1D Finite Element Solution of Poisson's Equation

NNN

Description:

1D solution of Poisson's equation with Dirichlet boundary conditions. The
domain is of length L. The boundary conditions are: V(0) = V1, V(L) =V2. This
version assumes an inhomogeneous media. Three piece-wise constant material
regions are assumed. Each region is broken into Ni linear segments. For
simplicity, a uniform discretization is assumed. First order Nodel elements are
assumed in this version. The results are plotted and the error is estimated
against the exact solution.
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Initializations:
L:=1 V1:=5 V2:=0 n:=1
dl:=0.25 d2:=0.75 N1:=5 N2:=10 N3:=5 N:=N1+ N2+ N3
erl =4 er2.=8 er3 =2

Pre-calculate constants:

sqrtgl ::E sqrtg2 := d2- di sqrtg3 ::L__d2
N1 N2 N3
I_{l -1]
11 Slocal(i) = < ert .s> if i<N1
sqrtgl

2 sl if NISi<N14+ N2
sqrtg2

er3 -S| otherwise
sqrtg3

Compute the Matrix by superimposing the sparse entries:

S:=|index«<0 First initialize the matrix to O (a dense matrix is used)

for ic 0. N (Note that the array is base 0)

for je 0. N

tmpi,j<—0

tmp; e 1 Initialize for the Dirichlet boundary at x = 0
tmp, |« SIocaI(O)1 1 Only S11(1) contributes to the global system matrix
for ie 1.N-2

for iLe 0. n



for jLe 0. n

Superimpose the element matrices

tmp tmp + Slocal(i)“_ i

i, il L, L
tmpN_lﬁN_l<—tmpN_1,N_l+ SIocaI(N)O,0

tmp,, N<—1 o N

’ Initialize for the Dirichlet boundary at x = L
tmp Only SO0(N) contributes to the global system matrix

0 1 2 3 4 5 6 7 8 9 10 | 11 | 12 | 13
0 1 0 0 0 0 0 0 0 0 0 0 0 0
1 0| 160 -80 0 0 0 0 0 0 0 0 0 0
2 0| -80| 160| -80 0 0 0 0 0 0 0 0 0
3 0 0| -80| 160| -80 0 0 0 0 0 0 0 0 0
4 0 0 0| -80( 160( -80 0 0 0 0 0 0 0 0
5 0 0 0 0| -80| 240] -160 0 0 0 0 0 0 0
6 0 0 0 0 0|-160| 320] -160 0 0 0 0 0 0
7 0 0 0 0 0 0|-160| 320| -160 0 0 0 0 0
8 0 0 0 0 0 0 0|-160| 320| -160 0 0 0 0
9 0 0 0 0 0 0 0 0]-160( 320( -160 0 0 0
10 0 0 0 0 0 0 0 0 0|-160| 320| -160 0 0
11 0 0 0 0 0 0 0 0 0 0|-160| 320] -160 0
12 0 0 0 0 0 0 0 0 0 0 0|-160( 320] -160
13 0 0 0 0 0 0 0 0 0 0 0 0|-160| 320
14 0 0 0 0 0 0 0 0 0 0 0 0 0] -160
15 0 0 0 0 0 0 0 0 0 0 0 0 0 0
16 0 0 0 0 0 0 0 0 0 0 0 0 0 0
17 0 0 0 0 0 0 0 0 0 0 0 0 0 0
18 0 0 0 0 0 0 0 0 0 0 0 0 0 0
19 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Initialize the Right-hand-Side
b:=]for ie0.N

tmpi<—0
tmp0<—V1
tmpl<——SIocaI(0)l,0‘V1
tmp,_ ;< SIocaI(N)Oyl-VZ

tmp, V2

tmp
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Compute the Solution: 0 5
1| 4.75
- 2 4.5
c:=stb
3| 4.25
4 4
5 3.75
6 [ 3.625
7 3.5
8 [ 3.375
C=l9| 325
10| 3.125
11 3
12| 2.875
13| 2.75
14| 2.625
15 2.5
. 16 2
Plot the Solution versus the Exact:
17 1.5
_ - - 18 1 r 7
01 0 0 0 O V1 -5
19 0.5
erl1 0 -er2 0 0 O 0 5
0 O er2 0 -er3 O 0 1 -25
A= y = z:=A"y Z=
dl 1 -d1 -1 0 O 0 4.375
0 0 d2 1 -d2 -1 0 -10
|00 0 0 L 1] | V2 | | 10 |
Al =z, B1 =7, A2 =z, B2 =z, A3 =z, B3 =z,
Vexact(x) := | (Al-x+ B1) if x<dl
(A2-x+B2) if d1<x«d2 dl=0.25
(A3-x+B3) if d2<x<L
. Vexact(dl) = 3.75
0 otherwise
XX = [tmpx<0
tmp0<—0
for ie 0. N-1
tmpxetmpx + sqrtgl if i<N1
tmpxetmpx + sqrtg2 if N1<i<N1+ N2 .
. Vex = |for ie 0. N
tmpxe tmpx + sqrtg3  otherwise
tmp.— Vexact <xx.\
tmp; _, < tmpx ! I
tmp
tmp




ii:=0.N




