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TE,-Scattering by a Circular PEC Cylinder — Analytical Solution
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e Consider a uniform plane wave traveling in the positive x-direction that is
Incident on a PEC cylinder of radius a situated in a homogeneous free space.
e Objective:
o Compute the currents induced on the circular PEC cylinder
o Compute the field scattered by the circular PEC Cylinder
e Analytical Solution
0 Based on an addition theorem expansion of the incident field into cylindrical
harmonics
0 Posing the scattered field to be a superposition of cylindrical harmonics
o Enforce the boundary condition on the surface of the cylinder
E(p=a)=0
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Cvlindrical Harmonic Expansion of the Fields
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e The incident field can be re-written via a cylindrical harmonic expansion:
O H*=He ™ =H > j"J, (kp)e™

N=—w

e The incident electric field can then be expressed as:

0 Egmc:: - 1 ‘7><}qim::::Qg_ }Sjl_ak*z ¢58F1
Joe, k| p 09 op
o Expanding:
0 E*=H, k77° _Z nj"J,(k.p)e™, E;°=jn,H _Z j "0 (k,p)e™

= where J! is the derivative with respect to the argument
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Cylindrical Harmonic Expansion of the Scattered Fields

e In the region p > a, the scattered fields are also posed as cylindrical harmonic
expansions:
" H®=H, > ¢, H? (k,p)e™

N=—00

e The electric field is computed from the posed magnetic field:

scat » scat
0 E’scat: 1 VXI:I'scat:??_o ﬁiaHz _¢8HZ
Joe, jk, " p 09 op
o Expanding:
scat __ B 'S (2) ing scat __ = < (2) ing
O E’ t_H"ko—pn;nC”H“ (k,p)e™, E;* = moHon;Oann (k,p0)e’

o Our next task is to solve for the infinite set of unknowns c, .
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Boundary Condition

Boundary condition:
0] E;Ot(p:a):O
0 Er(p=2)=—E=(p=a)
From the cylindrical harmonic expansion'

o) mOHOZ j "5 (k,a)e’ =- JUOHOZCan k,a)e™

N=—o0

Enforcing the orthogonality of the harmonics:
oc,=—j" (ka)/H? (k.a)

e Therefore:
oo -t S A oy
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Solving for the Current Density
e The total magnetic field can be expressed as:
tot < on Jr’l(koa) (2)
O H=H,> j K{Jn(kop)_Hé(z)(koa)Hn (kop)JCOS(n¢), p>a

n=0

= Wwhere, the infinite series have been modified to a semi-infinite series, &

1 n=0
./{n:
2, n>0

e The surface current density induced on the PEC surface:
0 5S:ﬁx(ﬁt°t—0) _—ng“’t(a )

—p><ZHtOt
p=

p=a

e Thus,

J (k,a
J. =—¢H, Zj K { (k,a)— H’(Z()(koi)H'EZ)(k"a)}COS(ngj)
e Recall the Wronskian:
0 J, (ka)H? (k,a)-J,(ka)H (ka)=—"—
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e The current density is then more conveniently written as:
- ~2jH & ., cos(ng)
OJ;=¢——
=9 k,a Z; i H!® (k,a)
e This Is the exact solution for the induced surface current density on a circular
PEC cylinder excited by a TEz-polarized UPW traveling in the +x direction.

e Example: Circular PEC Cylinder, ka = 8.0
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Computing the Far Field

e In the “far” scattered field, we assume
o Region where the distance from the cylinder (p—a)/ A >>1

o0 More fundamentally: k p >>1

e Asymptotic approximation of the Hankel function:
o lim H? (k,p)~ 2] 2 jre
kop—00 Wkop

e Therefore, in the far field:

scat ‘]fg (koa) (2)
Jim HZ*(p,¢)= lim —H ZJ SR (k) (k,p)cos(ng)

n

- 2] ik < ‘Jr; (koa)
H scat— ff ’ _H -] Opz :
i (,0 ¢) \/ 7Z'k o n=0 i H (2 (koa) COS(”¢)

n

O
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Echo Width
e Recall, the echo width is defined as:

. scat 2
: red Power Den : ’ °
0 0,,(¢)= I|m(27z,OAZ)ScaJFte ed Power De S.Ity= lim 27?/?‘.—277
oo Incident Power Density - ‘H;“C 7,

e In the far field:

Ji(k,a)
Hscat ff n 0
‘ ('O ¢ ‘ ﬂ.kop ZK 2)r(koa cos(n¢)
e Therefore
2
Jh(ka)
K, cos(n ;
. ”kopz 2)'(koa) (ng)) 7
O O-ZD(¢):LI_E?OZ7ZP H02770
e Or
a) 2
4 +00 ‘]r'l oa
O |o =—|) K, cos(n
o () =12 v ™)
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MathCad Example

ka
2=

ka=1§ a: ko=2=x

M = 376.7303134617706334679

Inp(n,x) =JIn{n - 1,x) - E-Jﬂl:ﬂ_.:{}
X

Hn2(n.x) = In(n,x) —j-Yn{n x)
Yop(n.x) =Ynln - 1,x) - E-"1":1[1‘1,:-:::-
X
Hnl2p(n.x) = Inp{n.x) — j-Yop(n,x) 10

win)= |1 f n=0

2 otherwise

10log{a2D( ¢))

Nmax = |cei{f-ka) iof ceil[6{ka)] > 10

10 otherwise

= V[T

N ! Inpin.ka cos nd-— | |
max p(n.ka)-cos o4 150

azn[q;}:k—- Z () — = e
o \ p(n.ka) J 100 200 300
n=10
fis]

=
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