EE572 - Solution to HW #6

1.a)  Use the fact that the solution to, Z{X,,; = Ax} = 2X(2) —2¢, = AX(Z) or X(2) =[2l -A]*zx, to find the Z-
transform of AX (hint: take the Z-transform of both x,,; = Ax, and x, = Ax,and solve for the Z-transform of
A¥)

Solution:
Taking the z-transform we see that: Z{X,,; = Ax,} = 2X(2) —=2X, = AX(2) or X(2) =[2 -A] ™ zx,. We can aso
take the z-transform of the solution: Z{x, = A*x,} = X(z) =Z{A}x,. Comparing both answers for X(z) and
eliminating X, from both these expressions, wefind that Z{ A} =[2 —A] 7z or A =z7Y[2 -A] 2}

b) Use your answer to part ¢) and the Z-transform convolution theorem given in class to show that the solution to the
discrete  state  varible  model, Z{ Xy = Axy +BwW,} = 2X(2) —2¢, =AX(Z) +BW(2) is
[ole] 0]
X, = AkX + S Ak'j — Ak Ak B
K= o gj or x =A%+ 2 AYBw,4
j: — 0 j: — 00
Solution:

Taking the z-transform of both sides, we obtain: Z{x,.; = Ax, +Bw} =2X(2) —2x, = AX(Z) +BW(z) or

X(2)=[2d - A 2, +[2 - A 'BW(2) =[2 -A] 2zx, Hz Al Bz W(z). If  we replace
éz’]W(z) by G(z) (i.e, g = éwk_l) and take the inverse Z-transform using the results of part c) and the
[oe] [o¢]
convolution theorem, we obtain x, = Axo+ X AMg; or x, = A'x,+ X AYBw,, . If we assume
j=-o j= e
k
that the input w is zero before k=0 and that the system is causal, we find x, = Afx, + X A“Bw,_; , whichis
=1

the desired result!

2. Given the continuous state variable model, x = Ax + Bw, and the corresponding discrete next-state approximation to this
model, X, = Axk + éwk with sampling period T. Here are some neat facts that are not too difficult to prove (but, | won’t
ask you to do so):

If we usethe approximationthat A=e"", then
i) The eigenvalues of A are eS‘T where 5 are the eigenvalues of our original A matrix
i) The eigenvectors of A arethesameasthe e genvectors of our original A matrix
iii) If A isstable, then our approximation, A isalso stable for all possible choices of the sampling period, T.

If, however, we use the approximation that A=1+TA, then
i) The eigenvalues of A are 1+sT where s are the i genvalues of our original A matrix
i) The eigenvectors of A arethesameasthe e genvectors of our original A matrix

iii) If A is stable, then our approximation, A might be UNSTABLE for certain possible choices of the
sampling period, T.
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2a) Start with the continuous time system, X = { }Xk +{ }Wk ,X(0) = {2} . Find the eigenvectors and
-2 - 2

eigenvalues of the A matrix then determine the stability of the system.



Solution:

b)

Find eigenvalues from det[sl-A] = 0 = (st1)(s+2). Therefore, eigenvalues are s,=-1 and s,=-2. The eigenvectors
are found from [s1-A]P,=0. The eigenvectors are P;=[1 -1]" and P,=[1-2]" . Thus, the continuous time system is
asymptotically stable.

Now, find the discrete, next-state model, X,,; = Axk +Bw, , using the approximation that A=e"T and the

sampling period, T = In(2) seconds. Find the eigenvectors and eigenvalues of the A matrix then determine the

stability of the system. Verify that:

i) The eigenvalues of A areé’ Where 5 are the eigenvalues of our original A matrix

i) The eigenvectors of A arethesameasthe e genvectors of our original A matrix

iii) If A isstable, then our approximation, A isalso stable for all possible choices of the sampling period, T.

Solution:

w_pgpi|l 1et o1 1 v

-1 -2l 0 e?|-1 -2
1 1 e—t O 2 1 _ 2e—t _ e—2t e—t _ e—2t
-1 -2y 0 e*|-1 - -2 +2e -e'+2e®

To find values for A, and B we set:

. T_e?  eT-e? ] [3/4 1/4]
A eATS:{ 27" -e e’ -e }:{ and

- -2 T +2e 7 —eT +2e7 -1/2 0

LT 0 177[3/4-1 1/470] [3/2 -1/2T1/4] [3/8
B=[eMdtB=A"e™ ~1]B= = =
] -2 - —1/2 o1 |1 o0 |o| |U4

Theeigenvaluesof Aare{1/2, %4} whicharethesameas €' ={e"@ 2@} = {1/2 V3

The eigenvectors of A are P,=[1-1]" and P,=[1 -2]" which are indeed the same as the eigenvectors of our original
A matrix.

Finally, the eigenvaluesof A aree
T, values.

ST = ={e™™, &?™} which will beinside the unit circle (i.e., stable) for all positive

Finally, find the discrete, next-state model, Xy, = Axk + I%Wk , using the approximation that A=1+TA and the

sampling period, T = 2 seconds. Find the eigenvectors and eigenvalues of the A matrix then determine the
stahility of the system. Venfy that:

i) The eigenvalues of A are 1+sT where s are the eigenvalues of our original A matrix
i) The eigenvectors of A arethe same asthe ei genvectors of our original A matrix
iii) If A is stable, then our approximation, A might be UNSTABLE for certain possible choices of the

sampling period, T.

Solution:

. 140 2 1 27a 0
A= +TA= = B=TB=
-4 1-6| |-4 -5 2



Now, the eigenval ues of Aare {-1, -3} which arethe same as 1+sT ={1-2, 1-4} = {-1,-3}.

The eigenvectors of A are P.=[1-1]" and P,=[1 -2]" which are indeed the same as the eigenvectors of our original
A matrix.

Note that while our original A matrix was stable, using this approximation method we obtain a discrete model that
is UNSTABLE (i.e, has an eigenvalue outside of the unit circle). Thus, if we use this method, we must be extra
careful when we choose our sampling time, Ts.



