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Indeterminate Analysis —
Force (Flexibility) Method

The two basic approaches to the analysis of statically indeterminate struc-
tures were discussed briefly in Chapter 8. Both the force method and the
displacement method utilize relationships between the displacements and
forces that exist in a structure. Having learned methods for computing
displacements in Chapters 9 and 10, we are now able to proceed with the
actual analysis of a broad variety of indeterminate structures. This chapter
and the next will be restricted to the force method of analysis, in which
the unknown quantities are taken as forces, that is, reactions, internal
axial loads, internal shears, internal moments, or any‘other stress resultant.
The force method will be followed by the displacement method in Chapters
14 and 15.

The force method, in its simplest form, has as its objective the deter-
mination of a set of carefully chosen unknown forces and couples called
redundants. The number of redundants is equal to the degree of static
indeterminacy of the structure. Once the redundants have been evaluated,
the equations of equilibrium may be used to determine all internal forces,
moments, and torques needed in the design process.

The application of the force method to the analysis of redundant struc-
tures was first formulated in a systematic fashion in 1864 by James Clerk
Maxwell, Cavendish Professor of Experimental Physics at Cambridge Uni-
versity. He presented his reciprocal theorem (Section 12.3) at the same
time. The German engineer Otto Mohr published an independently con-
ceived, expanded treatment of general analysis of indeterminate struc-
tures in 1874. He used virtual work principles to compute the required
displacements. The same basic approach, but using so-called influence

-coefficients, was also treated extensively by Heinrich Miiller-Breslau

(Technische Hochschule, Berlin) in 1886. These three men, Maxwell,
Mohr, and Miiller-Breslau, were true pioneers in the development and
dissemination of theories for structural analysis.
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394  CHAPTER 12 / INDETERMINATE ANALYSIS

Example 12.1 Propped Cantilever Beam We shall first consider a simple
example using the force method, and then examine its fundamental basis
in more depth. The cantilever beam of Figure 9.2 is modified by intro-
ducing a roller support at point B (Figure 12.1). We wish to determine the
bending moment diagram for the beam. Three unknown forces act on the-
beam —the two vertical reactions and the bending moment at point C.
Since we have only two equations of statics applicable to a beam subjected
to a transverse loading system, the structure is statically indeterminate to
the first degree, or we have one redundant force acting on the beam. The
simplicity and accuracy of the analysis often depend upon your choice of
redundant. We shall choose Ry as the redundant, but either of the other
two forces, or an internal shear or moment, could be used.

The chosen redundant is released, that is, temporarily taken as not acting,
and the resulting primary structure is analyzed for displacements as pro-
duced by the real (actual) loading. The displaced shape for this situation
is shown in Figure 12.15. The displacement at the point of action of the
redundant force is Dpq, which is read as the displacement at point B caused
by the loading system Q. This quantity was calculated in Examples 9.1 and
10.2 and is Dgo = (5/48)(PL%EI) |.

We know that the displacement of point B in the original structure must
be zero because the roller support is unyielding. A certain value of the
redundant force Rg, acting upward on the primary structure, will displace
the beam upward to its proper position. The primary structure loaded with
the redundant R only is shown in Figure 12.1¢. The displacement Dgg
as produced by the action of the redundant force is computed by moment
area principles or by the method of virtual forces, and is found to be
Dpr = (RpL%24EI) 1.

The value of Ry is determined by imposing the known condition on dis-
placement at joint B, or Dy = Dgq + Dgg = 0. The two displacements must
carry opposite signs in the equation as they are in opposite directions, or
(5/48)(PL3/EI) — (RgL324EI) = 0 and Ry = 2.5P. The moment diagram
for the beam is given in Figure 12.1d.

‘Note that we have foreed the structure into a displaced shape compatible
with its support conditions. The force method is often called the method
of consistent displacements because the summation of displacements produced
by the combined action of loads and redundants must be consistent with
the given support (boundary) conditions. We also note that the principle
of superposition has been invoked, thus restricting the validity of the
analysis to the linear elastic range of the structure.

EXAMPLE 12.1 PROPPED CANTILEVER BEAM

Fig. 12.1
Propped cantilever beam.
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A ; (a) Original structure.
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§ {b) Primary structure under actual loading.
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{d) Bending moment diagram.
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Propped cantilever prestressed concrete
highway bridge, Auburn, Washington.
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12.1 BASIS OF THE FORCE METHOD

We seek to develop the force method to apply to the linear analysis of
any framed structure. The initial step in applying the method is the iden-
tification of the degree of indeterminacy, n. Next, we select n redundant
unknown forces and/or couples in the loaded structure, along with n
releases which correspond to the redundant forces. The = releases render
the structure statically determinate; the resulting released structure is
called the primary structure. The concept of releases is more fully ex-
plained below.

All subsequent operations in the force method are based on the fact
that the primary structure, under the action of the actual loads and the
correct values of the redundant forces, has no relative displacement at any
of the releases. The displacement corresponding to any particular release
can be expressed as the superposition of (n+1) displacement components
—one for the applied loading and n for the set of n redundants. Therefore,
the second major step in the force method consists of determining each
of the (n + 1) displacements at all releases resulting from the action of the
loading and the n redundants.

Finally, the superposition of the displacements results in a set of n simul-
taneous linear equations that express the fact that there is zero relative
displacement at each release. These compatibility equations guarantee a
final displaced shape consistent with known support conditions, with the
structure fitting together at the n releases with no relative displacements.
The n unknowns in the system of equations are the redundant forces
and/or couples. The choice of solution technique for the equations will
depend upon the size of the system as well as on the available comput-
ing devices.

Before developing the details of the force method, we must thoroughly
understand the meaning of a release, and the correspondence of force
and displacement at the release.

A release is a break in continuity of the elastic curve of a structure. One
release breaks only a single type of continuity, so that a release is not the
same as a cut through the structural member which would break all con-
tinuity (axial, bending, torsional and shearing). Several types of releases
are illustrated in Figure 12.2. One of the simplest is the introduction of a
hinge in a beam. Before the hinge is introduced, the elastic curve is con-
tinuous and no relative angle changes are permitted at any point. When a
hinge (angular release) is introduced, a relative angular displacement can
take place at the location of the release. There are three possible types of
releases for two-dimensional plane frame structures: the angular release,
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Releases Corresponding
* forces

-

(a) Initially continuous member.

Moment

(b) Angular release.

\
Shearing force
() Lateral release.
\r,"l e
/——éj'/ P g

_ Axial force

(d) Longitudinal release.
Fig. 12.2
Definition of releases.

the lateral release, and the longitudinal release. For three-dimensional framed
structures, six types may occur: angular releases corresponding to rotation
about each of three mutually orthogonal axes, lateral releases in the direc-
tion of each of the two member principal axes, and a longitudinal release.

The force or couple corresponding to a release has the vector direction
of the release. For example, if the release is longitudinal (Figure 12.2d),
the corresponding axial force is in the longitudinal direction as shown.
When releases are internal to the structure, the corresponding forces are
always in pairs.

A special form of release is often utilized in the analysis of continuous
beams; this form is the release of continuity between the beam and its
transverse support, such as in the previous example of the propped canti-
lever. In this case it may be easier to think in terms of simply removing
the reaction. We shall find later that the concept of releases which are
internal to the members of a structure is essential in analysis and is par-
ticularly useful in the matrix formulation of analysis.

We illustrate the formulation of the compatibility equations with a
simple example with three redundants. The rectangular planar frame of
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Fig. 12.3
(b) Three releases at point B. Ry Frame releases.

Figure 12.3a is similar to that treated in Chapter 10 except that it has
fixed bases. We choose three releases at support B. Release 1 destroys
lateral continuity at B, release 2 destroys longitudinal continuity at B, and
release 3 destroys angular continuity. The primary structure is attached to
support 4 in a manner similar to a cantilever beam. The forces corre-
sponding to the releases are: 1 —shear; 2 —axial force, and 3 —bending mo-
ment. These quantities are shown as R,, R,, and R, in Figure 12.34, in
their positive sense. This figure also defines the sign of the releases since
the positive directions of the releases coincide with those of the unknown
forces.

The basic algebraic statement of compatibility is that the displace-
ments Dy, D,, and D; at B are zero. The displacement D, is comprised of
the sum of four components: D,q due to the applied loading, D,, due to
the force R;, D, due to the force R,, and D;; due to the moment R;. The
first subscript indicates correspondence to release 1, and the second
denotes the “cause” of the displacement; the loading Q, and the redundant
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forces corresponding to releases 1, 2, and 3, respectively. Since Dy = 0,
we. have
Dl =D1Q +Dll +D12 +Dl3 :O
Similarly, consideration of displacement compatibility for
releases 2 and 3 yields

D2=D20 +D21 +D22 +D23=0

(12.1)

D3=D3Q +D3] +D32 +D33=0

Each of the above terms represents the displacement of a statically deter-
minate structure resulting from a specified load condition, and each has
its positive direction defined as that corresponding to the positive sense of
the corresponding release. The nine displacements Dy;(i=1,2,3;=1,2,3)
are linear functions of the unknown redundants R,, R,, and R;. The details
of a solution for displacements are discussed in Chapters 9 and 10. Once
the displacements are found, the only unknown quantities in the equation
system are the redundants R,, R,, and R;. If any of the redundants has a
negative value, it acts in a direction opposite to that shown in Figure 12.3b.
Finally, we should note that the method of subscripting used here is of
° general applicability, and that the displacements corresponding to release i
will always be of the form D;; where j takes on values of 1 through =.

12.2 FLEXIBILITY COEFFICIENTS

. Any of the displacement components D;; for the primary structure are
measures of the flexibility of the structure; that is, the more flexible the
structure, the higher the value of the displacements. We find it convenient
to define the effect of redundant forces on the primary structure in terms
of displacements produced by unit forces corresponding to the redundants.
For example, we write the displacement D;; as

Digs = fis R; (12.2)
where f;;, the displacement corresponding to release i for a unit force
corresponding to R; at release j, is called a flexibility coefficient. In Example

12.1 we may select the redundant R, at point B and apply a unit load to get

the flexibility coefficient f;, = L3/24EI with the dimensions of, say, feet per

kip. The equation of compatibility then becomes ‘

Dyq +fu R,=0
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The flexibility coefficients are strictly functions of the geometry and elastic
properties (EI, EA, GJ, etc.) of the primary structure. They are inde-
pendent of the real loading on the original structure. Thus, we can
derive the flexibility coefhcients for a given primary structure and use them
repeatedly in analyzing the structure for different loadings.
Using this concept of flexibility coefficients, Equations 12.1 can be

written as follows:

Dig+fuRi+fiuRy+fisR3 =0

Doq + for Ry + foz Ry + fos Ry =0 (12.3)

D3g+ fay Ry + faa Ry + f33 R3 =0

The flexibility coefficient f;; carries its own sign in accordance with the
particular sign convention selected for the problem by the user. A flexi-
bility coefficient may be either a linear displacement or an angular displace-
ment, and either of these can be produced by a concentrated force or a
single couple. Although the angular and linear flexibility coefficients can
be treated uniformly and referred to as f;; in any problem, we will denote
angular flexibility coefficients by 6;; in this chapter in order to avoid con-
fusion and to emphasize the correspondence required between the type
of release and its associated displacement and force. Note that the correct
units of the coefficients involve the unit force or couple used in their

determination. Units may be feet per kip, radians per kip, feet per foot-kip,-

or radians per foot-kip. Of course, inches may be substituted for feet,
pounds for kip, etc. The nine flexibility coefficients for the frame of Figure
12.3, which result from the three releases taken at point B, are shown in
Figure 12.4 to further clarify their definition.

Equations 12.3 may be written in matrix form

[F][R] =~—[D]

where [F] is a square array called the flexibility matrix. This matrix will
always be symmetric about its main diagonal. The fact that f;, = f5y, fi3 = 03y,
and f,; = 03, for the structure in Figure 12.4, and that f;; always equals f};
in any structure, represents one of our most important laws of linear
elastic structural behavior — Maxwell’s reciprocal theorem. Maxwell’s
theorem and a more general version called Betti’s theorem are derived in
Section 12.3. Prior to proceeding to the derivations, we shall consider an
example with two redundants, formulating the problem in terms of flexi-
- bility coefficients and then considering the effects of support settlement on
the resulting equations.

Example 12.2 Beam with Two Redundants The propped cantilever beam
of Figure 12.1 is modified by the addition of another support at point 4,
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Fig. 12.4
Flexibility coefficients.
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(c) Release 3.
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and the addition of a uniform load w across the entire length of the beam.
Inspection of the original structure reveals that the concentrated load P
produces no bending and no displacement in the beam because it is situ-
ated directly over a support point. Accordingly, the load will be removed
from the structure during the analysis. Its only effect is to increase the
upward reaction at point 4 by an amount P.

The beam is twice redundant since we have four unknown forces and
two equations of equilibrium. If we choose releases 1 and 2 at the reaction
points A and B (which is equivalent to taking the reactions at these two
points as the redundants), the primary structure is identical to that in
Example 12.1. The compatibility equations for the primary structure are

D1=O and D2:0

The displacements produced by the uniform load w acting on the pri-
mary structure are indicated as Dyq and D,q on Figure 12.5d. The four
flexibility coefficients needed in the analysis are shown in Figures 12.5¢
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Fig. 12.5
Beam with two redundants.

(a) Original structure.

) (b) Unknown reactions.
Rel

(c) Primary structure.

24

(d) Displacements due to actual loading (omit-
ting P).

(e) Flexibility coefficients for unit load correspond-
ing to redundant R,

(f) Flexibility coefficients for unit load correspond-
ing to redundant R,

=
K
w7

and f. We have chosen the unit loads as acting downward in order to have
the same sign on all displacement values. Note the correspondence of the
directions of the unit loads and the releases.

qu +f11R1 +ﬁ2R2 =0
Dyq +f21R1 +fzsz =0

el == [oe]

or

g
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or
[F][R] = [D]

where [F] = flexibility matrix, [R] = unknown redundants, and [Dg] =
displacements corresponding to the redundants, produced by the real
loading on the primary structure.

The numerical values of [F] and [Dg] are given below, along with the
values of the redundants R, and R, as produced by the uniform loading.
The negative signs indicate that the reactions act opposite to the assumed
directions, or upwards. You should confirm the solution if you have any
questions on the approach.

L5, wlLt
23 48||"| _ | BEI
EIf5 1], 17wl

48 242 384E1

from which

R, =—0.196wL and R, =—0.571wL

We may want to know the effect of support settlement on the moments

and shears in an indeterminate beam. The supports may settle because of

« foundation difficulties, or the engineer may merely wish to establish the

severity of a possible, but 'not planned, support settlement. This type

of problem is no more difficult than the example worked above. If we wish

to examine the structure for the combined effects of the loading plus a
settlement of 0.015 m at support 4, the compatibility equations are

The only change in the set of linear equations for the redundants is in
the right-hand side term pertaining to the support that settles, or

Dyq + fisR, + f12 R, =15

Expressed in matrix form, the compatibility equations are

[j/ruflzjl[Rx] — [15 — Dy ]
21f22 R, _Dza
For values of 7 = 830 X 10® mm?, E = 200 000 MPa, L =6 m, and w =

45 kN/m, we formulate this 2 X 2 system with particular attention to
proper units in the term (15 — D,q) and get

[0.4337 0.1355] [Rl] - [15 —43.92
0.1355 0.0542 —15.55
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and

R, =+105 kN =0.39 wL
R; =—549 kN =—-2.03 wL

The bending stiffness EI cancels out when we are computing forces due
strictly to Joading, but it enters into the problem whenever displacements
at_the redundants _are nonzero.. Note that the relatively small support
settlement produced a substantial change in the reactions of the beam.
You should now compute and compare the bending moments for the two
cases.

An alternate choice for releases for the original example structure is
illustrated in Figure 12.6, where we have a lateral release and an angular
release at point C. The displacements associated with these redundants
are a linear displacement D, at point C and an angular displacement 8, at
the same point. The compatibility equations are D; =0 and 6, = 0. Using

A B CR Fig. 12.6
k— Alternate redundants for beam.

(a) Original structure.

(b) Primary structure.

Load w
T T

:ID‘Q (c) Displacements —actual loading.

Tt

1k
Ifn - .
(d) Flexibility coefficients —release 1.

Ry

1 ft-k
? |f12 (e} Flexibility coefficients —release 2.

e
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the displacéments and flexibility coefficients defined in Figure 12.6, we have

DlQ +f11R1 +f12R2 =0
020 + 021 Rl + 022R2 = 0

-
021 022 R2 020

This analysis is easily modified to account for vertical movements of
supports B and C as well as rotational displacements of the fixed end at

or

- point C. It is worth noting that we often draw fixed ends for beams when

we are doing examples, but a practical support that provides complete
fixity to a beam cannot be built.
12.3 THE THEOREMS OF BETTI AND MAXWELL

Betti’s theorem was first presented in 1872 by the Italian engineer, E.
Betti, as a generalized version of Maxwell’s reciprocal theorem (1864) for

_structural displacements. Some authors prefer to consider these very

important theorems as one and call it the Maxwell-Betti theorem, but we
shall treat them separately here. Each theorem is stated and proven in the
following sections, and later used in many situations.

1

Betti’s Theorem

“For a linearly elastic structure the work done by a set of external forces
Q" acting through the displacements D® produced by another set of
forces Q@ is equal to the work done by the second set of external forces
Q® acting through the displacements D™ produced by the forces QM.”

While it may be appealing to derive this theorem for a completely gen-
eral structure, we will derive it for a simple truss, using the principle of
virtual forces in the derivation. The derivation is relatively simple and
illustrates still another use of the method of virtual work. The theorem
can also be derived from real work principles.

The truss of Example 10.6 will be utilized; your familiarity with the truss
should aid in understanding the derivation. Consider the truss (Figure
12.7) subjected to a system of external forces Q® with resulting internal
forces ¢{V in each of the i members. Corresponding external displacements
are D'V and internal deformations are AL; = ¢ (L/AE).

The same truss can be subjected to an alternate loading of Q®, with in-
ternal forces ¢, external displacements D®, and internal deformations
AL; = ¢{® (L/AE), as shown in Figure 12.7b.

The principle of work states that 2QD = 3gd where (Q, ¢) is an equilibrium
force set and (D,d) is a compatiblé displacement field. The forces (Q",¢q™")
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o

Displacement components
DO at ali joints

Internal

Q(l) ' deformation
B L
<I£(1) AE
(a) Load system Q).

Qg) Displacement components

j < D@ at all joints
(2)

Internal
force ¢;(@

Internal
deformation

L
%@ 15
(b) Load system Q®,

Fig. 12.7
Betti’s theorem.

and (Q®,q®) satisfy :equilibrium and the displacements (D™,dW) and
(D®, d®) satisfy compatibility.

Therefore, we can write
3 Q® DO =3, g 4
3 QWD® = }i‘,qgl) @

and (12.4)

Examining the right side of these equations, we can replace the internal
deformation components by

d§l>=qgl>ALE and  d®= ,ﬂﬁ (12.5)

then

L
(2) (1) =3 4(2) (1) =
?% di “4" 9 E
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and

S g d® =3 ¢ ¢ L

i i AE
or )

) qu) di(l) =73, qﬁl)dy)
thus

3Q®pW =3 Q(n)D(z)‘ (12.6)

- and we have a proof of Betti’s theorem. The generalization to any type of

structure follows the same argument as we made above for the truss.

- Maxwell’s Reciprocal Theorem

“For a linear elastic structure, the displacement i due to a unit force j is
equal to the corresponding displacement j due to a unit force correspond-
ing to i, or fi; = f3.”

The displacement ¢ is also called degree of freedom i; it is merely the dis-
placement in a specified direction at a certain point in the structure. The
«force i is then the force corresponding to degree of freedom i, that is, a
force applied at the same point and in the same direction.

Maxwell’s theorem follows directly from Betti’s theorem, or it can be
derived from real work principles. We shall present both derivations here.

Referring to the Betti theorem derivation, let the load system Q® be
a single unit load corresponding to degree of freedom j (a linear displace-
ment in the vertical direction at joint B) and Q® be another single load
corresponding to degree of freedom i (the horizontal displacement at joint
D). As shown in Figure 12.8, these unit loads produce flexibility coeffi-
cients fi; and fj; at joints D and B, respectively. Applying Betti’s theorem,
where

Q=1 DW=f, Q®=1 and DO=Ff,
we have
L fis=1"fu
or
Ju=/un (12.7)

The reciprocal theorem establishes the symmetry of the flexibility matrix
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Fig. 12.8
Maxwell’s reciprocal theorem.

(a) For QW = 1 corresponding to degree of freedom j.

1. D E
A \/ L C
7 B t £ 2 (b) For Q® =1 corresponding to degree of freedom i.
i

for linear elastic structures. Note that the flexibility coefficients may be
either linear or angular displacements corresponding to any arbitrary
degrees of freedom.

The reciprocal theorem is also readily derived from real work prin-
ciples. Consider a frame structure such as that shown in Figure 12.9 where
we wish to show that f;, = 6,, where 1 is the degree of freedom defined by
a linear vertical displacement at point B, and 2 is the degree of freedom
defined by an angular rotation at point C. In words, we wish to show that
the displacement 1 caused by a unit moment at 2 is equal to the angular
rotation 2 caused by a unit force at 1.

The frame is first loaded with P, (Figure 12.9a). The load is applied
gradually; the external work done is equal to the average load times its
total displacement and is stored in the frame as internal strain energy.
Since the displacement has the value of the load times the flexibility coefh-
cient, fy,, the work done is

1
W= §P¥f11
Leaving P, in place, the moment M, is now applied gradually to the beam
(Figure 12.95). The full value of the force P, acts through an additional

displacement of M,f;, during the application of M,. The work done is then

1
w =_2'M§022 + Pleflz

' (0) My alone.
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Py
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M fio

W=4 P’ W=} My’ 6
+Py Maf12
M; 822 %! M2
Y
(a) P, alone. (b) M, with P, left in place.

P

!

D Pifi

W= 1M22022 W= % Plzfll

Mz 4+ M3 P 021
-/

1;;/ l‘/ ‘ \7//4-1"1 621

(d) P, with M, left in place.

Fig. 12.9
Maxwell’s reciprocal theorem by real work.

and the total work done by the application of the two forces is
1 1
W=§Plzfll +'2“M§622 +P1M2f12 (128)

We shall now unload the structure and apply the same loading, but in
a different sequence. Since the system is defined to be linear and conserva-
tive, we must reach the same total strain energy level as in the first load-
ing sequence.

Applying M, first (Figure 12.9¢), we have W =} M20,,. Holding M, at
this value and applying P; to the frame, there is an additional work term
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Roof system Fig. 12.10
' B - 1 & )
Building frame analysis.

W =4P}fy; + M,P,0;.The total work done during the second loading se-
quence is

12°
1 1
W=§P12f11 +§M§022 +M2Pl021 (12.9)

Equating the work terms for the two loading sequences (Equations 12.8 40’
and 12.9) |

Structure cross section

1 1 1 1 '
“2°P12f11 +§M§022 + P1M2f12=§P12f11 +§M§022 + M,P, 0, - T T O T

or

PiM,fi, = M,P, 0, (12.10)

‘ Rpp
P, and M, cancel out, and we have 7 , (@ Roller support.
: RD” RA»

J12 =0y (12.11)

The dimensions on these quantities also fulfill the equality; they are feet J IO T T T
per foot-kip and radians per kip, respectively (see Section 12.2).

The loading sequences and associated displacements and work terms are :
summarized in Figure 12.9. The careful reader may have noticed that the I

proof given above also establishes Betti’s theorem for force systems Q) =P, I * Rm Ras b Hinsed
and Q@ = M,. The associated displacement terms are : 77'% ;%; (b) Hinged support.
. 1 Dy Av

D(Z) = sz]z and D(l) = Pl 021

It is worth repeating here that as a consequence of Maxwell’s reciprocal (4 e |
theorem, any matrix of flexibility coefficients has the property of sym- i
metry about the main diagonal, that is, f;; = fj;. This property provides a o
useful check in computations of flexibilities, and allows the use of matrix . /Tie member
operations that depend on symmetry. ¥ Rpy

The theorems of Maxwell and Betti will prove to be invaluable in many o Ro, %
aspects of structural analysis. ; Rav

(¢) Roller with tie.
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Horace Mann High School,

Example 12.3 Steel Building Frame Analysis A small, mass-produced Omaha, Nebraska

industrial building is to be framed in structural steel with a typical cross
section as shown in Figure 12.10. The engineer is considering three differ-
ent designs for the frame: (a) for poor or unknown soil conditions, the
foundations for the frame may not be able to develop any dependable
horizontal forces at its bases. In this case the idealized base conditions are
a hinge at one of the bases and a roller at the other; (b) for excellent soil

AISC
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conditions with properly designed foundations, the bases of the frame legs
will have no tendency to move horizontally, and the idealized base condi-
tion is that of hinges at both points 4 and D; and (c) a design intermediate
to the above cases, with a steel tie member capable of carrying only tension
running between points 4 and D in the floor of the building. The founda-
tions would not be expected to provide any horizontal restraint for this
latter case, and the hinge-roller details at points 4 and D would apply.

Critical design loads for a frame of this type are usually the gravity loads
(dead load + snow load) and the combination of dead load and wind load.
We will restrict our attention to the first combination, and will use a snow
load of 30 psf and an estimated total dead load of 20 psf. With frames
spaced at 15 ft on centers along the length of the building, the design
load is 15(30 + 20) = 750 Ib/ft.

If the frame is made of steel beam sections 21 in. deep and weighing
62 Ib/ft of length (W 21 X 62), and the tie member for design (¢) is tenta-
tively chosen as a 2-in.? bar, determine the bending moment diagrams for
the three designs and discuss the alternate solutions.

Structure (a). This frame is statically determinate since it has three pos-
sible unknown external forces acting on it, as shown in Figure 12.10a. The
resulting bending moment is given in Figure 12.13a.

Structure (b). Hinging both legs of the frame results in another unknown
force, making the structure statically indeterminate to the first degree (one
redundant). A lateral release at point 4 is chosen, with the redundant shear-
ing force R;. The displacement D,q in the primary structure, as a result of
the real loading, is shown in Figure 12.11a. D,q is computed by virtual
work. The virtual force system in Figure 12.115 produces a virtual bending
moment 7, which is uniform across the top member of the frame. The vir-
tual moment acting through the real angle changes gives the internal
work term

— OmM
do=| 224
f’” ¢=), BT =

Equating this to the external virtual work of 1-D,q, we have

|- Dy = [*UDWDTE Lx =)
0

El
or

_ 48,000 k-ft?

DlQ EI

The equation of consistent displacement is Dyq + f;; R, = 0. The flexibility
coefficient f; is computed by applying a unit horizontal force at the release
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X
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g;’Q =1
7 L 7 7
Diq

(a) Moment produced by actual load on (b) Virtual force.

primary structure. M = 12 (unit

redundant)

m=12

[ F
\ M=1-x X3
m=1x Xy
—_ x1 __‘Lxl
’f_u,I .

(d) Moments produced by virtual force
and by unit redundant. -

[}
0

I X
(]
»

(c) Real loading for computing fy4.

* Fig. 12.11
s Building frame (b) —hinged bases.

and determining the displacement at the same point. It is seen that the real
loading and the virtual loading are identical for this calculation, and

12,2 20 2
v . _ xldxl (12) dx]
, ! f“"Q[L EI +j(, EI

or

6912 k-fi
=G

Solving for R,
1 -
7l [48,000 + 6912 R,] =0
or
R; =—6.93k «
The bending moment diagram is given in Figure 12.135.

Structure (c). The frame with the horizontal tie between points A and D
has three unknown external forces. However, the structure is statically



414  CHAPTER 12 / INDETERMINATE ANALYSIS

indeterminate to the first degree since the tie member provides one degree
of internal redundancy. The logical release to choose is a longitudinal
release in the tie member, with its associated longitudinal displacement
and axial force.

The primary structure (Figure 12.12) is the frame with the tie member
released. The compatibility equation is based on the fact that the displace-
ment at the release must be zero; that is, the relative displacement of the
two sections of the tie at the point of release must be zero, or

Dyq +f11R1 =0

where D,q = displacement at release 1 in the primary structure, produced
by the loading,
Ju =relative displacement at release 1 for a unit axial force in
the tie member,
R, = force in the tie member in the original structure.

Virtual work is used to determine both displacement terms. The value
of Dyq is identical to the displacement D,q computed for structure (b) be-
cause the tie member has no forces (and consequently no deformations)
in the primary structure. Thus D,q =48,000 (1728)/(30 X 10%)(1327) =
2.08 in. —.

The flexibility coeflicient f;, is composed of two separate effects: a flex-
ural displacement due to the flexibility of the frame, and the axial dis-
placement of the stressed tie member. The virtual and real loadings for
this calculation are shown in Figure 12.12. The virtual work equation is

124

. 7

Release in tie member

(a) Primary structure.

T T S T OO T

}
Il

Z

(b) Actual loading on primary structure,

1k

1k

—ful—
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Fig. 12.12

Building frame (c) —horizontal tie.

(c) Virtual force.

N

\ﬁ:M:xl

Jx,_

m=M=12

77L=M=x1’

x1

(d) Real loading for computing flexibility
coefficient f,,.

(e) Moments produced by virtual force
and by unit redundant.
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o[ [xpdx,, [P(12)%dx] , - pL
l'ﬁl_‘z[o IEII+ ]+pEA

o EI
_ 6912 _ 1(1)(40)
EI EA
__6912(1728) . 40(12)
30 x 10%(1327) ' 30 x 10°(2)

= 0.300 4+ 0.008 = 0.308
and

J11=0.308 in./k
The equation of consistent deformation is

Dy + fuR, =0

or

2.08 —.308R, =0
or
R, =6.75 k tension

The two displacement terms in the equation must carry opposite signs to
account for their difference in direction.

The bending moment in the frame (Figure 12.13¢) differs only slightly
from that of structure (b). In other words, the tie member has such high

axial stiffness that it provides nearly as much restraint as the foundation
of structure (b). Frames with tie members are used widely in industrial

buildings. A lesson to be learned here is that it is easy to provide high
stiffness through an axially loaded member.
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150 ft-k
15k 15k
(a)
83.3ft-k | 833ft-k
A
66.7 ft-k
6.93k —»T r— 6.93k
15k (b) 15k
81 ft-k |81 ftk
e
69 ft-k

6.75k tension

e

Fig. 12.13

15k 15k Frame forces and moments.

(c)

The maximum moment in frames (b) and (c) is about 55 % of the maxi-
mum moment in frame (a). This effect of continuity and redundancy is
typical —the positive bending moments in the members are lowered while
the joint moments increase and a more economical design can be realized.

Finally, we should notice that the vertical reactions at the bases of the
columns do not change with the degree of horizontal restraint at the bases.
A question to ponder is “Does this type of reaction behavior occur in all
frames, or only in certain geometrical configurations?”

Example 12.4 Analysis of Irregular Building Frame The structural steel
frame for the Church of the Holy Spirit, Penfield, New York, described
briefly in Chapter 8 and illustrated at the front of this chapter, is shown in
Figure 12.14. In this example we will discuss the idealization of the struc-
ture and then determine the forces and bending moments acting on
the frame.
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A sectional view of the building is given in Figure 12.14a. The two main
horizontal members of the frame are supported at points 4 and D by
masonry walls. The connection used at these points is not intended to
transmit axial forces from the frame to the wall; accordingly, the axial
forces in the horizontal members are assumed to be zero and the joints at
A4 and D are idealized as rollers that transmit vertical forces only. The base
joint E is designed to resist both horizontal and vertical loads, but not
moment, and is assumed to be a hinge. Finally, joints B and Care designed
to provide continuity and will be taken as rigid; that is, the angles of inter-
section of the members at the joint do not change with applied loading.

The frame is simplified for analysis by removing the small 4-in. wide
flange members EF and FG and replacing their load effect by applying
the roof load which acts on EF directly to the segment AG. The idealized
frame is shown in Figure 12:14b.

The dead load on the higher portion of the frame is w,z = 25 psf times

' the frame spacing of 13.33 ft, or wyp = 25(13.33) = 334 Ib/ft along the

frame. The dead load on CD is less because the weight of the frame mem-
ber is substantially smaller, and the dead load is about 19 pst, or wep =
19(13.33) = 254 Ib/ft of frame. Snow load is 35 psf over both areas, or
w = 35(13.33) = 467 Ib/ft. Total loads are then

Member AB: w = 334 + 467 = 800 1b/ft = 0.8 k/ft

. Member CD: w = 254 + 467 = 720 Ib/ft = 0.72 k/ft

' The frame has four unknown reaction components and therefore has
one redundant. Although several different releases are possible, we choose
an angular (bending) release at point B. The advantages of this type of
release over a support reaction release is explained in Chapter 13. The
resulting primary structure is shown in Figure 12.14¢, where the re-
‘dundant quantity R, is the bending moment at point B. The equation
of compatibility is

Oiq + 0R, =0

where 6, is the relative angular rotation corresponding to release 1 as
produced by the actual loading, and 6, is the flexibility coefficient for a
unit moment acting at the release. From virtual work we have

1 -0,Q=fmd¢:f‘m%dx
and
1 -anfmd¢=fml—5"ildx

where m is a real unit load and % and M are defined in Figure 12.14d
and e. Then
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Fig. 12.14

Church of the Holy Spirit, Penfield, N.Y.

. E10-0 F

o HT <

st Bl W4*1 waoxi08 B -
=4 G W14 x 30
= C H D
E W 10 x 49 =

1

_LEZI'— 4”
T

1

(a) Frame geometry.

(b) ldealized frame.

(c) Primary structure with
angular release at B.

i 61.42 x ,
00 = (EI)Aaf 61.49 (24.6x — 0.4x%)dx

0

0

1 21.33 x
+ &b f 5753 (7-68x — 0.36x?) dx

_ 7750
ED1s

295
(EDcp

with I, = 4470 in.* and Icp = 290 in.4

Similarly

b1 = 1.*1/533 s Lo 2.}35

l 61.42 x 2
O = EDm L (61.42) dx

12.4 ADDITIONAL EXAMPLES OF THE FORCE METHOD 419

Fig. 12.14 (Continued)

Church of the Holy Spirit, Penfield, N.Y.
wyp = 0.8k/ft
wep = 0.72k/ft

B x

I ] l
A -
\\ -
M = 24.6x — 0422

M = 7.68x — 0.36x2

(d) Moment M due to actual loading on primary structure.

(&) Moment m due to Q = 1 at release 1.
{(Moment M due to unit redundant at
release 1 is identical).

. 354 k-ft
238k

352k () Reactions and moment diagram for frame.

\ + 1 21.33 x 2 d 1 8 2
. @hels (@) o |, 0
with Igc =273 in.4
0. 7.11 .0~ _ 0.058
= By e Toge ™ B/ Tk
Note that the numerators of 6, and 6y, have the units k-ft?/in*. Applying
the compatibility equation,

2.75 " 0.0585

E E

and the bending moment at point B is R; = —47.0 ft-k. The reactions and
moments in the structure are given in Figure 12.14f.

011

R1=O

Example 12.5 Redundant Truss Analysis Determine the bar forces in
the steel truss shown in Figure 12.15 using the force method of analysis.
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3m

! 3m g 7 \Release
(a) Original structure. Area of each
member = 2500 mm?

(b) Primary structure.

0 -0.707
<
20 e P, 0 +1
o
+20 0 -0.707 -0.707
1
20 $20
N - -0.707

20 20 .

qu

(d) Virtual loading on primary
structure (p forces).

(c) Primary structure subject to real
loading (P forces).
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structure will be the conventional truss form to which we are accustomed.
Choosing the diagonal member BC for release, we cut it and remove its
axial stiffness from the structure. The primary structure is-shown in
Figure 12.15b. :

The analysis problem reduces to applying an equation of com patibility
to the changes in length of the released member. The relative displace-
ment Dyq of the two cut-ends of member BC, as produced by the real
loading, is shown in Figure 12.15¢. This displacement is always measured
along the length of the redundant member, and since the redundant is
unstressed at this stage of the analysis, the displacement D,q is equal to

. the relative displacement of joint B with respect to joint C.

This displacement must be eliminated by the relative displacements of
the cut ends of member BC when the redundant force is acting in the
member. The latter displacement is written in terms of the axial fiexibility

~coefficient fj;, and the desired equation of consistent deformation is

Dyq +f11R1 =0

The quantity D,q is given by 1 - Dyq = 3p(Al) = SH(PL/AE) where P and
P are given in Figure 12.15d and ¢, respectively. Similarly, f;, = SH(pL/AE),
where p =p. Evaluating these summations in tabular form:

-0.707 -10
20 AN

+1 xxb‘.

~0.707 1k ~0.707 +10 \Ji’] -10
1k 20 z
-0.7073\( 20 +10 \20
fu

(e) Action of unit force corresponding (f) Results.

to redundant R, (p forces).

Fig. 12.15
Truss analysis.

The truss is part of a supporting tower for a tank, and the 20 kN horizontal
load is produced by wind loading on the tank.

Applying the criteria for indeterminacy (Chapter 5), we find the truss
to have one degree of indeterminacy. A longitudinal release in any of the
six bars may be chosen. Because the truss members carry only axial load,
a longitudinal release is identical to actually cutting the member and
removing its axial force capability from the truss. In analyzing trusses
with double diagonals it is both convenient and customary to select the
release in one of the diagonal members because the resulting primary

Member P p=p L pPL L
AB 0 —0.707 13 0 1.5
BD 0 —0.707 | 3 0. 1.5
CD +20 —~0.707 |3 —42.42 1.5
AC +20 —0.707 | 3 —42.42 1.5

~AD —28.28 | +1 4.242 | —119.96 4.242
BC 0 +1 4.242 0 . 4.242

S= —204.8 m-kN? 14.484 m-kN?
Since 4 = constant for each member
PL —204.8 14.484
Due=2pop=——"5 ad fu=—f

then
1 _
iE [—204.8 + 14.484R,1=0

The solution for the redundant force value is R, = 14.14 kN. The final
values for forces in each of the truss members are given by superimposing
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the forces due to the redundant and the forces due to the real loading.
The real loading forces are shown in Figure 12.15¢ while the redundant
force effect is computed by multiplying the member forces in Figure 12.15d
by 2.83, the value of the redundant.

It is informative to compare the member forces from this solution to the
approximate analysis obtained by assuming that the double diagonals
each carry half the total shear in the panel. The comparison is given in
Figure 12.16; it reveals that the approximate analysis is the same as the
exact analysis for this particular truss. The reason for this is that the stiff-
ness provided by each of the diagonal members (against “shear” deforma-
tion of the rectangular panel) is the same, and therefore they each carry
an equal portion of the total shear across the panel. How would this struc-
ture behave if the diagonal members were very slender?

Example 12.6 Truss with Two Redundants Another panel with a second
redundant member is added to the truss of the previous example, and
the new truss is supported at its outermost lower panel points, as shown in
Figure 12.17. The truss, which is similar in form to trusses used on many
railway bridges, is to be analyzed for bar forces under the given loading.

The twice redundant truss is converted to a determinate primary struc-
ture by releasing two members of the truss; we choose two diagonals
(DB and BF). Releasing both diagonals in a single panel, such as members
AE and DB, is inadmissible since it leads to an unstable truss form. The
member forces and required displacements for the real loading and for

20 -10 Fig. 12.16
N} Truss analysis.
N
+10 v ~10
\ ‘%
‘JY
20 +10 (a) Exact analysis.
20 20
20 -10
.»v
“.
X\'
+10 \/7 -10
-jv
20 . .
‘ +10 (b) Approximate analysis.

20 20
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4 +7.68 +5.94

5.5

-3.56

Fig. 12.17
Truss with two redundants.

(@) Original structure. All areas = 4 in.?

(b) Primary structure subjected to real loading
(P forces).

(c) Action of unit force corresponding to
redundant R, (p, forces).

{d) Action of unit force corresponding to
redundant R, (p, forces).

(e) Results of analysis.
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the two redundant forces in members DB and BF are given in Figure 12.17.
Although the real loading ordinarily stresses all members of the entire
truss, we see that the unit forces corresponding to the redundants stress
only those members in the panel that contains the redundant; all other bar
forces are zero. Recognizing this fact enables us to solve the double diag-
onal truss problem more rapidly than a frame with multiple redundants.

The virtual work equations for computing the six required displacements
(two due to load and four flexibilities) are

- Dio =35, (5%)
A

Sz = fa1 by the reciprocal theorem
and
I- fzz = Eﬁz%
where the virtual force system p, is equal to the real force system p,, and
P2 =pa. :

If we assume tension in a truss member as positive, use tensile unit loads
when computing the flexibility coefficients corresponding to the redun-
dants, and let all displacement terms carry their own signs, then in the
solution for the redundants a positive value of force indicates tension
while a negative value means the member is in compression.

The calculation of f;, involves only the six members in the left panel of
the truss; f;; involves only member BE. The simple procedures used for
performing the displacement analyses, as summarized in tabular form in
Table 12.1, leads one quickly to the compatibility equations which state
that the cut ends of both redundant members must match (there can be
no gaps or overlaps of members in the actual structure). The equations are

Dig+ fuR: + fi1oRy =0
DzQ +ﬁ1R1 +ﬁ2R2 = 0

or
1 1580 60}|R, __ 1 [3528
AE | 60 580 |(R, AE | 5164
and
R, =-520k
R, =-—8.38 k
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The final set of forces in the truss is obtained by adding up,_for.each
member, the three separate effects. In terms of the forces shown in Figure
12.17 and Table 12.1, the force in any member is given by F =P + R,p, +
R,p.. The final solution is given in Figure 12.17e.

Table 12.1 Truss Analysis

: Dyq: Dsyq: [ [ faa:
Member P P D2 L pPL p.PL pipil P2pil Papsl
. —0.707 0 120 +806 0 60 0 0
BAg :gg 0 —0.707 120 0 +806 0 0 60
CF —-9.5 0 —0.707 120 0 +806 0 0 60
EF 0 0 —0.707 120 0 0 0 0 60
DE +4 —0.707 0 120 —340 0 60 0 0
AD —5.5 -—0.707 0 120 +466 0 60 0 0
AE +7.78  +1 0 170 +1322 0 170 0 0
BE —-15 -0.707 —0.707 120 +1272  +1272 60 60 60
CE +13.43 0 +1 170 0 -+2280 0 0 170
BD 0 +1 0 170 0 0 170 0 0
BF 0 0 +1 170 0 g _ 0 0 170
43528 +5164 +580 +60 -580

A mixture of internal redundant forces and external redpndant reac-
tions is no more difficult than the preceding exa‘n}ple. Consider the two-
pahel truss of Example 12.6 modified by the addition of another reaction
component at joint E (Figure 12.18). The three releasses for this truss can
be chosen from a number of possible combinations: dlagonal§ DB and BF
and the reaction at E; the same two diagonals and the reaction at F; the
same diagonals and the top chord member BC, etc. The‘ only requirement
to be met is that the primary structure be stable apd statically determmate:

For any set of releases there are four new displacement componen;}s.
the displacement at the third release re§u.lt‘mg from Fhe actual load on the
primary structure, and the three ﬂexnbxht‘y coefhicients f3;, fa2, anfi 11’33
Judicious choice of releases often results in a number of the flexibility
coeflicients being zero.

Fig. 12.18
Z  Truss with three redundants.
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Example 12.7 Analysis of Nonprismatic Members The nonprismatic
beam of Figure 12.19a is loaded with an end moment M, at its hinged
end 4. Determine the moment induced at the fixed end B by this loading.

The beam has one redundant force; we select My as the redundant R,,
and obtain the primary structure shown in Figure 12.19¢. This problem
is easily solved by using the results of Example 9.6, where the end rotations
were found for unit moments applied at each end. These flexibility co-
efficients are given in Figures 12.19d and e, with a sign convention of coun-
terclockwise as positive. The equation of consistent displacements at B is

M3 L
8l T16 E1 T =0
and the value of My is
2
MB =R1 =§' MA

The resulting moment diagram is given in Figure 12.19f. We note that the

inflection point is 0.40! from the fixed end. If the beam had a uniform

value of I across its span, the inflection point would be //3 from the fixed

end. Thus the inflection point shifts toward the section of reduced stiffness.
The end rotation 8, is given by

_31\_4,,_5_1(3 )_l_gM_Al
4 s Ma) E1 =18 EI

16 EI 8
The ratio of applied end moment to rotation, M,/8,, is called the rotational
stiffness and is

7 — 4364 T

If we now reverse the boimdary conditions, making A4 fixed and B
hinged, and repeat the analysis for an applied moment M, the resulting
moment diagram will be as given in Figure 12.194. The moment induced
at end 4 is only 40% of the applied end moment M,. The inflection point
is 0.286! from the fixed end 4. The corresponding end rotation 5 in Fig-
ure 12.19g is

M, _48 EI El
0, 11

g — 1L Myl
280 EI
. ) Mg .
and the rotational stiffness 3. s
B
My _80EI_, .0 El
8, 111 7.272 ]
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B Fig. 12.19
I 2a :E Moments in Nonprismatic Beam.
1

(a) Beam with end B fixed.

)F_\ % (b) Elastic curve.
! A
M, N M,

% % (c) Primary structure.
7.

1 i
6 EI EI
( (d) Rotations produced by M,.
M Ri=1
\ { )
W (e) Rotations produced by unit v.
1L 3 1
~8 El +E E of redundant R,.

‘-‘—————1 (f) Moment diagram for A
‘ hinged, B fixed.
\l _ 2
Mg =3Mp

B
<2 A ) (g) Beam with end A fixed.
M,

! % M,
0.286 My '
(h) Moment diagram for A fixed
M,=2M
A 5B l/

B hinged.

!

A careful comparison of the rotational stiffnesses, and of the morr.lenl
diagrams in Figures 12.19f and h, illustrate the fact that'ﬂexur'al sectiont
of increased stiffness attract more moment, and that inflection pomnt
always shift in the direction of decreased stiffness.

The approach illustrated here and in Example 9.6 may _be usF:d to deter
mine moments and end rotations in any type of nonprismatic men}ber
The end rotations needed in the force analysis may be calculated by.elthfﬂ
virtual work or moment area (or by other methods). Complex variations it
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EI are handled by numerical integration of the virtual work equation or
by approximating the resultant M/EI areas and their locations in the
moment area method (see Example 10.12).

Example 12.8 Fixed End Moments for Nonprismatic Beams The beam of
Example 12.7, with both ends fixed, is loaded with a uniform load w
(Figure 12.20a). Determine the fixed end moments M, and M.

The beam has two redundant forces and we select M, and M. Releasing
these redundants, R, and R,, the primary structure is as shown in Figure
12.20c. The equations of consistent deformations are

D.q +f11 R, +f12 R, =0

Daq + for Ry +fos Ry, =0
where R, is M, and R, is Mp. The values of D,q and D,q, the end rotations
produced by the real loading on the primary structure, are given in

Example 10.11 where they were computed by the virtual work method.
The flexibility coefficients were derived in Example 9.6 and are given in

Uniform load w

IO T I T I T T T I I I T T T I T I I 11
A
A% |
1 b i EB (a) Fixed end beam.
| ) 12
T

1
(F -
4 (b) Define redundants.

%/. % (c) Primary structure.

Load w acti
\ w acting,
3 .
D, = —0.0352 w?l] Dag = +0.0273 wid (d) Real foad on primary
EI structure.
0.0742 wi? 0.0961 wi?
I\ N -
x wi? {e) Bending moment diagram.

0.0398 w127 &

Fig. 12.20
Fixed End Moments in Nonprismatic Beam.
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Figures 12.19d and ¢ of Example 12.7. We define counterclockwise end
moments and rotations as positive and obtain

5
e z_w_l"[—0.0SSQ
EI __é_ 3|lR] BT {40.0278

16
from which

R, =M, = 0.0742 wl?
Rz = MB =—0.0961 wil?

" The stiffer end of the beam attracts 30% more moment than the flexible
end. For a prismatic beam with constant I, the fixed end moments are
equal in magnitude (M, =—Mp =wl?/12) and intermediate in value between
the two end moments determined above.

Fixed end moments are an essential part of indeterminate analysis
based on the displacement (stiffness) method and will be used extensively
in Chapter 14.

Example 12.9 Grid System Analysis The grid system of Figure 12.21a
consists of a main beam on span XY and a pair of cross beams B on spans
UVW that rest on beam 4. The beams are all supported at their ends on
hinges and rollers.

A load P is applied at each of the two points V. We seek to formulate
an analysis by the force method, selecting the redundants to be the forces
that exist between beam 4 and beams B at the two points V. Only an outline
of the solution is given here, the details are assigned as a homework prob-
lem 12.28.

The primary structure consists of beam 4 and beams B separated from
each other. The loads P are supported by beam 4. The redundant forces
are the contact forces R, and R, that act in tension between beams at
points V (Figure 12.215). Some of the displacements involved in the
analysis are defined in Figures 12.21¢ and d, where we notice that the
linear displacements at V' are positive upward on beam 4 and positive
downward on beam B because these signs are consistent with the redundant
force actions.

The flexibility coefficient f;, is the upward displacement of beam 4 at
the left intersection V with a unit value of the redundant R, at the right
intersection point. The flexibility coeflicient f,, is the upward displacement
of beam A at the right intersection point, plus the downward displace-
ment of beam B at the same point, as produced by a unit value of the
redundant R,. Virtual work or moment area may be used to compute the
displacements. '
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Fig. 12.21
Grid system analysis.

(b) Redundant forces and primary

structure.
P 4
Beam A~ l lL
, — %%

(c) Primary structure displacements
produced by real loads.

1
Beam A-

\ Beam B
B 2 fn/ﬁﬁ%—%:

1

{d) Flexibility coefficients produced by
unit value of R,.

The equations of consistent deformation that guarantee compatible dis-
placements of the three beams at the two intersection points are

Diq + fu1R, +f12Rz =0
Dyg + fuRy + foaR; =0

from which R, and R, are easily found.
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12.5 SUMMARY

The force method of analysis of statically indeterminate structures is
summarized here in flow chart form.

Assess degree of redundancy

|

Choose n releases and establish the
primary structure

Establish equations of consistent
deformation in symbolic form

l

Compute displacements Dq at the releases
in the primary structure, as produced by
the real loads

Compute displacements (flexibility coefhi-
ctents) f;; in the primary structure due to
unit values of the redundants

i

Formulate the equation system
[FI{R] = — [Dq]
where [F] = n by n flexibility matrix
. [R] = unknown redundant forces

|

Solve for [R] by Gaussian elimination or
another acceptable method

|

Compute the final forces in the redundant
structure from F =P + ZR;p;
where F = force in member
P = force due to real loads on
primary structure
R; = value of ith redundant
pi = force in member due to unit
value of redundant ¢
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Suggested Readings

Laursen, Harold 1. [1969]: Structural Analysis, McGraw-Hill, New York, Sections
9.1,9.2,11.1 to 11.3.

Norris, Charles H., and Wilbur, John B. [1960]: Elementary Structural Analysis,
McGraw-Hill, New York, Sections 12.21 and 13.1 to 13.6.

PROBLEMS

12.1 Using the flexibility method, analyze the structures shown in
Figure P12.1. Draw the bending moment diagrams for those
structures that are either beams or frames. EI and EA are uniform
unless otherwise noted.

5 110k 2%/ft Fig. P12.1

(@) 77 7 %

A
3

®) ] 5 1

i P lp All loads at
% midspan
7 % % % locations
l l 1

(c) |
%mmnnmmnmnmmnmg
(d)

(e)2 M

P EI, 1.5L

* (g)

7 2EI,

1.5L
4

A =4in2 each
E = 29,000 ksi

% 40kN a0 kN

LSmL3mJ,3ml
< =1 - 1

Im

3

A =3200 mm? each
E =200,000 MPa

2 k/ft
',IIIHIIINHIIIlll|IHHIIIHIIIHII\|||||IlHIllIIlIlIIIIHlllHI|H|IIIHIII|II

@) ‘ - -

15° | 15°
1

T
o 2K 7}% K =12 k/in.

I=2800in*
E = 29,000 ksi
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Fig. P12.1 (continued)
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12.2 Analyze the truss shown in Figure P12.2. The area of each

12.3

12.4

member is shown in parentheses on the member.

4

F——f
12k 2 (2) 3

o
E=30x 103ksi

Fig. P12.2

Member 1-3 in the truss of Problem 12.2 is heated to a
temperature 50 K (50°C) above that of other members of the truss.
Determine the forces in each member as a result of this

temperature effect. The coefficient of expansion
a=11.7 X 107%°C.

A steel floor beam was designed to carry a load of 3 k/ft on a
simple span of 24 ft. Because of a change in the usage of the
building, the new owner wishes to load the floor with materials that
will increase the total loading to 4.8 k/ft. An engineer proposes
to reinforce the beam with a compression strut and two tension
ties, to form a “king post truss,” as shown in Figure P12.4; the
new members will be hidden in a non-load bearing partition
below the beam.

Compare the shear and bending moment diagrams for the two
situations and comment on the acceptability of the proposed
strengthening scheme. How effective is the king post truss in
comparison to placing another column support at the center
of the beam?

/W18x60

[ 1 —r

W4 x13 U
7 =07

17 % 1”7 bar 17 x 1” bar

24 -0 .
f Fig. P12.4

AN

-y, and 9,.
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12.5 Analyze the Solleks River Bridge (Figure 9.7) for a single

HS 20-44 truck located with its center of gravity at the middle

of the bridge, assuming that one girder carries half of a truck’s
weight. Note that the bridge will have full continuity for

resisting live load, that is, the two internal hinges exist only during
the construction phase, I = 118 600 X 10 mm* and

E =23 400 MPa.

12.6 Determine the forces in the posts and ties and draw the shear

and moment diagrams for the beam of the queen post truss shown
in Figure P12.6. Compare maximum values of shear and moment
with those for:

(a) a simple span carrying the same loading,

(b) a three-span continuous beam carrying the same loading.

0 2-C6x82 e
PN 7 -6"
2-14"¢
10 1_ 10 10° Fig. P12.6

12.7 A trench excavation (Figure P12.7) is shored with planks that are

supported by vertical timber beams spaced 1.2 m apart. The beams
are braced with two timber struts. For 100 X 100 mm beams and
struts, E = 9650 MPa, and a soil pressure equivalent to the

pressure of a fluid with a density of 640 kg/m? determine the
forces in the struts and the bending moment diagram for the beam.

12.8 There are unique values of y, and y, for the struts in Problem 12.7
- for which the peak bending moment in the beam would be a

minimum. Discuss how you would determine these values of

18 m

1

% Strut\ Fg 06 m
B .
Plank—s l<—Beams ——> 12m
12m
L L U] Fig. P12.7
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12.9

12.10

12.11

12.12
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A two-hinged gable roof is shown in Figure P12.9. Determine
the magnitude of the horizontal reactions and draw the bending
moment diagram for the structure. I =40 X 10° mm?*,

A4 =6450 mm?,

0.87 kN/m
O O O I

[ 12m _|

Fig. P12.9

The support frame of Figure P12.10 is in a horizontal plane and
loaded with a single vertical load. Determine the reactions and
construct the shear, bending moment, and torsional moment
diagrams for the entire frame.

Analyze the frame of Figure P12.10 for a loading of 1 k/ft along
its entire length instead of the concentrated corner load shown,
determining the reactions and constructing the shear, bending
moment, and torsional moment diagrams for the entire frame.

10” standard pipe

I=161in?
J=322in*
A=119in?
E =30 x 10° ksi
G = 12 x 10% ksi

Fig. P12.10

The beam of Figure P12.12 is fixed at its left end and supported
with one linear spring and one rotational spring at its right end.
Determine the bending moment diagram for:

(a) K, =0; K,=2700 m - kN/radian

(b) K, =1800 kN/m; K, =0

(¢) K; =2700 kN/m; K, = 2200 m - kN/radian

w = 0.15 kN/m =

) :%Kg (rotational spring)

>
j :\Kl (linear spring)

. Sm ~|  E=200000 MPa
I=160 x 105 mm*

Fig. P12.12

| 12.13

12.14

12.15
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Is the Maxwell reciprocal theorem valid for a nonlinear elastic
structure? Prove your answer.

Determine the forces in members 3-5 and 5-6 in the Pohatcong
Bridge (New Jersey) shown in Figure P12.14. The roadway is

16 ft-1 in. wide. Dead load may be approximated as 150 psf. Use
an H 15-44 live load (see Chapter 3) and assume that one truss
carries 65 % of the total axle loads. The areas of the truss
members are given on the figure. Position the truck as traveling
left with rear axle at joint 5.

2 4 6 8 10

-[6.0’
1 9
n 3 5 7 /

I 4@13.25 =53

Fig. P12.14

E = 29,000 ksi

Member areas:

1-2, 2-4,4-6 6.4 in?
1-3, 3-5 2.25
2-3 175
3-6 232
4-5 338
3-4,5-6 3.12

A. G. Lichtenstein and Associates

A reinforced concrete box culvert is subjected to the loading
shown in Figure P12.15, which includes the effects of the traffic
on the rogdway being transmitted through the earth cover.
Determine the bending moment diagram for the culvert. Will the
maximum moment be decreased or increased when the culvert

is running just full of water?

[ Roadway slab

12m

. 47.9 kN/m?

HRNEN

300 mm

15.3 kN/m?

1.8 m
24m

|
300 mm
300 mm
f

300 mm

NI

479 kN/m? +
weight of culvert

K46 kN/m?

Fig. P12.15
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12.17

12.18
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Determine an expression for the displacement of point 1 with
respect to point 2 for the closed ring of Figure P12.16.

Hint. Express the moment and forces in terms of polar
coordinates, and make full use of symmetry considerations.

P

ElL A

o Fig. P12.16

The steel beam shown in Figure P12.17 carries a uniform load.

It is simply supported at its ends and at the center with an
aluminum bar. Determine the tension in the bar and the maximum
bending moment in the beam.

777/ .
- 1

Aluminum bar
A=05in2— 30
E = 10,000 ksi 3.0 k/ft 5

SO R an
40’ N

>
\Steel beam, I= 4000 in.*
E = 29,000 ksi

Fig. P12.17

After loading the beam shown in Figure P12.18, the support at
point 4 does not remain completely fixed, but instead rotates 0.01
radians in a clockwise direction. Using the method of virtual
work for computing displacements, analyze the beam and
determine M, and Rjy. Assume the beam is steel with

I'=1150 X 10® mm*. ‘

30 kN/m

Fig. 12.18

Ty By e R T kb S,

12.19

12.20

12.21

PROBLEMS 439

The box structure in Figure P12.19 is subjected to a thermal
environment of 50°F in its interior and —20°F on its exterior.
Utilizing symmetry, analyze the structure and draw the moment
diagram. What is the maximum moment in the box? Use a
constant value of EI = 1,500,000 k-in.2, a = 0.0000065/° F,
L=10 ft, and 2 =8 in.

L

1

Fig. P12.19

Determine the displacements of points 4 and B of the frame of
Figure P12.20. Utilize symmetry conditions in establishing the
release(s).

T m—‘P —? 4
L
3.
I=4%1I
2L Ig . Iy
X o
e 3L 777 Fig. P12.20

-

The vertical reaction R, for the tied cantilever beam of Figure
P12.21 varies with the relative flexibility of the beam as compared
to that of the tie. Determine the ratio R,/P as a function of a
suitable nondimensional parameter that involves the flexibility
coefficients of the beam and the tie.

227273

EA Ly

Fig. P12.21
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-1 "—e Fig. 13.7

- Temperature and curvature on a member
d¢\§

element, Example 13.2.
0.5’

E—

1 1
0 20 45 70
Temperature (°F)

Strain

The effect of curvature must also be considered. A frame element of
length dx undergoes an angular strain as a result of the temperature

gradient as indicated in Figure 13.7. The change in length at an extreme
fiber is

€ = aATdx = 0.0000055(25)dx = 0.000138dx
with the resulting real rotation of the cross section
d¢ = €/0.5 = 0.0001384x/0.5 = 0.000276 dx radians

The relative displacements of the primary structure at D are found by the
virtual force method. A virtual force Q is applied in the direction of the
desired displacement and the resulting moment diagram 7 determined.
The virtual work equation, QD = [mdé is used to obtain each of the desired
dlsplacemems D. The results, which you should verify, are Dm '=0.0828 ft,
D;,"=0.1104 ft, and D;3," =—0.01104 radians.

Combining the effects of axial and rotational strain, we have

DIA =D1A' +DiA” =0.0784: ft
Doy =Dyp' +Dy,"=0.1104 ft
D3p=D3p" + D3 =—0.01104 radians

Equation 13.4 is now used to determine the values of the redundants
caused by temperature effects:

(R1=[f1""(—[D])

R, 2.40 0 18.0 1[—0.0784 +0.0106
R,|=10"2E1| 0 0375 3.75ll—0.1104 |=]| o x 10-3EI
R, 18.0 3.75 1975 ||+0.01104] [+0.355

where the units are feet and kips.
You should construct the moment diagram for this structure using the
values of the redundants found in the analysis. :
Notice that the stiffness term EI does not cancel out in this case. Internal
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forces and reactions in a statically indeterminate structure subject to effects
other than loads (such as temperature) are dependent on the actual stiff-
nesses of the structure.

The effects of axial strain caused by forces in the members have been
neglected in this analysis. This is usual for low frames where bending
strain dominates behavior. To illustrate the significance of this assumption,
consider member BC. We have found R; = 10.6 X 1076El k. The tension
in BC has this same value, resulting in a strain for the member of 10.6 X
107 EI/EA. For a rectangular member, 1/4 = (bd®/12)/(bd) = d?/12. In our
case d =1 ft, therefore the axial strain is 10.6 X 10-%(0.0833) =8.83 X 1077,
which is several orders of magnitude smaller than the temperature strain
computed for the same member. We may therefore rest assured that
neglecting axial strain caused by forces does not affect the values of the
redundants in a significant manner for this structure. -

Now consider the effects of foundation movement on the same structure.
The indeterminate frame behavior depends on a structure that we did
not design: the earth. The earth is an essential part of nearly all structures,
and we must understand the effects of foundation behavior on structural
behavior. For the purposes of this example, assume that a foundation study
has revealed the possibility of a clockwise rotation of the support at D of
0.001 radians and a downward movement of the support at D of 0.12 ft. We
wish to evaluate the redundants R,, R,, and R; caused by this foundation
movement.

No analysis is needed to determine the values of D,s, Dy, and Dg, for
use in Equation 13.4. These displacements are found directly from the
support movements, with proper consideration of the originally chosen
sign convention which defined the positive direction of the relative dis-
placements. From the given support displacements, we find D;y = 0,
D,y =+0.12 ft, and D3, =—0.001 radians. Can you evaluate these quantities
for a case in which the support movements occurred at A instead of D?

Equation 13.4 is used to determine the values of the redundants:

[R]=[f1"'(~[D])

R, 2400 18.0 0 N 18.0
R,|=103EI| 0 0.375 3.75}—0.12 |=10"CEI| —41.25
R, 18.0. 3.75 197.5 {{+0.001 —252.5

with units in kips and feet.

A moment diagram may now be constructed, and other internal force
quantities computed from the now known values of the redundants. The
redundants have been evaluated separately for effects of temperature and
foundation settlement. These effects may be combined with those due to
loading using the principle of superposition.
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Example 13.3 Braced Bent with Loads and Temperature Change The
truss shown in Figure 13.8 represents an internal braced bent in an
enclosed shed, with lateral loads of 20 kN at the panel points. A tempera-
ture drop of 30°C may occur on the outer members (members 1-2, 2-3,
3-4, 4-5, and 5-6). We wish to analyze the truss for the loading and for the
temperature effect.

The first step in the analysis is the definition of the two redundants.
The choice of forces in diagonals 2-4 and 1-5 as redundants facilitates
the computations because some of the load effects are easy to analyze.
Figure 13.85 shows the definition of R; and R,.

The computations are organized in tabular form in Table 13.3. The
first column gives the bar forces P in the primary structure caused by the
actual loads. Forces are in kN. Column 2 gives the force in each bar caused
by a unit load (1 kN) corresponding to release 1. These are denoted p,

Fig. 13.8
20 kN
Truss of Example 13.3.
Verticals 500 mm?
L=3m Webs 250 mm?
< E = 200,000 N/mm?
a=10x 10-%°C
20 kN -
le=3m (a) Loading.

(b) Definition of redundants.

13.3 TEMPERATURE, SHRINKAGE, IMPERFECT FIT, AND SUPPORT SETTLEMENT 459

20 3 -75 4 Fig. 13.8 (continued)
A
N Ny
8¢ h
20 2 ~9.0 5
‘)
o Xy <
; 6-;3 pary (c) Bar forces for lateral loads, kN.
™ |
1 -185 6
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2 ) 2 (d) Bar forces for temperature drop, kN.
+ +

1 +291 6

N

and also represent the bar force §,/Q, caused by a virtual force @, applied
at the same location. Column 3 lists the same quantity for a unit load and
for a virtual force @, applied at release 2. These three columns constitute
a record of the truss analysis needed for this problem.

Column 4 gives the value of l[/EA for each bar in terms of [/EA. of the
vertical members. This is useful because the term /[/EA cancels out in some
of the calculations.

The method of virtual work is applied directly to compute the displace-
ments D,q and Dyq corresponding to the releas€s and caused by the actual
loads. Apply a virtual force Q, at release 1. The internal virtual forces
¢, are found in column 2. The internal virtual work g,Al is found in
column 5 as the product of columns 1, 2, and 4. The summation of column
5 is D = —122.42 | /EA.. Similarly, column 6 is the product of columns 1,
3, and 4, giving D,q = —273.12 [./EA..





