Due Wednesday, December 11 EES71 Solution to HW#31

1.3 From the Bode Plot below, find G(s), the open-loop transfer function (assume H(s)=1)

0 dB/dec Bode Plot for HW#30
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Solution: We see immediately that the system is a type 0 system. From the asymptotes, we find that G(s) has the form G(s) =
K/((91+1)(s/10+1)). Finally, K=40dB = 100. Thus, G(s) = 100/((s/1+1)(5/10+1)).

b) For the system in part b), find esslsey and  €SSjamp, the gain cross-over frequency (), the phase cross-over frequency (e, ),
the gain margin (gm) and the phase marging (pm).

Solution: essiep = 1/(1+Kp) = 1/101, esSamp = 1Ky = ©. The gain cross-over frequency is Gy = 31.6 rad/sec and (&), the phase
cross-over frequency is &g, = . The gain margin isgm = % and the phase margin is pm = 19.83 degrees (see Matlab plot
below):



Gm=Inf dB, (w= NaN) Pm=19.83 deg. (w=30.83)
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) Design a lead compensator of the form, Gy(s) = K(S)(Ts+1)/( & Ts+1), such that the compensated system satisfies the following
specifications:

i)gm>5dB
ii) pm . 30°
iii) eSSkamp = 1/25

Solution: If the lead compensator is of the form, G¢(s) = K(s)(Ts+1)/(a Ts+1), then we must first solve for K¢(s) to meet steady-state
error specs. |If we want essfanp = 1/25, we must have atype 1 system. Therefore, K(S)=K/s and esshamp = 1/Kvdesred = 1/25 which implies

that Kygesred = 25 = 100K. Thus, K=1/4 and we need to make a Bode plot of K(S)G = 25//(s(s/1+1)(5/10+1)).
Gm=-7.131 dB, (w= 3. 162) Pm=-13.19 deg. (w=4.704 3
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The gain cross-over frequency is (g = 4.704 rad/sec and the phase cross-over frequency is &, = 3.162 rad/sec. The correspondin gain

margin is gm = -7.131 dB and the phase margin is pm = -13.19 degrees (see Matlab plot above). Thus, we need to add in phase of ¢,,=

P-M.desired - P-M.curent + fudge = 30 - (-13.19) + 15 degrees = 58.19 degrees (Note: Thisis a rather large amount of phase to be added in.
Usually, we can comfortably get 45 degrees or so out of apractical lead compensator!)



1-sin(¢y)

T -, ,=0.0812. Next, inaddition to adding in phase, our compensator will add in a
1+sin(g,)

Once &%yisknown, wecanfind & from @ =

gain of 1/ \/E =3.5049 = 10.89 dB. So, our gain cross-over frequency will shift to the point where K(s)G = -10.89 dB. We can use the
Maldb magin  command to find this for us if we mutiply K9G by 1/a= 35049 first:
Gm=-18.04 dB, (w=3.162) Pm=-32.42 deg. (w=8.205)
100

Shifted Magnitude PIotEUp by 1/SQRT(alpha)

Gain dB : :
-100 1 2 I - 2
10 10 10 10

Frequency (rad/sqc)

-90
-180
-270

Ph%g&?lg I 0 -~ 1 2
10 10 10 10

Craniinnmv ITQAIC‘QI‘\

Note that the new gain cross-over frequency will occur a Gigney = 8.205 rad/sec. To find the last unknown parameter in our design, we

st Wy = Wy =1/ (VaT). Thus T=0.4227 and our complete compensator looks like Gu(s) = K(s)(Ts+1)/(Q Tst+l) =
0.25/9[(0.4227s+1)/(0.0347s+1)]. Asafinal check, consider the Bode Plot of G.G(s) = 25(0.4227s+1)/[s(s+1)(0.1s+1)(0.0347s+1)]:

Gm=9.437 dB, (w=15.38) Pm=25.77 deg. (w=8.205)
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Note that while the new gain cross-over frequency is Qegney = 8.205 rad/sec, our phase margin is just sightly below specs at 25.77

degrees. This is because of the large &, which we needed that shifted the gain cross-over frequency so far to the right (remember, the

phase of our system is steadily dropping the higher (more to the right) we look). Thus, let’s take one more iteration and try to
increase our fudge factor to 25 degrees instead of 15 degrees. Thus, we will need to add in phase of &, = p.M.gesired - P-M.current + fudge = 30




- (-13.19) + 25 degrees = 68.19 degrees (this redlly is alarge amount of phase for afirst order compensator to apply. | would probably
choose a second order compensator instead)

1-sin(¢y,)

Once &, isknown, wecan find & from @ = ;
n 1+sin(g,)

=0.0371. Next, in addition to adding in phase, our compensator will add in a

gain of 1/ \/E =5.1905= 14.30 dB. So, our gain cross-over frequency will shift to the point where K(s)G =-14.30 dB. We can use the

Matlab margin command to  find this for us if  we  multiply K9G by 51905 @ first
Gm=-21.44 dB, (w= 3.162) Pm=-38.03 deg. (W=9.64)
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Note that the new gain cross-over frequency will occur a Cggne = 9.64 rad/sec. To find the last unknown parameter in our design, we set

Wy = Qe =1/ (VaT). Thus T=05384 and our complete compensator looks like G(s) = K(S)(Tst1)/(A Tstl) =
0.25/9[(0.5384s+1)/(0.0200s+1)]. Asafinal check, consider the Bode Plot of G.G(s) = 25(0.5384s+1)/[s(s+1)(0.1s+1) (0.0200s+1)].

Gm=12.03 dB, (W= 21.19) Pm=30.16 deg. (w=9.64)
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Our compensated system now meets specs. Thegm=12.03dB at (g, =21.19 rad/sec and the p.m. is 30.16 degrees at v,y = 9.64 rad/sec.

d) Repeat using a Lag compensator



The first step of the lag compensator design is identical to the lead design. Note that GLa(S) = Kc(S)(Ts+1)/(BTs+1), then we must first

solve for K¢(S) to meet steady-state error specs. |f we want esshamp = 1/25, we must have atype 1 system. Therefore, K(s)=K/s and esslamp

= UKygesred = 125 which implies that Kygesred = 25 = 100K. Thus, K=1/4 and we need to make a Bode plot of K ()G =

25//(s(s/1+1)(5/10+1)).
Gm=-7.131 dB, (w=3.162) Pm=-13.19 deg. (w=4.704)
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Now, to perform lag compensation we need to find a new gain cross-over frequency such that the system itself has sufficient phase to
meet the phase margin specs. Or, we must find where UK G( | &y F — 180+ pmyg i+ fudge = -180°+30° +5° = -145",

The easiest way to find this frequency isto “fool” the margin command into finding this point by subtracting 35 degrees from the phase
response:
» numM=25
num =
25
» den=conv([11],[.110Q])
den=
0.1000 1.1000 1.0000 0
» w=logspace(-1,2,200);
» [ mag,phs]=bode(num,den,w);
» [gm,pm,wcp,wcg]=margin(mag,phs-35,w)

gm=

0.0688

pm =

-48.1907

wep =



1.1320

wcg =
4.7040

We see that at 4.704 rad/sec, the system has sufficient phase to meet the p.m. specs, Thus, we should set the new gain cross-over

frequency  Ggnew = 1.132. For the lag compensator design, we will obtain an attenuation of 1/ Ba high frequencies. Thus, we should

=t [ equal to the gain of KcG(j Qegnew ) because thiswill make the overall gain at that frequency B B =10r0dB and will become our

new gain crossover frequency. Hence, B = 232dB or 14.53. Fi nally, we must find T by setting the new gain crossover frequency to be
adecade above our lag compensator zero. In other words, Ggney = 10/T = 1.132 or T = 8.8343. Thefinal lag compensator design isthen
given by:

Giag(S) = K(9)(Tst1)/( B Tst+1) = 0.25[(8.343s+1)/( 128.35s+1)]. Asafina check, consider the Bode Plot of GixG(s):

Bode Diagrams

Gm=15.043 dB (at 2.9733 rad/sec), Pm=29.591 deg. (at 1.1355 rad/sec)
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As one can see, the phase margin is nearly 30° at a new gain cross-over frequency of Cggney = 1.136 rad/sec. We can also see the

prominent phase dip between 0.01 and 0.1 rad/sec. Fortunately, we designed our lag compensator such that the new gain crossover
frequency iswell to the right of this negative or lag phase.

Just for fun, | have included the closed-loop Bode plot and step response for both the lead and lag designs below. Aswe will seein class,
the bandwidth for the lead design is much greater than that of the lag design and the settling time of the lead design is much faster than the
lag design. Thus, the lead design has better transient properties but the lag design is much more susceptible to noise.
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2. Consider the lead compensator when K=1 (i.e., G¢(s) = (Ts+1)/( O Ts+1)).

b) Find the frequency, &, at which this maximum occurs (i.e, find where UG, (j &y F  ¢%n)

Solution: Note that the angle is described by UG (jowy O Tjtw A0 diarl tan™(Tw tan™( & @. To find
frequency where maximum occurs, take the derivative of the above expression and set equal to zero (recall that the derivative of
the tan™(x)function is dx/(1+x%). Thus, taking the derivative we find

diG,(jw)/d& T/@E T?dy al® T2ddFE 0. Thus TA+a?’T?w?) - aT@A+T2w?) =0 or
TA-a)+T(a? -a)Tw? =0= w? =1/ dT? Hence, @, =1//aT



a) If &, isthe maximum lead angle the compensator can supply, derive an expression for &, intermsof &
Ge*D _ 2+i00)

Solution: UG, (jw,F @=0 (j\/E+1)_ T Hence, the sne of &, is given by
IM(G,(j&,,))
JRE(G,(j@,)? +IM(G,(j &)’
) () _ 1-a _1-a

which evaluatesto Sin(%) =

22 +(52y  iAda+1i-20+a®  a+a) lta
¢)  Findthe additional gain produced by the compensator at this frequency (i.e, find |G, (j &)|)

2+ FNPa+l-a)  El+a)® 1

‘ 1+a ‘_ 1+a T 1+a Ja

Solution: |Gc(1wm)|:



