TE,-Scattering by a PEC Cylinder(EFIE) EE525

TE,-Scattering by a PEC Cylinder — EFIE Solution

1y, S(x, ) y
. Z<L—X

M*(x,y)

e Consider a magnetic current density M'(x,y)=2M] that is infinitely long and

Invariant w.r.t. the z-axis radiating in the presence of an infinitely long PEC
cylinder defined by the surface S(x,y) which is situated in an infinite,

homogeneous, unbounded media.
e Objective:
o Compute the currents induced on the PEC cylinder
o0 Compute the field scattered by the PEC Cylinder
e Solution
0 Pose the equivalent problem
o Establish the Electric Field Integral Equation for this problem
o Solve for the induced currents via the Method of Weighted Residuals
o Compute the scattered fields from the induced currents
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The Equivalent Problem

(E’inc+E’scat H’inc+|:|’scat)
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e Following Green’s second identity, we can place an equivalent current density
J =fAxH™ ] =1J°

on S that is effectively radiating in a homogeneous free space.

e The equivalent current radiates the scattered field in the region exterior to C, and
the negative of the incident field in the region interior to C.

e The electric field integral equation (EFIE) was derived by enforcing the physical
boundary condition of the tangential electric field on the surface of the PEC.:

Ax E™ L= 0,

or,

——ﬁx E’scat
C

ﬁx E’inc

C
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e The scattered field is computed as:

E** (F) =~ jk,7,A(F) + -2 vV - A(F)

K,

o where k., =wou,, n,1k, =1/ we,, and
~ 1
A(F)=[—=HP (k [F-r'
(1) =[5 He (k)

)3, (F)de’

e The boundary condition can be enforced by projecting the total field on the
tangential vector directly. Thus, the EFIE can be written as:

£.E™(F)= jk,f - A(F)—-L-f.VV-A(F), FeC

JK,

1
Jwe,
{-E™(F)= jkap,t-A(F)+T-VD,(F), TeC

e Or, in terms of the scalar potential (&, = ———V- A):
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The Method of Weiqhted Residuals Solution
jT )-E™(F)d/ = °’7°jT jJ (FYH (k,R) d€’+_[T )- VO, (F)d/

1
Jwe,

VA

o0 where ¢, =—

e Basis functions interpolating the current must be:
o tangential to C
o sufficiently smooth
= V.Aimplies V-J, = — jwp
9,

n V.) =2 (0
s(%()

o If we use pulse basis functions for J, this would lead to singular charge
o Option: choose smoother basis functions to represent J.
» Triangular basis functions (linear)
e Test functions T () must be:

o tangential to C
o The T(F)-v®,(7) implies additional smoothness needed on T

" |.e., Integration by parts leads to dervatives on T
o0 Need a smoother representation of T
= Pulse test functions.
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Discretization

e Triangular basis function expansion
N
0 J ~) aT(tit bttt
i=1

= { is the tangent to the contour
[t -t

L t  <t<t
. T<t;ti—1’ti’ti+1>:‘ i;l

e Charge density:

1

L A t,=t<t
O p=—V- j ~— ZO‘ _T('ll’ i’ |+1) —1

jw jw i Jw ;—tl, t <t<t,,

= Charge doublet
J Pi (t;ti—l’ti’ti+1)
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e The charge density can also be written as a superposition of pulse functions:

J < 1 . 1 5/
O IO%;ZOCI A—P<t’ti—l’ti)_KP(t’ti’ti+1>
i=1 i

i—1 i

1t <t<t
0, else

i+1

= Pulse function: P(t;ti,tm):{

e Pulse test functions
o There is not sufficient smoothness to use delta-test functions
0 Choose pulse functions
= T =tP(titr,.17)
= Chosen to be centered about the current triangle
Pt t)
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Evaluating the System Matrix — The Charge Term
e The electric scalar potential IS expressed as:

f p(F)—=HP (k,R)d¢’

. Where R_\r— \

1
Gy, )_Kpa’tl’t'ﬂ)

tijg
H @ 1 [hoe /
f @k R)dt At f H? (k R)dt

tllt

i N
e In the discrete space p ~ iz Therefore,
Wiz

-

08,(7)= = a

i=1

e Next, consider the outer mtegral due to the inner product:

o [T(F)-Va,(F dt_ft Vo, ( dt_f D, (F)dt =, (F7)— @, (Fy,)

C C

e From above, this then becomes (where RS =|F°—1"]):

G

fH (k,R)dt! —ﬁfH (k,R)dt!

Iltl

t;

| ng>(koR;_1)dt’+ f HP (kR ,)dt!

=1t

4oi:1 ! 1
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Evaluating the System Matrix — The Vector Potential Term
e Next, consider the vector potential term:

0 k7, [T (F) jJ () ?) (k,R)d/
C

¢ |n the discrete space, thls becomes:

tC ti

k 2 |
0 5 [1(0)- Yar [TO0T (it 18,80 HE (G R)

t5 4 tiy
e To simplify this, we can approximation the integral over the triangular pulse
function with the equivalent moment of a pulse function:

ojT "ttt ) HY (det~jH (k,R)dt’
Gy t1

= [see A.W. Glisson & D.R. Wilton, IEEE T. Ant. Prop., Sept. 1980]
o Next, we can approxmate the exterior integral with a mid-point rule:

Kk
) ofotjt(t) Zatjlt(t)T t ot ) H® (K R)dt ~

N i
()0 (6) Y [ 7 (R o

N

o where (t7)-F(t;,) approximates (f,At; +fAt; )/2
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Evaluating the System Matrix

e In summary, each element of the system matrix is approximated as:

2, =5 (5) (1) 7 R )
t7

1l
1

i ti
HS? (k,R7)dt - | Héz)(koRfl)dt’j
K/

4k0 1 tig tig
{ [ HEZ (Rt — | Héz)(koRfl)dt’j
t t,

®
o O0— ——
(]

1 Singular when j =i
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t, t
2. [HP (KRt ™
t

i-1

b Singular when j =i-1

§ L t_C ‘!',t tc
3. j HP(kRE Yy 1 T
t

i-1

° O

+1 - Singular when j =i

i+1 Cc

t (2) v G bt '[ic
4. [ HE (kRS )t i
t;

t°

j—1 [~~~ 5~~~

o O

by Singular when j =1

i+1

|
i o
c ’ ti— tic_ L t-c
5. [ H (kRS Jdt G %
§
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EE525
Evaluatinq the Non-Singular Terms
kn (. _ , t
A on(r(tj) r(t5.)): th kR, )dt" , (j=i) R 7‘
e Break up into two pieces: | ) L, t, 'ti t'ic t'iH
k0770 =(4cC =(+C o (2) ! (o (2) !
0 =T(r(tj)—r(tj_l))- [ £ HE (kR )dt + [EHE (k,R; ) dt
tf ti
0 Use Gauss-Legendre (3 point rule is probably sufficient) over each %2
segment.
t?—l [~==5——- A

| ]

HP (kRS )t , (j=i+1 ! !
4k Atll;.- (o 1) (Ji—i_) o : It : |
t t

e Can integrate over the entire interval:
0 Use Gauss-Legendre integration rule (3 point rule is probably sufficient)
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Computinq the Self Term

1

e Again, break up into two pieces: t, ot t t
i— i—1 i i i

o:koffO(F(tJ?)—r )(It,lH k,R) dt+_[tH kR)dJ

1

0 Use Gauss-lin-log rule over each Y2 segment.

H k R* ))dt" ,(j=i1+1
4k Atll;[ (o 1) (J )

e Break into two parts:
ti+1
' (2) /
Browr [IH (KRE)+ [HIR l)dtj 23 L e Re e

Iltc

o Use Gauss lin-log integration rule over the 1/2 segment
) Fmally, note that:

ojH (k RS)dt’ = jH (kR )dt’=tjiH(§2)(koRi)dt’
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Logistics

t; t;
( j H{? (k,RE)dt — j Héz)(koR}’l)dt'J
| -1 tig

tIl

Zj,i :%(F(tf) rt _1 ) J.tH k R, )dt +47.7|2 i1 tiyg
& i [ [ HE (RSt — | Héz)(koRJ‘?l)dt'J
:

tI

o Let:
0 1% jH (k,RE)dt, |q’2=jH (k,RE)dt, 197 = jH (K,RE)dt, 1% = jH (k,RE,)dt’

011 LN

o It is observed that:
I D2 I d1l I d3 I d1l I D4

q)l
j+Li jii? ji-1 7 i j+1,i-1 I

o Therefore, you can compute one mtegral (171), and have it contribute to four
different impedance elements (Z. Z . .,z

= Care needs to be taken
e Closed objects, used modulo arithmetic
0 Assumes continuous ordering of the linear segments
e Open objects
o Terms that go beyond edges are not needed

B |’ jHLiT = i1 j+1,i—1)
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Method of Moment Linear System

e The forcing vector is finally computed using a mid-point rule

0 lfj (F)-E™(F)de~(F(t)-F(t5,))-E™(F)

e Summary: _ _
. tj H (k,R9)dt’ ] HO) (K RE )t
Kol (= (ve\_=(vc V) [ o R N J
ZJI _%(r(tj)_r(tl‘l))' .[tHO (kORJ)dt K 1 (% tig
t, o C ’ C |
_AtI(J H(()Z)(kORj)dt — ;‘: H(()Z)(kole)dtJ
f=(r(t)-F(te)) E™(7)
o Solve:

e Once the solution vector is found:
N

Jo~) o (Gt bt )t
i=1
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e Example: Scattering of a TEz Plane Wave by a Circular Cylinder
Hor &,

E™ = Je % \/m (k.a=4)
oH—

e Piece-wise linear approximation of the surface
o EFIE formulation
o MoM solution with Pulse basis functions and Point-Matching
O Induced current density (Exact (J,), vs. MoM («))

= 160 uniformly spaced segments
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MathCad Implementation

TE,-Scattering by a PEC Cylinder(EFIE) EES25
NgLLml =2
TEz Scattering by a Circular Cylinder - MoM-EFIE Solution
Al = 0.02881166253005182700  wil_ = 0.1033307079649286500
ka=4 _ ka s 0 0
X o =T dl, = 0.304063720612137621 wil, = 0.45463652597009862
N = 160 T ke Al = 0.3040637206121376200 1, = 0.4546365239700986200
e \ o 3L, = 0.8116692253440781200 wil., = 0.4420327660649726600
=7 P =idp peli) =pli) + — 1 = 376730313461 7706334679
N N NgGLml =2
{ cas(pe() ) (—sin(pe(i)) | AR
. NG - N , . xgl, = 0.1127016653792583114820 wgl, = 027777ITTT77T1777717780
ncli) = | sin{pc{i}) tefi) = | cos{pcii)) refi) = nc{i)-a 0 o
{ ] { ] : _— 3 _— EEEEEEEFEEREEEREEEEEE!
L 0 ) L 0 ) }\gll =103 “gll =10 0
}igl2 =1- xng W gl2 = wng
2= 0.57721566490153286060651200008240243104215933593092
dl=a-dp HO2(x) = T0{x) — j-YI(x) 4+ = ¥ = 1.781072417990198 cycle(i) = |(N +1) # i<0
1p(i,5) = re(i) + tefi)-(x — 0.5)-dl (i-N) fizN
dl dl i otherwise
php(i, x) = ro(i) + to(i)-x— rphm(i,x) = rei) — te{i)-(1 — x)-—
2 ) 2 Nollmi [wy, o)
ko-n-dl (ko) oy ) Zself = Z | = mo2 kol — | | % Compute 1X this integral due to uniformity of mesh
K== v=| 0 Eine(i) = | 1 | & 1 PE0 oy S 2/
_ . Lo) Lo
=T Zself = 05 + 1164
intAm(jj i) = [|j « cycle(ij) mtP(y . i) = [|j « cycle(jy)
1« cycle(n) i« cycle(ii)
iml « cyclefii — 1) NqGLml
jml < cyde(jj — 1) Z |wg1k-HDE|ko-|rc[j}— rp|i__xg1k:||” fizj
NqGLml ("wal, 3 k=0
[(re(i) — re(iml))-te{im1}]- Z | = HOZ{ke- |er 0 - rphpliml.-xglk” :'j.' ifiz]j 2-Zself otherwise
k=0 =
re(j) — rejml))-te(iml)]-Zzelf ] otherwise
[[(re() - re(iml))-te(iml)] ] Z= |forje0.N-1
for ie0. N-1
intAp(ji i) = |j « cyele(ii) ot
i+ cyele{i) Av « Kl-(intAp(j i) + intAm(j 1))
Phie + K2-(intP(j .i — 1) — intP(j — 1,i— 1) — intP(j i) + intP(j — 1.i
iml < cycle(j — 1) e (intP(j .i - 1) — intP(j — 1.i— 1) - intP([j i) + intP(j - 1.1))
- tmp. .« Av+ Phi
NqGLm1 ("wgl, A p_] A : E
[(re(i) — redml ))-tefi)]- Z | ——Hoko- |rp[j - :phmh,xglk” ;.). Q=] tmp
k=0 fo= |for je0.N-1
[[(re(j) = re{jml ))-tc(i)]-Zself] otherwise jml e cycle(j — 1)
tmpj «— (rc(j) — rcjml))-Einc(j)
tmp
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0 1 2
7= 0 0.185-30.915i 0.184+9.062i 0.182+3.222i
0.184+9.062i 0.185-30.915i 0.184+9.062i
2 0.182+3.222i 0.184+9.062i
0

=7 l-f'e 0 -0.016+0.019i

fo = 1 -0.016+0.019i

E‘ = fCIl.' ] e D'_\: - 1 2 -D.Dl?+D.DlQI

: 3 -0.017+0.018i

tmp, < pe(y)
4
tmp

Ynp(n,x) = ¥Yn{n - 1.x) - %-Yﬂ[n__x}
Inp(n.x) = In(n - 1.x) - r—?-.'In[n,}:} -
* Hnlp(n. x) = Inp{n.x) — j-Ynp{n. x)
Hn2{n,x) = In{n. x) — j-Yn(n, x)

kin) = |1 f n=0
Nmax = |ceil{6-ka) if ceil[6(ka)] > 10 7 otherwise
10 otherwise
Nmax
2 — .
i -1 cos{n-dr)
Ip(dp) = - ein) — e
() w-ka-m Z [U} [}Hnlp(n__ka}
n=10
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i=0.N-1
Jmom. =
i

1
—-l 0 + O
20t

1p1.:'

ipl < cycle(1+ 1)

Gl
51077

L 4x107?
|7 8y)| .
|Jmoml| 310

21073

1=x1073

0

Error =

100

™
N-1 |.|Jd>|l9k.:|—lmnmk|.:|

;N
N
k=10

‘Jd>|_e

|

300

EE525
200 T T T
h,
. 18 100 _
arg| Tg 8;) )} —
S ™
I} —
arg| Jmom; ) —
) w
- —100[ b
— 200 ' ' '
0 100 200 300
b, 130
w

-

Error = 6.063 x 10 ~
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Far Field Approximation
e The scattered electric field is computed as:

E* (F) = jk,77,A(F) + J’tvv A(F)

e In the far-field zone
E** (F) ~ — jk,7,A(T)
0 The gradient divergence term will not radiate into the far field, b/c of 1/ p

decay.
o For power propagation in the radiation direction, we are interested in E;*:

= E¥(F)= —Jkono( sin¢Ax(F)+cos¢Ay(F))

e Large argument & far-field approximations

limH? (k,R) ~ / eJkR / e””eJkrr
X—>00
o0 where,

" [ =XC0S¢+ ysing
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e Thus, in the far field:
s (r,8)~ -, | Ko G ZN:a.tT(—t (t)sing+t, (1')cosg)T (¥4 4,1, 4, ) "oy
¢ 87 \/F i X y i—17 50 N4l

i=1 t

e Approximate using a mid-point rule:

jk, e " & o +a,, . ko (¢ cOs g7
E;catﬁ (I’,¢) ~ -7 JK, Z i i+1%N (_txi S|n¢+tyi COS¢)eJ (X Cos@+y, sm¢)

8 \/F i=1 2
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Echo Width
e Recall, the echo width of the target is:
s scat scat” ESCalt 2
Oy (¢)= lim 271 P — = |im 271! F-E™ xH = lim 2zr 2L
koF—>o0 koF—>c0 ‘EIHC /770 koF—>c0 ‘Elnc

e Given

t;

I t'—t, ik, (x(t")cosg+y(t")sin ,
_[(_txi15|n¢+ty_1COS¢)—"1e"‘°( (V)cosg+y(t)sing) 4o

scat jko e—jkor N g - I Ati_l
ES (r,¢)~ -1, /87[ 7 izﬂ:ai g |

{ jk, ( x(t")cosg+y(t")sin '
j(—t sing+t, cos¢) HlAt g Mo X(V)eosdy(F)sing) gy

f i

e This leads to:

k 1 o, T . o [ X cosg+y; sin
o (¢):ZOZOZ ;a' +02['+“’N (—txi sing+t, cos¢)e’k< o3 sing)

o0 where E, is the amplitude of the incident electric field.

2

Prof. S. Gedney 20/21



TE,-Scattering by a PEC Cylinder(EFIE) EE525
ka=4, N =160:

) i T H'I ) ) an H'IH'I
—sit)} f-—— | cos| f-— |
‘. 180 | 180
= { 3 = { '
that{d) - cosl '3|>'l : rhat{d) il di'li
180 180,

L 0 vooo0 )

-

]‘

Z |:ﬂ1at[d>}-tc[k}}-Jmnmk-

2d(¢) = 10log ]“”‘ a { Ej-ko-rcik}-rhat(dz}}

{ il s AR .
MNmax | Inp{n ka)-cos n-dp-—1| |
4 \ 180
a2dEx ) = 101log —- Z | k(1) |
ko L Hn2p{n_ ka) J
a=10
1[:' T T T
—10 | |
0 100 200 300
i
| Y=L (|o2a(o,) - c2aEx(a, )
Errorr = —- .
N |o24(6 )| Erroro = 2.168 x 10~
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