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Linear Systems of EquationsLinear Systems of Equations

• The method of moment formulation leads to a linear system of equations of the 
form:

– A is a square dense matrix (i.e., fully populated, and is typically complex valued
– x is the unknown solution vector
– b is the known “forcing vector”, which is known and due to the driving source

• In general the solution for x is found from the inverse of A:

• We need to review basic numerical linear algebra to understand the 
fundamentals of solving the linear system of equations to understand the 
efficiency of various solution techniques as well as potential errors that may 
result from a chosen method

• Excellent reference:  “Matrix Computations,” Gene H. Golub and Charles F. Van 
Loan, John Hopkins University Press, Baltimore, MD. 1989.
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1x A b−=
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Invertible MatrixInvertible Matrix

• The N x N matrix A is non-singular if:
– The inverse of A (A-1) exists
– Det(A) != 0
– Rank(A) = N
– For any vector x != 0, Ax != 0.

• If A is non-singular, then Ax = b has a unique solution for any b

• A singularity in A can occur if any two rows (or columns) can be related through 
a simple linear relationship.

– Example:  

• A matrix is nearly singular (or highly ill-conditioned) if any two rows (or columns) 
are closely related through a linear relationship.
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Some Basic Definitions: Vector NormSome Basic Definitions: Vector Norm

• Vector Norm:
– Similar to the magnitude of a scalar, we define the norm of a vector
– p-norm:

– Typically used:

• 1-norm

• 2-norm

•

– In general for a vector x in Rn:
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Properties of Vector NormProperties of Vector Norm

• For any vector p-norm:

0  if  0

  for any scalar 

  (triangle inequality)
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Matrix NormsMatrix Norms

• The norm of a matrix measures the maximum “stretching” the matrix does 
to any vector for a given vector norm

• The matrix norm resulting from a vector 1-norm is the maximum absolute 
column sum:

• The matrix norm resulting from a vector infinite-norm is the maximum 
absolute row sum:
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Properties of Matrix NormProperties of Matrix Norm

• For any matrix norm:

0  if  0

 for any scalar 
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Condition Number of a MatrixCondition Number of a Matrix

• The condition number of a matrix is defined as:

• Based on the definition of matrix norm:

• Therefore, the condition number is the ratio of the maximum stretching of a 
vector to the maximum shrinking of a vector

• Defining the eigenvectors and eigenvalues of A: 

– Condition number can also be identified as: 

• Two extremes:
– A is the identity matrix I:

– A is a singular matrix:

• In general, for very large condition numbers, A is nearly singular
– The error in a matrix solution will then be amplified!
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More Properties of Condition NumberMore Properties of Condition Number

cond( ) 1

cond( ) cond( )
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Define a diagonal matrix :
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• Finally, computing the condition number is challenging as it requires either 
estimating the eigenvalues of A or the norm of A-1.  There are numerical routines 
to do so in LA-PACK (Linear Algebra Package).  We will discuss these routines 
at a later date.  The numerical methods used to perform this calculation are 
interesting, but beyond the scope of this course.
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Solution of Linear Systems of EquationsSolution of Linear Systems of Equations

• Gaussian Elimination
• LU-Factorization
• Pivoting
• Affects of Condition number
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Gaussian EliminationGaussian Elimination

• In Gaussian Elimination, we transform the linear system of equations into 
a “Triangular” matrix

– Performed via a series of transformations that successively zero’s out entries of 
the matrix

• The resulting linear system is solved using “backward” substitution
• Given the matrix equation:

• Divide row 1 by a11 and then multiply the row by –a1,2 and add to row 2, 
and multiply by –a1,3 and add to row 3, leads to:

1,1 1,2 1,3 1 1

2,1 2,2 2,3 2 2

3,1 3,2 3,3 3 3
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Matrix TransformationMatrix Transformation

• This can be defined via a matrix transformation:

• Where, 

• Next, define M2 as below, where       is from the product above.

• Then the final transformation leads to a triangular matrix:
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Triangular MatrixTriangular Matrix

• The triangular matrix is of the form:

• For a general N x N square matrix:
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BackBack--SubstitionSubstition

• The transformations result in an upper-triangular matrix
• This can be solved using “back substitution”:

• Floating-point Operations:
– Gaussian Elimination: O(N3)

– Backward Substition:O(N2)

,

,

do ,1, 1

do 1,

enddo
      /

enddo
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LimitationsLimitations

• Gaussian elimination operators on the matrix and the forcing vector
– b must be known a priori

• This may not be desirable, as we may want to solve later for currently unknown forcing vectors 
(fairly common)

• During the elimination process, we can encounter a zero diagonal element due 
to cancellation

– This does not necessarily imply that the matrix is singular
– It is the order of operations that can lead to this problem
– Solution:  pivoting

• For certain classes of matrices, pivoting will not be needed:
– Diagonally dominant matrices

– Symmetric, positive definite matrices

• In computational EM, our matrices do not have such nice properties!
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LULU--FactorizationFactorization

• Recognizing certain properties, we can factorize the matrix A into the product of 
lower and upper triangular matrices

• Using the transformations of Gaussian Elimination, we can define:

• Advantages:
– Having factorized A into L and U, we can solve the linear system for any number of 

forcing functions using “forward/backward” substitution
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Forward/Backward Forward/Backward SubstitionSubstition

• Solving:

• Solve as:

• We defined the backward substitution algorithm earlier
• Forward substitution algorithm (Note li,I = 1):

• Note that no transformations are made on b

LUx b=

,

do 1,

do 1, 1

enddo
enddo

j j
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   using backward substition
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Ux y

=
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Efficient LUEfficient LU--Factorization AlgorithmFactorization Algorithm

• The LU-factorization of a matrix can be performed in a computationally 
efficiently manner using a triple-nested loop.  

• The general ijk algorithm has the form:

• The order of looping through i, j, and k is arbitrary. 
– The choice of the order affects the efficiency of the algorithm for a given computer 

architecture.

( ), , , , ,

do 
do

do

/

enddo
enddo

enddo

i j i j i k k k k ja a a a a= −
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The The kjikji -- AlgorithmAlgorithm

• One of the simplest representations of LU-factorization is the  kji algorithm

• Computation requires the outer product of the active row and column to 
transform the shaded block

, , ,

, , , ,

do 1, 1
do 1,

/
enddo
do 1,

do 1,

enddo
enddo

enddo

l k l k k k
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⎛ ⎞
⎜ ⎟
⎜ ⎟
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⎜ ⎟⎜ ⎟
⎝ ⎠

L

U

,k ka ,k ja

,i ka

, , , ,i j i j i k k ja a a a= −

Performed via the “SAXPY” operation
(z = a x +y    - BLAS routine)
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The The jkijki -- AlgorithmAlgorithm

• The jki version is better suited for RISC processors
– Total operations:
– When completed, ai,j houses L for i > j and U for i < or = j

( ){ }

( ) ( ) ( ) ( )

( )

, , , ,

, , , ,

do j 1,

Solve L 1:j-1,1:j-1 (1: 1, ) (1: 1, )

do 1, 1
do 1, 1

enddo
enddo
{ : : , : ,1: 1 1: 1, }
do 1, 1

do ,

enddo
enddo
{ 1: , ( 1: ) / ( )}
do

i j i j i k k j

i j i j i k k j

N

U j j A j j

k j
i k j

a a a a

v j N A j N j L j N j U j j
k j

i j N
a a a a

L j N j v j N v j
l

=
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= −
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= −
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, , ,

1,
/

enddo
enddo

l j l j j j

j N
a a a

+
=

Performed using a “GAXPY” operation
( z = Ax + y)

3 32 / 3 (  is Real),  8 /3 (A is Complex)N A N

}
}
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PivotingPivoting

• As found earlier, Gaussian Elimination or LU factorization can result in zero-
diagonal elements, which leads to a catastrophic error

• Near-zero diagonal elements can lead to significant rounding error
• Pivoting reorders rows and columns prior to each transformation to move the 

maximum element to the diagonal
– Pivoting is done through the product with a “permutation” matrix

• Example:

• Define the permutation matrix:

• Then

.0001 1 1 0 .0001 1
1 1 10,000 1 0 9999

A LU
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦

1 1 1 0 1 1
.0001 1 .0001 1 0 0.9999

PA LU
⎡ ⎤ ⎡ ⎤ ⎡ ⎤

= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

0 1
1 0

P
⎡ ⎤

= ⎢ ⎥
⎣ ⎦
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Permutation MatrixPermutation Matrix

• A permutation matrix is the identity matrix with its rows reordered.
– e.g.:

• Permutation matrices are orthogonal.  Therefore:

• Permutation vectors are used for pivoting
• Partial Pivoting:  Exchange two rows to move the largest column entry to the 

diagonal
– Thus, the permutation vector is defined by permuting only two rows of the identity matrix

0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1

P

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 TP P− =
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Example of Partial PivotingExample of Partial Pivoting

1 1

1 1 1

2 2 1 1

3 17 10
2 4 2
6 18 12

0 0 1 6 18 12
Define: 0 1 0 2 4 2

1 0 0 3 7 10

1 0 0 6 18 12
 1/3 1 0 0 2 2

1/ 2 0 1 0 8 16

1 0 0 6 18 12
Define: 0 0 1 0 8 16

0 1 0 0 2 2

A

P P A

M M P A

P P M P A

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= ⇒ = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

−⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= − ⇒ = −⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦

−⎡ ⎤ ⎡
⎢ ⎥= ⇒ =⎢ ⎥
⎢ ⎥ −⎣ ⎦

( )

2 2 2 1 1

1
2 2 1 1

1 0 0 6 18 12
 0 1 0 0 8 16

0 1/ 4 1 0 0 6
M M P M P A U

L M P M P −

⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

−⎡ ⎤ ⎡ ⎤
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Error in SolutionError in Solution

( )
3

ˆ ˆ ˆLet  and be the computed factors of  using partial pivoting. Then, let  
ˆ ˆˆ ˆbe the computed solution to , and  be the computed solution to .  

ˆ ˆThen,  satisfies , with 

E 8 A

L U A y
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x A E x b
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∞ ∞
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( )

( )

mach

,

, ,

1 1

where  is the growth factor defined by:

ˆ
max    

A
ˆand  is the computed version of the matrix:

Without pivoting  can become unbounded.  With pivoting,  can be as large a

k
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k
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ρ ρ

∞

=

=
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s 2 ,  but
it is typically much smaller (~10).

ˆThe error in  can also be estimated to be on the order of:  cond

n

x A ε

−
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ExampleExample

1

1 1 1 1 1

.151 1.22 0.1

.303 2.44 0.25
( ) 5500

.151 1.22
0 0

with pivoting:
.303 2.44 .303 2.44 0.25

, ,
.151 1.22 0 0.00488 0.225

370
46.1

Exact sol

A b

cond A

M A x

P A M P A M Pb

x

−⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

=

∞⎡ ⎤ ⎡ ⎤
= ⇒ =⎢ ⎥ ⎢ ⎥∞⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤

= ⎢ ⎥−⎣ ⎦

3

ution:
450

55.778688524...
Not even 1 digit of precision!  
Note cond( ) 5500 10 5.5mach

x

A ε −

⎡ ⎤
= ⎢ ⎥−⎣ ⎦

⋅ = ⋅ =

• Using 3-digit arithmetic, consider the following solution :
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ExampleExample

1 1 1 1 1

.151 1.22 0.1

.303 2.44 0.25

with pivoting:
.303 2.44 .303 2.44 0.25

, ,
.151 1.22 0 .0040260264 0.2245874587

450.0000046
55.77868910

Exact solution:
450

55.7

A b

P A M P A M Pb

x

x

−⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦
⎡ ⎤

= ⎢ ⎥−⎣ ⎦

=
−

7
mach

78688524589....

Solution has about 7 digits of precision.   Note cond( ) 10A ε −

⎡ ⎤
⎢ ⎥
⎣ ⎦

⋅ ≈

• Repeat using 10-digit arithmetic:
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LALA--PACKPACK

• LA-PACK (“Linear Algebra Package”) is a public domain set of 
subroutines available to perform linear-algebra operations numerically. 

• Users-manual found online at:  http://www.netlib.org/lapack/lug/
• Most computer systems with tuned compilers have math-libraries you 

link with during compilation to the lapack libraries as well as the 
processor tuned BLAS libraries.
– For example on the UK superdome cluster (sdx) compile with                       

–llapack and  –lveclib
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Linear System of EquationsLinear System of Equations
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CGETRF CGETRF –– Perform LU Factorization of Complex Matrix (SP)Perform LU Factorization of Complex Matrix (SP)
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CGETRS CGETRS –– Forward/Backward Solution Given LU FactorizationForward/Backward Solution Given LU Factorization


