EE572 - Solution to HW #8
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Solution: Consider the following discrete-time state variable model (don't use Matlab):
« _ @ 40 N O 1
k+1 Bl 4H(k BZBN K
. 0 10 - 00
The characteristic equation is s$+-8s+0=0. Thus, A, = and b, = Thus, the similarity
Pl e ™ b

transformation we are looking for is given by To=MMy,* or
N 1200 10° 0 1238 10 04 10

T. = = =
B 1o s TR 12 o Ba A
Now find values for A, and B, where z,((k+1)T)= Ap Zu(kTgd+ By w(kTg)  Solution:

" 0 10 - 0O
Ay = %) 8Eﬁnd bpv = HE

Design a feedback control law, wy = -kx, such that the closed-loop eigenvalues are {0.4 0.5}. Solution: In
_ O 1O N 00 B
e = fp gffrs T BN ™

g0 = hich has the characteristi
= which has the characteristic
e T g —(k -8
equation &* + (k;-8)s + ko = 0. Equating this to our desired characteristic equation of (s-0.4)(s-0.5) = &° -
0.9s+ 0.2 = 0, we find that ko =0.2 and k;=7.1. Thus, wy = -kz,, = -[0.2 7.1]z,, = -[0.2 7.1]Tpv'1xk =-[24
2.35]x¢

phase variable form, we have the following next state equation: z

letting Wi = -KZp = -[Ko Ki]Zp, We obtain z

What is settling time if Ts= 10 msec? Solution: The closed-loop eigenvalues are 0.4 and 0.5. Thus, 0.5is
the eigenvalue closest to the unit circle. Consequently, the settling time ists = -4 x T4In(0.5) = 57.7 msec.

Consider the following discrete-time state variable multi-input model (use Matlab):
03 05 10 O 05 0O
Xk+l = B—l 0.75 —O.SEP(k + %O.ZS 1Eyvk2
5 0625 225H  H.625 0oH

Determine if the system is completely controllable. Solution: The controllability matrix is M=[B AB A?B]
which hasrank = 3. Therefore, our system is completely controllable!

Find a similarity transformation, X(kTg)=Toz,(KTs) such that z,, isin phase variable form. Solution: First,
we must reduce the system into a single-input controllable system by making the assignment, wy = kqws
where ks is an mx1 random vector. Let ks = [1 1]7. This assignment results in the following single-input
system:
O3 0.5 10 005 [
X1 = O-1 075 -050 + 2075
5 0625 225 96250



The rank of the controllability matrix for this system isthree. Thus, we now have a controllable single-
input equivalent system and can proceed to transform it into phase variable form. From the Matlab output,
M -1/2 1/20
weseethat T,, = MM, " =6 -19/4 3/45
B -13/8 5/8H

C) Now find values for Ay, and By, where 1z, ((k+1)T9)= Ay Zp(KT9+ Bp, W(kTg). Solution: The
1 00O o0
i . . _ _ _0a
characteristic polynomial of A iss’ - 6s° + 11s- 6 = 0. Therefore, A, = E) 0 1%nd by = S)D
B -11 6§ AE
d) Design afeedback control law, wy = -kx, such that the closed-loop eigenvalues are {0.5 0.6 0.7}. Solution:
O o0 1 0 O
By letting ws = -kzy = -[ko Ky kz 12, We obtain z,, =3 0 0 1y, which
Bk =6) —(k +11) ~(k, -6)F
has the characteristic equation s* + (k»-6)s’ + (ki+11)s + (k-6)= 0. Equating this to our desired
characteristic equation of (s-0.5)(s-0.6)(s-0.7) = s* -1.88> + 1.07s - 0.21 = 0, we find that ko =5.79 and k,=-
9.93 and k=4.2. Thus, ws = -kz,, = -[4.2 -9.93 5.79]z,, = -[4.2 -9.93 579 T, X« = -[ 4615  0.965
1.87]x and the  find, multi-input control is  found from W = Kgwg
Q [4.615 0965 1870
= -rj4615 0965 187)x, = - X
H H615 0965 187
€) What is settling time if Tg =10 msec? Solution: The closed-loop eigenvalues are 0.5, 0.6, and 0.7. Thus,
0.7 isthe eigenvalue closest to the unit circle. Consequently, the settling timeists=-4 x T4In(0.7) = 112.1
mSec.
APPENDIX:
» %ktlab diary for problem 2
» §:[3 .5 1;-10.75 -0.5;0.5 0.625 2.25]
a 3. 0000 0. 5000 1.0000
-1.0000 0. 7500 -0.5000
0. 5000 0. 6250 2.2500
Z b=[0.5 0;-0.25 1;0.625 0]
i 0. 5000 0
-0. 2500 1.0000
0. 6250 0
» %ormcontrollability nmatrix, m
» me[b a*b an2*b]
" 0. 5000 2.0000 0. 5000 7.0000 2.5000
-0. 2500 1.0000 -1.0000 0. 7500 -3.5000 -0. 2500
0. 6250 1.5000 0. 6250 3. 7500 2.1250
» rank(m
ans =
» %:o?m si ngl e-i nput system
» ks=[1; 1]
ks =
1
1
» bs=b*ks
bs =
0. 5000
0. 7500
0. 6250
» YCheck that single-input systemis still controllable
» mE=[ bs a*bs a*2*bs]
" _0. 5000 2.5000 9. 5000
0. 7500 -0. 2500 -3.7500
0. 6250 2.1250 5. 8750

» rank(ns)
ans =

3
» p0| y(a)



ans =
1.0000 -6. 0000

11. 0000

» 9% nd phase-variable form
» apv=[0 1 0;0 0 1;6 -11 6

apv =
0 1 0
0 0 1
6 -11 6
» bpv=[0; 0; 1]
bpv =
0
0
1
» npv=[ bpv apv*bpv apv”~2*bpv
mpv =
0 0 1
0 1 6
1 6 25

» Tpv=ns*i nv(nmpv)
Tpv =

0 -0.5000
6.0000  -4.7500
0 -1.6250

» poly([0.5 0.6 0.7])
ans =

1. 0000 -1.8000
» kO=ans(4) +apv(3, 1)
ko =

5. 7900
» kl=ans(3)+apv(3, 2)
ki =

-9.9300
» k2=ans(2) +apv(3, 3)
k2 =

4.2000
» [kO k1 k2] *inv(Tpv)
ans =

4.6150 0. 9650
»k= ks*ans
k =

4.6150 0. 9650
4.6150 0. 9650

» %Check cl osed-|oop eigenval ues:

» eig(a-b*k)
ans =
0. 6000
0. 7000
0. 5000
» ts=-4*0.01/10g(0. 7)
ts =
0.1121

0. 5000
0. 7500
0. 6250

1.0700

1.8700

1.8700
1.8700

-6. 0000

-0.2100



