are assumed in this
version. The results are plotted and the error is estimated against the exact
solution.
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anLbi=1 N:=10 Eo =1 n:=1 ko:=2-n

Pre-calculate constants:

sqrtgll ::L
N
(1 -1 10 -10
Slocal := . Slocal =
sqrtgll |-1 1 -10 10
) 8.684 -10.658
Tlocal := 391911 Klocal :=Slocal — ko-ko-Tlocal Klocal =| T
3 1 -10.658 8.684
2

Compute the Matrix by superimposing the sparse entries:

K= ]index«<0 First initialize the matrix to O (a dense matrix is used)
for ic 0. N (Note that the array is base 0)
for je 0. N
tmp, i 0
tmpy g 1 Initialize for the Dirichlet boundary at x = 0
tmp, |« Klocal1 1 Only K11(1) contributes to the global system matrix
for ie1.N-1
for iLe 0. n
for jLe 0. n
Superimpose the element matrices
D, i WP i i T KIOCRG 5
trm)N,N(_tmpN,N-"J ko Add the Neumann boundary at x = L
tmp




0 1 2 3 4 5 6 7 8
0 1 0 0 0 0 0 0 0 0
1 0| 17.368 | -10.658 0 0 0 0 0 0
2 0]-10.658 | 17.368 | -10.658 0 0 0 0 0
3 0 0]-10.658 | 17.368 | -10.658 0 0 0 0
4 0 0 0 -10.658 | 17.368 | -10.658 0 0 0
5 0 0 0 0]-10.658 | 17.368 | -10.658 0 0
6 0 0 0 0 0]-10.658 ( 17.368 | -10.658 0
7 0 0 0 0 0 0[-10.658 | 17.368 | -10.658
8 0 0 0 0 0 0 0]-10.658 | 17.368
9 0 0 0 0 0 0 0 0] -10.658
10 0 0 0 0 0 0 0 0 0
K,\LN = 8.684 + 6.283i
Initialize the Right-hand-Side 5
b:i=]for ie0.N 0 1
tmp,0 1| 10.658
tmp0<—Eo 2 0
3 0
tmp, —-Klocal, -Eo b2 0
tmp 5 0
6 0
7 0
8 0
9 0
10 0
Compute the Solution:
0
ci=K'b 0 1
1 0.817-0.589i
2 0.331-0.96i
3 -0.277-0.976i
c- 4 -0.783-0.63i
5 -0.999-0.05i
6 -0.844+0.548i
7 -0.377+0.943i
8 0.23+0.989i
9 0.751+0.668i
10 0.995+0.1i




Plot the Solution versus the Exact:

Ezexact(x) :=Eo-exp(-j -ko-x)

Ezex = | for ic 0. N xx:= [ for ie 0. N

. L tmp.<i L
Xe—1— ! N
m
tmp, Ezexact(x) tmp
tmp
ii:=0.N
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