
2D FEM Solution of the Helmholtz Equation (TMz)
^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^^
Description:

2D solution of the Helmholtz wave equation for the TMz polarization.  A
rectangular domain is assumed.   The side walls are zero Neumann boundaries.
The bottom wall is a Dirichlet boundary.  The top wall is a Neumann boundary.
This version assumes a homogeneous media.  The domain is discretized into N
triangular elements.  First order Nodal elements are assumed.   The results are
plotted and the error is estimated against the exact solution.
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Read in the coordinates of the nodes from an external file:

rNode

nodeList.txt
:= triNode

elemList.txt
:=

numNodes rows rNode( ):= numTris rows triNode( ):=

numNodes 36= numTris 50=
rN rNodeT:=

Graph the Mesh:
meshMapx index 0←

node triNodei j, 1−←

tmpindex rNodenode 0,←

index index 1+←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:= meshMapy index 0←

node triNodei j, 1−←

tmpindex rNodenode 1,←

index index 1+←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:=
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Read in the boundary nodes:
The node # (1st column) and the Dirichlet boundary ID (2nd Column) are read in.
Note that a pre-processor has sorted all nodes so that nodes on Dirichlet boundaries are at the
end of the list. 

boundaryNodes
boundaryNodeList.txt

:= numBoundaryNodes rows boundaryNodes( ):=

numBoundaryNodes 12=

DirchletboundaryNodes index 0←

tmpindex 0, boundaryNodesi 0,← boundaryNodesi 1, 1=if

tmpindex 1, boundaryNodesi 1,← boundaryNodesi 1, 1=if

index index 1+← boundaryNodesi 1, 1=if

i 0 numBoundaryNodes 1−..∈for

tmp

:=

numDBoundaryNodes rows DirchletboundaryNodes( ):= numDBoundaryNodes 6=

numIntNodes numNodes numDBoundaryNodes−:= numIntNodes 30=

nodeBc

tmpi 0←

i 0 numNodes 1−..∈for

node DirchletboundaryNodesi 0, 1−←

bc DirchletboundaryNodesi 1,←

tmpnode bc←

i 0 numDBoundaryNodes 1−..∈for

tmp

:=



NeumannNodes index 0←

tmpindex boundaryNodesi 0,← boundaryNodesi 1, 2=if

index index 1+← boundaryNodesi 1, 2=if

i 0 numBoundaryNodes 1−..∈for

tmp

:=

Compute the unitary vectors for the triangles:
ii 0 numTris..:=

aSub1Vectors index 0←

node0 triNodei 0, 1−←

node1 triNodei 1, 1−←

asub1 rN node1〈 〉
rN node0〈 〉

−←

tmpj i, asub1j←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:= aSub2Vectors index 0←

node0 triNodei 0, 1−←

node2 triNodei 2, 1−←

asub2 rN node2〈 〉
rN node0〈 〉

−←

tmpj i, asub2j←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:=

rootG2d index 0←

a1 aSub1Vectors i〈 〉←

a2 aSub2Vectors i〈 〉←

rg2di a1 a2×←

i 0 numTris 1−..∈for

rg2d

:=

Compute the reciprocal unitary vectors for the triangles:
zhat

0

0

1

⎛
⎜
⎜
⎝

⎞

⎠
:=

aSup1Vectors index 0←

asub2 aSub2Vectors i〈 〉←

asup1
asub2 zhat×

rootG2di
←

tmpj i, asup1j←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:= aSup2Vectors index 0←

asub1 aSub1Vectors i〈 〉←

asup2
zhat asub1×

rootG2di
←

tmpj i, asup2j←

j 0 2..∈for

i 0 numTris 1−..∈for

tmp

:=



Compute the Global K-matrix:

K

tmpi j, 0←

i 0 numNodes 1−..∈for

j 0 numNodes 1−..∈for

nodej triNodei j, 1−←

j 0 2..∈for

asup1 aSup1Vectors i〈 〉←

asup2 aSup2Vectors i〈 〉←

asup0 asup1− asup2−←

asupj 0, asup0j←

asupj 1, asup1j←

asupj 2, asup2j←

j 0 2..∈for

aq asup q〈 〉←

as asup s〈 〉←

Ke
aq as⋅

2
Teq s,−⎛⎜

⎝
⎞
⎠

rootG2di⋅←

tmp nodeq( ) nodes, tmp nodeq( ) nodes, Ke+← nodes numIntNodes<if

s 0 2..∈for nodeq numIntNodes<if

tmp nodeq( ) nodeq, 1← otherwise

q 0 2..∈for

blankspace 0←

i 0 numTris 1−..∈for

tmp

:=

K
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Compute the Right-Hand-Side:

b

rhsj 0←

j 0 numNodes 1−..∈for

nodej triNodei j, 1−←

bcj nodeBcnodej
1−←

j 0 2..∈for

asup1 aSup1Vectors i〈 〉←

asup2 aSup2Vectors i〈 〉←

asup0 asup1− asup2−←

asupj 0, asup0j←

asupj 1, asup1j←

asupj 2, asup2j←

j 0 2..∈for

aq asup q〈 〉←

as asup s〈 〉←

Ke
aq as⋅

2
Teq s,−⎛⎜

⎝
⎞
⎠

rootG2di⋅←

rhsnodeq
rhsnodeq

Ke VDBCbcs
⋅−← nodes numIntNodes≥if

s 0 2..∈for nodeq numIntNodes<if

rhsnodeq
VDBCbcq

← otherwise

q 0 2..∈for

blankspace 0←

i 0 numTris 1−..∈for

rhs

:=

Compute the Solution:

b

0

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

0.501

1.001

1.001

1.001

1.001

0.5

0

0

0

0

0

0

0

0

0

0

=

c K 1− b⋅:=



Compute the Error Relative to the Exact Solution:

ymax 1:=

Exact

y rN1 i,←

tmpi
cos k0 y ymax−( )⋅[ ]

cos k0 ymax⋅( )
←

i 0 numNodes 1−..∈for

tmp

:=

Exact
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Error Exact c−:=

meanError
1

numIntNodes
0

numIntNodes 1−

i

Errori∑
=

⋅:= meanError 1.968 10 4−
×=


