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Sol'n to RISHW #5*
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a) Calculate the zero input response for t=1,2, and 3 seconds (hint: X, ;....(t)
= e"x(0))
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b) Find values for A B, C and X, if we use the approximation that A=1+TA

and T=1 second and calculate the first three values of the zero-input
solution for k=1,2, and 3. Compare to your answer to part a)
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For k=1,2, and 3:
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ZefO lnput() ( ) %_12% Zero—| IanIt( ) ( ) % D Zero—| lnput( ) ( ) %—48%

These are not very close to the continuous-time values!

c) Repeat part b) using the approximation that, A=e*". What conclusions
can you make about the two methods of finding a discrete state model from a
continuous time state model?
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For k=1,2, and 3:
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These are identical to the continuous time zero-input solution eval uated at 1,2, and 3 seconds!
Conclusion: The 2™ (preferred method) of discretization preserves stability and produces a zero-input invariant
model!!!

d) For the SCALAR system, x=ax+bw, with output, y=cx, find the
approximate digital transfer function, G(z)=Y(z)/W(z) using:



i) The approximation that A=e*"

i) The approximation that A=1+TA

i) The bilinear transformation

iv) The correct impulse invariant design method you learned in class
today

V) The correct step invariant design method you learned in class
today

Solution: In continuous time, the transfer function is H(s)=c[sl-a]’b = cb/(s-a). If
we have a discrete model, X, = Ax, +Bw,, is H(z)=C[2l - A|'B=¢b/ (z-4).

i) H(z)=¢b/(z-8)=c(a™(e™ -1)b)/ (z-e")=ch(e" -1)/ a(z-€"")

i) H(z)=¢b/(z-4)=Tch/(z-(1+Ta))

2(z-1) a) = cbi(z+]) _ hygen (z+D)
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iv) H(s)=cb/(s-a). W(s)=1, thus Y(s) = cb/(s-a) and y(t)=cbe*u(t). y(kT)=cbe™'u(kT)
and Y(z)=cb/(z-e*") and W(z)=1/T. Thus, H(2)=Y(2)/W(z)= cbT/(z-e").

v) H(s)=cb/(s-a). W(s)=1/s, thus Y(s) = cb/(s(s-a)) and y(t)=cb/a(1-e*)u(t).
y(kT)=cb/a(1-e*Nu(kT) and Y(z)=cb/a[z/(z-1)-z/(z-€"")] and W(z)=z/z-1. Thus,
H(z)=Y(2)/W(z)=cb/a[1-(z-1)/(z-e")]= cb/a[(1-e*")/(z-e™)]

i) H(2) = H(8)| 00y = D/ (

T(z+1)

e) Are any of your answers for G(z) the same? What if T=1 sec?

The step invariant and the preferred method give the same answer. This is
expected since the preferred method assumes that the input is piecewise
constant and a step input is definitely piecewise constant!



