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TE,-Scattering by a Dielectric Cylinder — VEFIE Solution
y
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M*(x,y)

e Consider a magnetic current density M'(x,y)=2M] that is infinitely long and

invariant w.r.t. the z-axis radiating in the presence of an infinitely long dielectric
cylinder defined by a volume V, that is situated in an infinite, homogeneous,
unbounded media.
e Objective:
o Compute the total fields inside and outside of the dielectric cylinder
e Solution
o Pose the equivalent problem using volume equivalence
o Derive the VVolume Electric Field Integral Equation for TE-z polarization
o Solve for the equivalent currents via the Method of Weighted Residuals
o Compute the scattered fields from the equivalent currents
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The Equivalent Problem
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IS radiating in a homogeneous free space:
I (F)= joe, (e, —)E™ (T)
where ¢, = ¢.¢,

J(F)  VV-A(F)+KZA(F)
joe, (&, -1) To jk,

0 |E™(F)=
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Note that & can be complex (lossy material), and can be inhomogeneous.
We derived the VEFIE by enforcing E™ ()= E"™ (F)-E**(F), TeV,:

EE525

The dielectric is replaced with an electric volume"e/quivalent current density that
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e The VV-A(F) can be expressed as:

VY- A(F) = [az&g)ﬁz&(r)] y(aAy(f) O"A (T )J

OX? OXOY oy’ OYOX
e Then, breaking up the VEFIE into vector projections, it can be expressed as:
k* + o o
K[E©()] 1 [1 o W(F)| | o axgy || A(F)
el | o e (a0
| oxoy oy

 Next, the MoM solution of the TEz-VEFIE will be pursued. To this end, J;* and
Jy! will be treated as unknowns.
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The Method of Moment Solution

e Mesh
0 Rectangular cell approximation of the object
= Note, this is a low-order approximation (simplest)
e Triangles or arbitrary quads are more accurate
e Curvilinear cells are most accurate
e Current basis function space:
o Pulse approximation (piece- wise constant)

AR 3RS0, () Pn<r>={

e Test function space:
o Point-matching at the cell centers

" T, :5(\?-?;), T, :5(\?-?;)
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Staircase-Approximation

Prof. S. Gedney 5/17



TE,-Scattering by a Dielectric Cylinder(VEFIE) EE525

Computing the Vector Potential

e Define

N
0 A (7)== [[ 3 (PR (RIS ~ 5> o, [ HEY (R}
S y n

y

e Again, use Richmond’s approximation by approximating each rectangular cell as
a circle with radius:

fgnhn
[ a, =, —/"
T

e where 7/ and h, are the dimensions of the cell
e The vector potential can be approximated as:

a, 2w

oA\ > ffH (k,R)p'd¢/dp’

= where Rz\r— \
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e To compute the integration use the addition theorem:

Z J.( P (k,p)e" ", p>pf
0 H{? (k,|F -

W):<

Z J, (k,p)HP (k,0)e"*) p<p

= where ( ,o,¢) are the coordinates of r, and (o', ¢') of
e For non-self-terms, the field point will be outside the source cell. Thus p> p':

a, 27 a, 27

0 _ffH k R p'de’d ! __ff Z J Op 52 opn)eJV(¢m—¢/)p/d¢/dp/

0 V=—00

= where p, is the radial distance from ;" (p, =\/(x— x,) +(y=Y,)")
e Note, that the g-integration is only non-zero when v =0
0 ]

2 b /
0 ZLH (kopn)fJo(kop’)p’d(b’dp’=21jH32)(kopn) E—Jl(kop’)
0 0

4)

a
O :27TJ—an(<)2) <kopn)Jl<kOan>

e Therefore,

OAK,n<F’)%olen27Ta:( (ks ) HZ (kp,), for T es,
y y <]

0]
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e Recall, the VEFIE required derivatives of A in the observation coordinates

2 82 2 02 )
O ko —l—W Ax,n<X, y)%O&X,nK k —|—a— H (kopn)
= where: K, =—21 (k,a,)
2 JK,
e Computing:
9 ) O Ly X=X, 1,2
0 —H:"(k K, H,” (k =—k H.” (k
OX 0 ( opn) axpn ( opn> 0 pn 1 ( opn)
H? s, X — X
——H (k,p,)==| -k, Z=—2H (k
8X ( opn> 8X[ (0] ,On 1 ( opn>]
O 2
— o ) )+ 26 B )
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o Also, noting that
214 (2 (x=%)" (YY) o
- koHO (kopn>_ko p—HO (kopn>:k —HO (kopn)

2
n lOn

e Combining these, finally leads to:
% 0° H@ (K _k2<y_yn)2 H@ (K K (X—Xn)z—(y—yn)zH(z) Ko ) F
o+ﬁ 0 (opn>_ 0 0 (opn)+ 0 1 (opn)_ x,x(x’y>

2

pr pu
e By duality:

82 X_Xn2 y—ynZ—X—XnZ
[ko2 +a—yz]H(()2><kopn): k§< pﬁ > H(()2)<kopn>+ko< > pr?( )
e It can also be shown that:

Hl(2> (kopn>: Fy,y <X’ y)

e Y=y )(x=x) 2) (2) _
8X—5’yHO (kopn>_ko ,02 [2H1 (kopn>_koanO (kopnﬂ_ I:x,y(X’ y)
0 where

" o= (x=% ) +(y-y,)
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The Impedance Matrix

e Applying point matching, the discrete VEFIE can be expressed as:

ER R
B, (% [Cmn] [ Dno ]
o where, | A, |, etc., are matrix blocks.
e For the non-self terms (m=n),
Ann ==K Feu (X Y ), B =—KiFyy (Xn V).
Con =—KiFy (X0 Vi) D, =—K.F,, (Xn: Vi )-
e For example.

2 2
’ An,n=—Kn[k02(ym_2yn) HE? (Koo ) K, O =) 0 =%0),
pm,n IOm,n

O where
- Pmn :\/(Xm _Xn)2 +(ym - yn)2
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Evaluating the Self Term
e Richmond’s method is again used for the self-term:

0 A%_J;JHSZ)( )ds’ ~—]“2]“H )p'dg'dp’

e Next, applying the addition theorem for p < p’

1 %% 1 (27a, 4
O —_ffH(gZ)(koRn)p/d(ﬁ/dp/:Ar_j[ ” (kopn)H (k a,)— jk—02

0

0 Note that p, is the observation coordinate (distance from the center)
e Differentiating in the observation coordinates:

2 . 2_ . 2
0 k§+%JJ§2)(k J=wel= y”> (), X 2Ny

3

Pr Pr
o For the self-term, this must be evaluated in the limit that (x,y) - (x.,y.)
O Note:
. (y_y”)zsinqﬁn, (X_X”)zcosqﬁn
Ph Pn

o Therefore:
COS P, )2 —(sin qbn)z
Pn

‘]l(kopn>

2
b1 ) =K 0, k)
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e Now, take the limitas p, —0

jim|k2sin? 3, (kc p )k, (C05%) =(SING) 5
pn—0 IOH
=k?sin® ¢ -1+((cos¢ )2—(sin¢ )Z)ﬁ [M]
0 n n n IOn 2

small argument
approximation

2 2

_ %(sinngn +cos’ ¢, ) :%’

e For the constant term:

0° |1 .4
o |k + — =—1
° 0x2]4j[ ’kf]
e Finally,
2
OA]n: 1 _ 1 27ran ko Hl(z)(koan)—l _ 5rn _7Z'k
e -1 (4] k2 e -1 4]
e By Duality,
O Dn,n:Aw,n
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e [For the off-diagonal blocks

J k P,)=
9)(9 0 ( 0 n)

y

)[ZJl(kopn>_ Ko0nd, <ko/0n >]

X )(Y —
COS¢ Sm¢ [ZJ (kopn>_kopn‘]0<k°pn>]
P

. COS@_SIn COS¢_Sin
0 lim ¢;) ¢n[zjl(kopn)—kopnjo(kopn)] ¢p Pa

P
2°”—k -11=0
2 opn]

e Therefore,
@) Bn’n =Cn,n =0
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The Impedance Matrix
Hekie el

2 2
A\n,n:_Kn[kOZ(ym_yn) H()(kopmn)—l—k (X —X) (ym_yn) Hl(z)(kopm,n) m=#n

e Summary:

Rl R

pm,n IOm,n

(% =%)" (= ¥) =% =%,)’
D =-K kc? s : H(()Z)(kopm,n)+ko - : 3 . : Hl(Z)(kopm,n) , M#N

pm,n /Om,n ]
Cm,n — Bm,n — _Knko (ym — y;)Z(Xm — Xn>[2H1(2><kopm,n)_ koanéz)(kopm,n> y M#N
here K = k
where K, 23k, J, (kya, )
£ 7k a
—D =__h o H@(ka), C..=B =0
A\],n n,n e _1 4J ( 0 n) n,n n,n

- E . P i inc & . E . sine o
e, = jk,—2sing™e’ ™ e =—jk,—cosg™e! "™

Mo T
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Far Field Approximation
e The scattered electric field is computed as:

E* (F) = jk,77,A(F) + J’{zvv A(F)

e In the far-field zone
E** (F) ~ — jk,7,A(T)
o For power propagation in the radiation direction, we are interested in E;*:

" E(F)~ jkoiyo( sin¢Ay(“)+cos¢Ay(F))
= where: A& Za n2 k ka, )JHY (k,p,)
o Far-field apprOX|mat|on.

limHg” (k,p,) ~ /—ﬂi Jpe-l'kopejko“n

o where, k p = %k, cosg+ Jk_sing=k
e Thus, in the far field:

. —Jkop N -
EX (r,¢) =2 21” ° Za Ji(k,a,)| @, sing—a, cosg e*"

.

0
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Echo Width
e Recall, the echo width of the target is:
S scat scat” Escat 2
Gy (#)= lim 27p P im 270L PE o H™ lim 27021
ko o—>0 P kop—>oo ‘Elnc /770 ko 0> ‘Elnc

e This leads to:

ZaJ [a sing—a, cos¢] i,

i=1

0 0

o0 where E_ is the amplitude of the incident electric field.
o Or, since H, =E, /770

Za J.( [“xi sing—a, cos¢]e"'”“

0 i=1
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MathCad Example

nx = 18 ny = 16 N = 861
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